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PREFACE 

Why Fundamentals of Engineering Economics? 
Engineering economic'> i!, one of the most practical subject mailers in the engineer
ing curriculum. but it is an always challenging. ever-changing discipline. Contemporary 
Engineering Economics ( C £ £). now in its fifth edition. was first published in 1993. 
and since then. we have tried to renect changes in the business world in each new 
edi tion along with the latest innovations in education and publishing. These changes 
have resulted in a belier. more complete textbook, but one that is much longer than ii 
was or iginally inwndcd. This may present a problem: Today, covering the tex tbook in 
n single term is increasingly difficult. Therefore, we decided to crea te F1111rla111entals of 
Engineering J::co110111 ic.1· (FEE) for those who like co11te111porary but think a smaller, 
more concise tex tbook would better serve tbeir needs. 

Goals of the Text 
This text aims not only to provide sound and comprehensive coverage of the concepts 
of engineering economics but also to address the practical concerns of engineering 
economics. More specifically. this text has the following goals: 

I. To build n thorough understanding of the theoretical and conceptual basis upon 
which the practice of financial project anal ysis is built. 

2. To satisfy the very pract ical needs of the engineer toward making informed 
finnncial decisions when acting as a ream member or project manager for an 
t!ngineering project. 

3. To incorporate nil critical decision-n1aking tools -including the most contcn1po
rary. computer-oriented ones that engineers bring to the task of making informed 
fin ancial decisions. 

4. To appea l to the rull range of engineering discip lines for which th is course is 
orten required: industrial. civil , mechanica l, electrica l, computer, aerospace, 
chemical. n11 d manu facturing engineering as well ns engineering lcch11ology. 

Intended Market and Use 
This tl:Xt is intended for use in introductory engineering economics courses. Unl ike the 
larger textbook (CEH). it is possible to cover FEE in a single term and perhaps even to 
supplement it with a few outside readings or case studies. Although the chapters in FEE 
are arrangl:d logically, they arc written in a flexible, modular format. allowing instructors 
to cover the material inn different sequence. 
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6 PREFACE 

New to This Edition 
Much of rhe conte nt has been s treamlined lo provide m a te ria ls in depth and to reflect 
the cha lle nges in conte mpora ry e ngineering econo mics. Some of the high lighted 
cha nges are as follows: 

• A ll chapte r opening vigne ttes- a tradem ark of F1111damentnls of E11gi11eeri11g 
Eco110111ics-bave been revised o r comple te ly re placed with more current and 
thought-provoking exa mples fro m both ser vice a nd ma nufacturing sectors. 

Chapte r Opening 
Chapte rs Vigne ttes Company Sector Industry 

1 • Socia l networking Face book Technology Internet 
st!rvices software/Services 

2 • Powe rball lollery Pe rsona l Consumer Gaming 

3 • Cred it cards Pe rsonal Financial Banklng 

4 • Dallas Cowboys Da llas Cowboys Entertainment Sports 

5 • LCD glass Corning G lass Manufacwring Electronic 
ma nufacturing componen ts 

6 • Owning Hawker E lectro nic Aerospace/ 
a corpora te je t Beech craft techno logy Defense 

Corpora tio n 

7 • What's a degree Personal Consume r Education 
reaUy worth? 

8 • High-speed Australian Public Computer 
Tm e rne t Government communication 

9 • Obama lo pro pose U.S. Public Taxation 
tax write-off for Governme nt 
business 

:IO • Coke leveraging its Coca Cola Consume r Beverages/ 
investment in plant- nondurables Packaging 
based packaging 

11 • Japanese oil Solar Frontie r Energy In tegrated oil 
company looks KK's 
to the rising sun 

12 • Finding a fix fo r State of New Public Construction 
the Tappan Zee York 
Bridge 

13 • Warren BuCfe tt Be rkshire Finance Property/ 
Hathaway Ins urance 

• Self-Test Q ues1ions have been added a l the end of each chapte r (131 problems 
in to tal), and worked-out solutions to the questions a re provided in Appendix A. 
These questions are fo rma tted in a style suitable for Fundamentals Engineering 
Exam revie w a nd were created to he lp stude nts prepare for a typical class exam 
common to in troducto ry engineering econo mic cou rses. 



• The Benefit-Cost Analysis section has been moved to Chapter 8 as a part of mea
sure of investment chapters. The profitability index is included in this chapter. 

• Most of the end-of-chapter problems are revised to reflect the changes in the main 
text. There are 708 problems, including 131 self-test questions, 43% of which are 
new or updated. 

• Various Excel® spreadsheet modeling techniques are introduced throughout 
the chapters, and the original Excel files are provided online at the Companion 
Website. Most worksheets have been redesigned with graphical outputs. 

• Some other specific content changes made in the third edition are as follows: 
• In Chapter 1, a cost reduction (Apple's iPad®) project is introduced. 

• In Chapter 2, a new retirement planning example is introduced. 

• In Chapter 4, all CPI- and inflation-related data have been updated. 
• In Chapter 5, an example of comparing mutually exclusive revenue projects is 

provided. 
• In Chapter 6, a section on capital cost has been expanded with an automobile 

ownership example. 
• In Chapter 8, benefit-cost contents have been streamlined, and a new section on 

the profitability index has been created. 
• In Chapter 11, the section on risk-adjusted discount rate approach is expanded 

in which the risk element is incorporated through the cost of capital. 

• In Chapter 13, all financial statements for Lam Research Corporation have 
been updated, and a new set of financial ratio analysis is provided. Investment 
strategics have been added as a part of managing personal financial asset under 
uncertainty. 

Features of the Book 
FEE is significantly different from CEE, but most of the chapters will be familiar to 
users of CEE. Although we pruned some material and clarified, updated, and other
wise improved all of the chapters, FEE should still be considered an alternative and 
streamlined version of CEE. 

We did retain all of the pedagogical elements and supporting materials that helped 
make CEE so successful. For example: 

• Each chapter opens with a real economic vignette describing how an individual deci
sion maker or actual corporation has wrestled with the issues discussed in the chapter. 
These opening cases heighten students' interest by pointing out the real-world rel
evance and applicability of what might otherwise seem to be dry technical material. 

• In working out each individual chapters example problems, students are encour
aged to highlight the critical data provided by each question, isolate the question 
being asked, and outline the correct approach in the solution under the headings 
Given, Find, Approach, and Comments, respectively. This convention is employed 
throughout the text. This guidance is intended to stimulate student curiosity to look 
beyond the mechanics of problem solving to explore "what-if' issues, alternative 
solution methods, and the interpretation of the solutions. 

• There are a large number of end-of-chapter problems and exam-type questions vary
ing in level of difficulty; these problems thoroughly cover the book's various topics. 

PREFACE 7 



8 PREFACE 

• Most chapters contain a section titled "Short Case Studies with Excel," enabling 
students to use Excel to answer a set of questions. These problems reinforce the 
concepts covered in the chapter and provide students an opportunity to become 
more proficient with the use of an electronic spreadsheet. 

• All Excel spreadsheets now contain easy-to-follow call-out formulas. The integra
tion of Excel is another important feature of FEE. Students have increased ac
cess to and familiarity with Excel, and instructors have more inclination either to 
treat these topics explicitly in the course or to encourage students to experiment 
independently. One could argue that the use of Excel will undermine true under
standing of course concepts. This text does not promote the trivial or mindless 
use of Excel as a replacement for genuine understanding of and skill in applying 
traditional solution methods. Rather, it focuses on Excel's productivity-enhancing 
benefits for complex project cash flow development and analysis. 

To Student: How to Prepare for the Fundamentals 
of Engineering (FE) Exam 
The set of self-study questions at the end of each chapter is designed primarily to help 
you develop a working knowledge of the concepts and principles of engineering eco
nomics. However, the questions are also perfect resource to help you prepare the Fun
damentals of Engineering (FE) exam. All questions are structured in multiple-choice 
format because these types of exam questions are used in the FE exam and, increas
ingly, in introductory engineering economics courses. 

The FE exam typically consists of 180 multiple-choice questions. During the morn
ing session (120 questions), all examinees take a general exam common to all disci
plines. During the afternoon session (60 questions), examinees can opt to take a general 
exam or a discipline-specific (Chemical, Civil, Electrical, Environmental, Industrial, or 
Mechanical) exam. 

The general exam includes four questions related to engineering economics in the 
morning session and five in the afternoon session. The specific engineering economics 
topics covered in the FE exam are 

• Discounted cash flow (e.g., equivalence, PW, equivalent annual, FW, and rate of return) 
• Cost (e.g., incremental, average, sunk, estimating) 
• Analyses (e.g., breakeven, benefit-cost) 
• Uncertainty (e.g., expected value and risk) 
• Valuation and depreciation 

Some sample questions are also provided by the National Council of Examiners for 
Engineering and Surveying (www.ncees.org/exams). 

Companion Book Website 
A Companion Website (www.pearsoninternationaleditions.com/park) has been 
created and maintained by the publisher. This text takes advantage of the Internet 
as a tool that has become increasingly important in accessing a variety of informa
tion. The website contains a variety of resources for both instructors and students, 



including various online financial calculators. There are three main links on the 
Companion Website: 

• Instructor Resources: This is a password-protected link for registered instructors 
where the Instructor's Manual and PowerPoint slides for lecture notes can be 
found. A comprehensive Instructor's Manual in Word® format includes answers to 
end-of-chapter problems and Excel® solutions to all complex problems. 

• St11dent Resources: This is where students can access online financial tools such as 
( l) Interest Factor Tables, (2) Cash Flow Analyzer, (3) Depreciation Analysis, and 
(4) Loan Analysis. The Cash Flow Analyzer is an integrated computer software 
package written in Java®. The software includes the most frequently used meth
ods of economic analysis. It is menu-driven for convenience and flexibility, and it 
provides ( l) a flexible and easy-to-use cash flow editor for data input and modi
fications and (2) an extensive array of computational modules and user-selected 
graphic outputs. 

• Awhor's Resource Website: This content has been created and maintained by the 
author and contains several pieces of information useful in conducting engineering 
economic analyses. 
• Tax Information: This section will serve as a clearinghouse for disseminating 

ever-changing tax information, personal as well as corporate. Links are provided 
to various tax sites on the Web, so you will find the most up-to-date information 
on depreciation schedules as well as capital gains taxes. 

• Money and Investing: This section provides a gateway to a variety of informa
tion useful in conducting engineering economic analysis. For example, a direct 
link is provided to the most up-to-date stock prices, options, and mutual fund 
performances. 

• Economic Tracks: This section includes cost and price information as well as the 
most recent interest rate trends. In particular, the consumer price indices, produc
tivity figures, and employment cost indices are some of the representative eco
nomic data provided. 

• Financial News: This section provides access to various financial news outlets 
on the Web. The site divides news outlets into online news and daily, weekly, and 
monthly publications. 
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_CH_ A_PT_E_R ONE~~~~~~~~~-

Engineering Economic 
Decisions 

Facebook: From College Startup to Online Trailblazer In 
February 2004, college student Mark Zuckerberg launched Facebook, 

a social networking site. With presently 800 million individual users, 
what started as a networking site for Harvard students quickly grew 

in scope and functionality and evolved into a must-have form of 
communication for people and businesses around the world. It has 
consistently out periormed its competitors and has fast become the 
pre-eminent social networking site in country after country. 

Through content sharing, recommendations and reviews, Face
book puts emphasis on on line personal and professional relation
ships, not on abscr-act data, database driven metrics, or the algorithmic 
use of search terms.With users able to "like" something within the 
framework of Facebook itself. Facebook has propagated itself across 
other websites. It is thus blazing new territory in terms of Internet 
advertising. sales. and the notion of consumer privacy. 



This has the po tential to put Facebook in direct competition with 

Google, with recommendations within the Facebook environment poten
t ially having more impact on personal choice than algorithm-based search 

results conventionally secured through Google. 
Moreover, Facebook only continues to grow, in users and in value. Early 

in 20 I I , the value of Facebook was raised to nearly $50 billion owing to in
vestments from Goldman Sachs and an unnamed Russian investo r. And with 

rumors circulating that the company w ill be going public in the near future, 

there's no telling how that value may increase in the coming months
posing a threat to the impersonal search-based results Internet mogul 
Google has to offer. 

O f course, Google can't afford to sit idle and watch Facebook make 

inroads into their key business model, i.e., making money from pay per 

click on advertising banners.To overcome its past miscues in the social 
networking space, Google came up w ith its own social networking site 

named Google+ . In July 20 I I, Google+ launched and already had more than 
60 mill ion subscribers with in only a half year of inception. If this trend con

tinues, some analysts expect to see nearly 400 million users by 20 13. W ho 
know what will happen? A lthough, there are sti ll plenty of questions left 

about the fate and future of Google+ , Zuckerberg has to watch Google+ 

closely, which could yet prove to be a sizable alternative to Facebook for the 

technology and advertising industries alike. 

T
he slory of how a college student was motivated to inven1 a social network and 
eve nlua lly transform his invention into a multibillion-d. ollar business is not an 
uncommon one in today's market. Companies like Google 1". DellM. Microsoft®. 
:ind Yahoo!" produce compu ter-related products and have market va lues of 

several billion dollars. ·1111.:se companies were all founded by highly motivated young col
kgc students ju-.1 like t\ Ir. Zuckerberg. Also common among these successful businesses 
b their capable and imaginative engineers who cons1an1ly generate sound ideas for capi
tal im e!\tmcnt. e\ccutc them well. and obrain good results. You might wonder" hat role 
these engineer~ play in making such business decisions: What spccilic task'> arc assigned 
10 these engineer-.. and" hat tools and techniques arc available Lo them for making uch 
capital-i11\c~tmcnt decisions'! In this book. we will consider many inve<,tn11.:n t sit uations. 
personal as \\ell as business. ·nie focus will be 10 evaluate engineering projects based on 
the merits of economic <.ksirability and the respective firm's in\'es1111cn1 climate. 

11 11 11 
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1111 The Rational D ecision-Making Process 
We, as individuals or busin ess-persons. constantly make decisions in our daily lives. 
Most are made automatically witho ut rea lizing that we a re actua lly following some 
sort of logical decision fl owchart. Rati onal decision making is often a complex process 
that includes a number of essential c le me nts. This chapter will provide examples of 
how two engineering students approached their financial and engineering design prob
lems using fl exible, rational decision mak ing. By reviewing these examples, we will be 
able to identify some essential e lements common to any rational decision-making pro
cess. The first example ill ustrates how a s tudent named Jane narrowed down her choice 
be tween two competing a lte rna tives wh en leasing an automobile. The second exmnple 
illustrates how a typica l class project idea evolves and how a student named Sonya ap
proached the design problem by following a logical method of analysis. 

1. 1.1 How Do We Make Typical Personal Decisions? 
For Jane Williams, a senior a l the University of Arizona. the future ho lds a new car. 
f-I e r 2002 Saturn has clocked a lmost 150.000 miles. and she wants to replace it soon. 
But how to do ii-should she buy or lease? In e ither case. "Car payments would be 
difficult." said the e ngineering major, who works as a part-rime cashie r a t a local s u
permarket. ··1 have never leased before. but l am lea ning toward it this time to save on 
the down paym ent. I also don't want 10 worry about major repairs." For Jane. leasing 
would provide the warranty protection she wants, a long with a new car every three 
years. On the other hand , she would be li mited to driving only a specified number of 
miJes, about 12,000 per year, afte r which she would have to pay 20 cents or mo re per 
mile. Jane is we ll aware that choosing the right vehicle and the best possible financing 
are important decision. Yel, al this point , Jane is unsure of the implications of buying 
vers us leasing. 

Establishing the G oal or Object ive 

Jane decided to research the local papers and the Inte rnet for the latest lease pro
grams. including factory-subsidized ··sweetheart '' deals and special incemi ve packages. 
Of Lhe cars that were within her budget. the 20 I1 Ford Focus and the 201 1 Honda Civic 
Coupe DX appeared to be equally attractive in te rms of style. price. and options. Jane 
decided to visit the dea le rs · lo ts to sec how both models looked and to lake th em for 
a test drive. Both cars gave her very sa tisfactory driving experiences. Jane thought tha t 
it would be prudent to thoroughly examine the many technical and safety fea tures o f 
both vehjcles. Afte r he r exa mination, it seemed that both models we re virtua lly identi
cal in te rms of re liabilily. sa fe ly features. and quality. 

Evaluation of Feasible A lternatives 

Jane estimated that he r 2002 Saturn could be traded in for around $2,200. This amount 
would be just e nough lo make any down payment required for leasing the new aut o
mobile. Through her research, Jane learned that the re are two types of leases: open
end and closed-end. The most popular by fa r was closed-end because open-end leases 
potentially expose the consumer 10 higher payments at the e nd of the lease if th e car 
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depreciates faster than expected. If Jane were to take a closed-end lease, she could 
just return the vehicle at the end of the lease and "walk away" to lease or buy another 
vehicle; however, she would still have to pay for extra mileage or excess wear or dam
age. She thought that since she would not be a "pedal-to-the-metal driver," closed-end 
charges would not be a problem for her. 

To get the best financial deal, Jane obtained some financial facts from both dealers 
on their best offers. With each offer, she added up all the costs of leasing from the down 
payment to the disposition fee due at the end of the lease. This sum would determine 
the total cost of leasing that vehicle, not counting routine items such as oil changes and 
other maintenance. (See Table 1.1 for a comparison of the costs of both offers.) 

It appeared that by leasing the Ford Focus, Jane could save about $1,010 in total 
payments [(47 x $60 monthly lease payment savings less $1,810 total due at signing 
(including the first month's payment savings)] over the Honda Civic. But, she has to 
pay $250 on the disposition fee (which leasing the Honda did not require), for a total 
savings of $760.2 However, if she were to drive any additional miles over the limit, 

TABLE I. I Financial Data for Auto Leasing: Focus versus Honda 

L Manufacturer's suggested 
retail price (MSRP) 

2. Lease length (months) 

3. Allowed mileage (miles) 

4. Monthly lease payment 

5. Mileage surcharge over 
48,000 miles 

6. Disposition fee at lease end 

7. Total due at signing: 

• First month's lease payment 

• Down payment 

• Administrative fee 

• Refundable security deposit 

Total 

$16,640 

48 

48,000 

$215 

$0.20 

$250 

$215 

$1,500 

$495 

$200 

$2,410 

$16,155 

48 

48,000 

$275 

$0.15 

$0 

$275 

$0 

$0 

$325 

$600 

+$485 

-$60 

+ $0.05 

+$250 

-$60 

+$1,500 

+$495 

-$125 

+ $1,810 

•Models compared: The 2011 Focus and the 2011 Honda Civic Coupe DX. both with automatic 

transmission and A/C. 

• Disposition fee: This is a paperwork charge for getting the vehicle ready for resale after the 

lease ends. 

2 If Jane considered the time value of money in her comparison, the amount of actual savings would be 
less than $760, which we demonstrate in Chapter 2. 
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her savings would be reduced by 5 cents (the difference between the two cars' mileage 
surcharges) for each additional mile. Jane would need to drive about 15.200 extra miles 
over the limit in order to lose all the savings. Because she could not anticipate her exact 
driving needs after graduation and it was difficult to come up with $2,410 due at lease 
signing, she decided to lease the Honda Civic DX. Certainly, any monetary savings would 
be important, but she preferred having some flexibility in her future driving needs. 

Knowing Other Opportunities 
If Jane had been interested in buying the car, it would have been even more chal
lenging to determine precisely whether she would be better off buying than leasing. 
To make a comparison of leasing versus buying, Jane could have considered what she 
likely would pay for the same vehicle under both scenarios. If she would own the car 
for as long as she would lease it, she could sell the car and use the proceeds to pay off 
any outstanding loan. If finances were her only consideration, her choice would depend 
on the specifics of the deal. But beyond finances, she would need to consider the posi
tives and negatives of her personal preferences. By leasing, she would never experience 
the joy of the final payment-but she would have a new car every three years. 

Review of Jane's Decision-Making Process 
Now let us revisit the decision-making process in a more structured way. The analysis 
can be thought of as including the six steps summarized in Figure 1.1. 

These six steps are known as the rational decision-making process. Certainly, we 
do not follow all six steps in every decision problem. Some decision problems may not 
require much time and effort. Quite often, we base our decisions solely on emotional 
reasons. However, for any complex economic decision problem, a structured frame
work proves to be worthwhile. 

•Recognize 
a decision 
problem 

•Need a car 

Step2 
----~-/ 
•Define the 
goals and 
objectives 

•Want 
mechanical 
security and 
lower cost 

•Identify a 
set of 
feasible 
decision 
alternatives 

•Choose 
between 
Focus and 
Honda 

•Collect all 
the relevant 
information 

•Gather 
technical 
and financial 
data 

•Select the 
decision 
criterion to 
use 

•Want 
minimum 
total cash 
outlay and 
driving 
nexibility 

•Select the 
best 
alternative 

•Select 
Honda 

Figure I. I Logical steps to follow in a car-leasing decision 
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1.1.2 How Do We Approach an Engineering Design Problem? 
The idea of design and development is what most distinguishes engineering from sci
ence, the latter being concerned principally with understanding the world as it is. Deci
sions made during the engineering design phase of a product's development determine 
the majority of the costs for manufacturing that product. As design and manufactur
ing processes become more complex, the engineer will increasingly be called upon to 
make decisions that involve cost. In this section, we provide an example of how engi
neers move from "concept" to "product." The story of how an electrical engineering 
student approached her design problem and exercised her judgment has much to teach 
us about some of the fundamental characteristics of the human endeavor known as 
engineering decision making. 3 

Getting an Idea: Necessity Is the Mother of Invention 

Throughout history, necessity has proven to be the mother of invention. Most people 
abhor lukewarm beverages, especially during the hot days of summer. So, several years 
ago, Sonya Talton, an electrical engineering student at Johns Hopkins University, had a 
revolutionary idea-a self-chilling soda can! 

Picture this: It is one of those sweltering, muggy August afternoons. Your friends 
have finally gotten their acts together for a picnic at the lake. Together, you pull out the 
items you brought with you: blankets, sunscreen, sandwiches, chips, and soda. You wipe 
the sweat from your neck, reach for a soda, and realize that it is about the same tem
perature as the 90°F afternoon. Great start! And, of course, no one wants to go back to 
the store for more ice! Why does someone not come up with a soda container that can 
chill itself? 

Setting Design Goals and Objectives 

So as the term project in her engineering graphics and design course, Sonya decided 
to devise a self-chilling soda can. The professor stressed innovative thinking and urged 
students to consider practical, but novel, concepts. The first thing Sonya needed to do 
was to establish some goals for the project: 

• Get the soda as cold as possible in the shortest possible time. 
• Keep the container design simple. 
• Keep the size and weight of the newly designed container similar to that of the 

traditional soda can. (This factor would allow beverage companies to use existing 
vending machines and storage equipment.) 

• Keep the production costs low. 
• Make the product environmentally safe. 

Evaluating Design Alternatives 

With these goals in mind, Sonya had to think of a practical, yet innovative, way of chill
ing the can. Ice was the obvious choice-practical, but not innovative. Sonya had a 
great idea: What about a chemical ice pack? Sonya asked herself what would go inside 
such an ice pack. The answer she came up with was ammonium nitrate (NffiN03) and 

3 The original ideas for self-chilling soda can were introduced in 1991 A111111al Repon, GWC Whiting 
School of Engineering, Johns Hopkins University. 
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Figure 1.2 Conceptual design for self-chilling 
soda can 

a water pouch. When pressure is applied to the chemical ice pack, the water pouch 
breaks and mixes with the NH4N03, creating an endothermic reaction (the absorption 
of heat). The NH4N03 draws the heat out of the soda, causing it to chill (see Figure 1.2). 
How much water should go in the water pouch? After several trials involving different 
amounts of water, Sonya found that she could chill the soda can from 80°F to 48°F in 
a three-minute period using 115 mL of water. Next, she needed to determine how cold 
a refrigerated soda gets as a basis for comparison. She put a can in the fridge for two 
days and found that it chilled to 41°F. Sonya's idea was definitely feasible. But was it 
economically marketable? 

Gauging Product Cost and Price 
In Sonya's engineering graphics and design course, the professor emphasized the im
portance of marketing surveys and benefit-cost analyses as ways to gauge a product's 
potential and economic feasibility. To determine the marketability of her self-chilling 
soda can, Sonya surveyed approximately 80 people. She asked them only two ques
tions: (1) How old were they? and (2) How much would they be willing to pay for a 
self-chilling can of soda? The under-21 group was willing to pay the most, 84 cents, on 
average. The 40-plus bunch wanted to pay only 68 cents, on average. Overall, members 
of the entire surveyed group would be willing to spend 75 cents for a self-chilling soda 
can. (This poll was hardly a scientific market survey, but it did give Sonya a feel for 
what would be a reasonable price for her product.) 

The next hurdle was to determine the existing production cost of one traditional 
can of soda. Also, how much more would it cost to produce the self-chiller? Would it 
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be profitable? She; went to the library. and there she found the bulk cost of the chemi
cals and materials she would need. 111en she calculated how much money would be 
required for production of one unit of soda. She could not believe it! IL would cost only 
12 cents to manufacture (and transport} one can of soda. The self-chiller would cost 
2 or 3 cents more.1ltat was not bad. considering that the average consumer was willing 
to pay up to 25 cents more for the se lf-chilling can than for the rraditional one that typ
ically costs 50 cents. 

Co ns idering Green Eng ineer ing 

The only two constrain ts left to consider were possible chemical contamination of 
the soda and recyclability. Theoretically. it should be possible to build a machine that 
wou ld drain the solution from the can and recrystallize it. The ammonium nitrnte could 
then be reused in future soda cans; in addition. the plastic outer can could be recycled. 
Chemica l contamination of the soda, however. was a big concern. Unfortunat ely, there 
was absolutely no way to ensure that the chemical and the soda would never come in 
contact wi th one another inside the cans. To ease consumer fears, Sonya decided that 
a color or odor indica tor could be added to alert the consumer to contamination if it 
occurred. 

What Is t he Next Step? 

What is Sonya's conclusion? The self-chilling beverage conrainer (can) would be a 
wonderful technological advancement.1l1e product would be convenient for the beach. 
picnics. sporting events, and barbecues. I ts design would incorporate consumer conveni
ence while addressing environmental concerns. It would be innovative, yet inexpensive, 
and it wou ld have an economic as well as a social impact on society. Sonya would ex
plore the possibility of pa tent application of her idea:' In rhe meantime, she wou ld 
shop for any business venture capitalist who would be interested in investing money to 
develop the product. 

1. 1.3 What Makes Economic Decisions Different 
from Other Design Decisions? 

Economic decisions nre fundamentally different from the types of decisions typical
ly encountered in engineering design. In a design situation. the engineer uses known 
physical properties, the principles of chemistry and physics, engineering design cor
relations, and engineering judgment to arrive at a workable and optimal design. If the 
judgment is sound, the calculations arc done correctly, and we ignore potential techno
logical advances, the design is time invariant. In other words, if the engineering design 
to meet a particu lar need is done today. next year. or in five years' Lime, the final design 
will not need to change significantly. 

In considering economic decisions. the measurement of investment a11ractiveness, 
which is the subjc;ct of this book, is relati vely straigh tforward. H owever, information 
required in such eva luations always involves predicting, or forecasting, product sa les, 

~A.,, of 1his prin1ing. Sonya's invcn1ion has 1101 ye1made 10 consumer market. 



28 CHAPTER I Engineering Economic Decisions 

product selling price. and variou costs over some future time frame - 5 yea rs. LO years. 
even 25 years. 

All such forecasts have t\\O things in common. First. they arc never completely 
accurate when compared with the actual values rcali1cc.l m future times. Secom.I. a pre
diction or forecast made today is likely to be different than one mack at some point 
in the future. It is this ever-changing view of the future that can make it necessar) to 

revisit nnd even alter previous economic decisions. Thus. unlikl! engineering dl!sign 
ou tcomes. th <.! conclusions reached through economic evaluation arc not necessarily 
time invnriant. Economic decisions have to he based on the best information available 
ill the time of the decision and a thorough understanding of the uncertainties in the 
forecas tcd datn. 

DE The Engineer 's Role in Business 
What role do engineers play within a firm? Wha t specific tasks arc assigm:c.l to th e engi
neering staff. and what tools and techniques arc available to it to improve a firm's prof
its? Engineers are ca lled upon to participate in a vnriety of decision-making proccssl!s 
ranging from manufacturing and marketing to finances. We will restrict our focus he re 
10 various economic decisions related to engineering projects. 'We re re r lo 1hesc deci 
sions as cn~inccring economic decisions. 

1.2. I Making Capital-Expenditure Decisions 
In manufacturing. engineering is involved in every de tail of producing goods. from 
conceptual design to shipping. In fact. engineering decisions account for the majority 
(some say 85%) of product costs. Enginee rs must consider the effective us<.! or fixed 
capital asse ts such as buildings and machinery. One of the l!ngineer"s primary tasks is to 

plan fo r the acquisition of equipment (capital C:\pcnditurc ) that will enable the firm to 
design and manufacture products economical!~ (sec Figure 1.3 ). 

With the purchase of an) fixed asset-equipment. for example- we need to estimate 
the profits (more precisely, the ca h nows) that the as!,et will generate during its service 
period. In other words, we have to make capital-expenditure decisions based on prediction:. 
about the future. Suppose. for example. that you arc considering the purchase of a dcburr
ing machine to meet the anticipated demand for hubs and sleeves used in the production 
of gear couplings. You expect the machine to last I 0 year~ 1l1is purchasl! decision thus in
volves an implicit 10-year ales forecast for the gear couplings. which mean-. that a long 
waiting period will be required before you will knm\ whether the purcha-.e was ju~tificd. 

An inaccura te estimate of asset needs can have serious consequences. If you irwl!st 
too much in assets, you incu r unnecessarily heavy expenses. Spending too liulc on fixed 
assets is also harmfu l. because your firm's equipment may be too obsole te to make prod
ucts compcti1i vcly; without an adequate capacity, you may lose a port ion of your marke1 
share to rival firms. Regaining lost customers involves heavy marke ting expenses and 
may even require price reductions or product improvl!mcnts. bo th of which arc costly. 

1.2.2 Large-Scale Engineering Economic D ecisions 
The economic decisions thal engin eers make in business diffl!r vl!ry little from 1hose 
made by Sonya in designing the self-ch illing soda can. except for 1hc scale of the 
concern. Le t us consider a rea l-world engineering decision problem on a much larger 
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Engineering Economic Decisions 

Manufacturing 

Design 

Planning 

Marketing 

Figure 1.3 One of the primary functions of engineers: Making capital-budgeting 
decisions 

scale: As the United States continues to move away from its dependency on foreign oil, 
the need to commercialize cellulosic ethanol is apparent. 

One of the first commercial-scale. cellulosic ethanol plants, which is scheduled to 
begin operations in Iowa early in 2012. will produce 25 million gallons of ethanol per 
year from corncobs. leaves, and husks provided by farmers in the area around Emmets
burg, Iowa.5 This project is a part of ethanol expansion plans announced in 2006 by 
Voyager Ethanol to construct a $200 million commercial-scale biorefinery plant with 
a production capacity of 125 million gallons per year.6 The design calls for advanced 
corn fractionation and lignocellulosic conversion technologies to produce ethanol from 
corn fiber and corn stover. Once constructed, the plant will reportedly turn 11 % more 
ethanol from one bushel of corn and 27% more ethanol from an acre of corn while 
using 83% less energy than a traditional corn-to-ethanol plant. The conceptual process 
of producing cellulosic ethanol similar lo Voyager Ethanol's is shown in Figure 1.4. 

Deriving ethanol from cellulose-found in the cornstalks and the straw of grains 
and grasses-consumes far less fossil fuel than deriving ethanol from corn kernels. 
But technically, it is challenging to coax the natural enzymes needed for conversion to 
multiply and work inside the large bioreactors required for volume production. 

Although the management of Voyager has already decided to build the ethanol 
plant, the engineers involved in making the engineering economic decision are still 

5 Project LIBERTY -Cellulosic Ethanol by POET for America.May 30,2011 (\\WW.poet.com/innovation/ 
cellulosic/projectlibcrty/index.asp ). 
6 "$200 M Cellulose-to-Ethanol Production Facility Planned in Iowa," November 22,2006. Broin Compa
nies will convert a dry mill ethanol plant into bio-refinery by 2009. at www.RcnewablcEncrgyAccess.com. 
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Figure 1.4 Ethanol from kernels or stalks. The initial steps in converting corn or cellulose into ethanol differ 
significantly. Corn is ground, cooked, and mashed before entering a fomenter. Cellulose is steamed to expose 
fibers that enzymes then convert into sugars in a bioreactor. The distillation of either raw material creates stillage, 
a valuable by-product that can be processed as animal feed. (Source: Matthew L. Wald, "Is Ethanol for the Long 
Haul?," Scientific American, 296 (1), January 2007, pp. 42-49. Printed with permission from Scientific American, 
www.sciam.com) 

debating about whether the cost of producing ethanol would be sufficiently competi
tive with gasoline to justify its production. 

Obviously, an engineering economic decision at this level is more complex and 
more significant to the company than a decision about purchasing a new lathe. Pro
jects of this nature involve large sums of money invested over long periods of time, 
and it is difficult to predict their market demand accurately. An erroneous forecast of 
product demand can have serious consequences: With any overexpansion, having to 
pay for unused raw materials and finished products causes unnecessary expenses. In 
the case of Voyager Ethanol, if the cellulose ethanol technology does not work in a 
commercial-scale operation, or if the ethanol is too costly to produce to be competi
tive in the marketplace, the financial risk would be too great to ignore. 

1.2.3 Impact of Engineering Projects on Financial Statements 
Engineers must also understand the business environment in which a company's major 
business decisions are made. It is important for an engineering project to generate prof
its, but the project also must strengthen the firm's overall financial position. How do we 
measure Voyager's success in the ethanol project? Will enough ethanol be produced, for 
example, to generate sufficient profits? While the ethanol project will provide a substitute 
for foreign oil, the bottom-line concern is its financial pedormance over the long run. 

Regardless of the form of a business, each company has to produce basic financial 
statements at the end of each operating cycle (typically, a year). These financial state
ments provide the basis for future investment analysis. In practice, we seldom make 
investment decisions based solely on an estimate of a project's profitability because we 
must also consider the project's overall impact on the financial strength and position of 
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Figure 1.5 How a successful engineering project affects a firm's market value 

the company. For example, some companies with low cash flow may be unable to bear 
the risk of a large project like ethanol even if it might be profitable (see Figure 1.5). 

Suppose that you are the president of Voyager Ethanol, LLC. Also suppose that 
you hold some shares in the company, which makes you one of the company's many 
owners. What objectives would you set for the company? One of your objectives should 
be to increase the company's value to its owners (including yourself) as much as pos
sible. While all firms operate to generate profit, what determines the market value of a 
company are not profits, per se, but rather, cash flows. It is, after all, the available cash 
that determines the future investments and growth of the firm. The market price of your 
company's stock to some extent represents the value of your company. Multiple factors 
affect your company's market value: present and expected future earnings, the timing 
and duration of these earnings, and the risks associated with the earnings. Certainly, any 
successful investment decision will increase a company's market value. Stock price can 
be a good indicator of your company's financial health and may also reflect the market's 
attitude about how well your company is managed for the benefit of its owners. 

If investors like the ethanol project, the result will be an increased demand for the 
company's stock. This increased demand, in tum, will cause stock prices, and hence, share
holder wealth, to increase. Any successful investment decision on ethanol's scale will tend 
to increase a firm's stock prices in the marketplace and promote long-term success. Thus, in 
making a large-scale engineering project decision, we must consider the project's possible 
effect on the firm's market value. (We will consider this important issue in Chapter 13.) 

Ill] Types of Strategic Engineering Economic Decisions 
A project idea such as constructing an ethanol plant can originate from many different 
levels in an organization. Since some ideas are good, while others are not, it is necessary 
to establish procedures for screening projects. Many large companies have a specialized 
project analysis division that actively searches for new ideas, projects, and ventures. Once 
project ideas are identified, they are typically classified as (1) new products or product 
expansion, (2) equipment and process selection, (3) cost reduction, (4) equipment re
placement, or (5) service or quality improvement. This classification scheme allows man
agement to address key questions such as the following: Can the existing plant be used to 
achieve the new production levels? Does the firm have the capital to undertake this new 
investment? Does the new proposal warrant the recruitment of new technical personnel? 
The answers to these questions help firms screen out proposals that are not feasible. 
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The Voyager Ethanol, LLC, project represents a fairly complex engineering deci
sion that required the approval of top executives and the board of directors. Virtually 
all big businesses at some time face investment decisions of this magnitude. In gen
eral, the larger the investment, the more detailed the analysis required to support the 
expenditure. For example, expenditures to increase the output of existing products 
or to manufacture a new product would invariably require a very detailed economic 
justification. Final decisions on new products and marketing decisions arc general
ly made at a high level within the company. On the other hand, a decision to repair 
damaged equipment can be made at a lower level within a company. In this section, 
we will provide many real examples to illustrate each class of engineering economic 
decision. At this point, our intention is not to provide a solution for each example but 
to describe the nature of decision-making problems a typical engineer might face in 
the real world. 

1.3.1 New Products or Product Expansion 
Investments in this category are those that increase the revenues of a company if out
put is increased. There are two common types of expansion decision problems. The first 
type includes decisions about expenditures to increase the output of existing production 
or distribution facilities. In these situations, we are basically asking, "Shall we build or 
otherwise acquire a new facility?" The expected future cash inflows in this investment 
category arc the revenues from the goods and services produced in the new facility. 

The second type of decision problem includes the consideration of expenditures 
necessary to produce a new product or to expand into a new geographic area. These 
projects normally require large sums of money over long periods. For example, Apple 
Computer's investment in iPad®'s A4 chip is estimated to be $1 billion. The cost for 
Apple to build the $500 base model iPad is estimated to be $229.35. Figure 1.6 illus
trates the estimated manufacturing costs for iPads with different design features. 

Clearly, the profit margin for the iPad varies with the different design features
the high-end product being more profitable. At the time of its introduction, the main 
question was, "Will there be enough demand for the iPad so that Apple could recoup 
the investment and be the market leader in the table PC market?" Now, the question 
after iPad is in the market is, "Will the iPad repeat iPhone® history so that it becomes 
Apple's most successful product ever?"7 

1.3.2 Equipment and Process Selection 
This class or engineering decision problem involves selecting the best course or ac
tion when there are several ways to meet a project's requirements. Which of several 
proposed items of equipment shall we purchase for a given purpose? The choice often 
hinges on which item is expected to generate the largest savings (or return on the in
vestment). The choice of material will dictate the manufacturing process involved. (Sec 
Figure 1.7 on making a 0.5 liter polyethylene tcrcphthalate (PET) barrier beer bottle.) 
Many factors will affect the ultimate choice of the material, and engineers should con
sider all major cost elements, such as machinery and equipment, tooling, labor, and 
material. Other factors may include press and assembly, production and engineered 
scrap, the number of dies and tools, and the cycle times for various processes. 

7 In fact. the iPad turned out to be a smashing success and contributed to sending Apple's stock to an 
all-time high. Consequently, Apple introduced an improved version, iPad 2. in April 2011. 
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Source: IHS iSuppli Corporation February 20t0. ··Apple iPad Components Cost J\t Least $259." Bloomberg 
Businessweek. April 07, 20 t 0 (h1tp://www.busine sweck.com/technology/contcnt/apr20 t O/tc20 t 0046_788280 
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Figure 1.6 Launching iPad® and estimated nw nufacturing costs for iPad with diffe rent 
design fea w res (IHS iSuppli estimates tha t the iPacl 2 with 32 gigabytes of nash memory 
costs Apple $323.35 fo r the wire less versions. The device sells for $729.) 

1.3.3 Cost Reduction 
A cost-reducrion project a tte mpts to lowe r a firm 's ope rating cos1s. Typically. we need 
to consider whe ther a co mpany should buy equipment to perfo rm an operation now 
do ne manually o r in some othe r way spend money now in orde r lo save more money 
later. The expected future cash inflows from this investment arc savings resulting from 
lower operating costs. O r perh aps the firm needs lo decide whether to prod uce a part 
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Figure I. 7 Making plastic beer bottles by two different manufacturing 
processes 

for a product in-house or to buy it from a supplier to reduce the total production cost. 
This is commonly known as a make-or-buy (or outsourcing) analysis. 

1.3.4 Equipment Replacement 
This category of investment decision involves considering the expenditure necessary to 
replace worn-out or obsolete equipment. For example, a company may purchase 10 large 
presses with the expectation that it will produce stamped metal parts for 10 years. After 
five years, however, it may become necessary to produce the parts in plastic, which would 
require retiring the presses early and purchasing plastic-molding machines. Similarly, a 
company may find that, for competitive reasons, larger and more accurate parts are re
quired, which will make the purchased machines obsolete earlier than expected. 

1.3.5 Service or Quality Improvement 
The service sector of the U.S. economy dominates both gross domestic product (GDP) 
and total employment. It is also the fastest growing part of the economy and the one 
offering the most fertile opportunities for productivity improvement. For example, ser
vice activities now approach 80% of U.S. employment, far outstripping sectors such 
as manufacturing (14%) and agriculture (2%). New service activities are continually 
emerging throughout the economy as forces such as globalization, e-commerce, and 
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Figure 1.8 To make customized blue jeans for women, a new computerized system 
is being installed at some retail stores, allowing women to place customized orders 

environmental reuse concerns create the need by businesses for ever more decentrali
zation and outsourcing of operations and processes. 

Investments in this category include any activities to support the improvement of 
productivity, quality, and customer satisfaction in the service sector, such as in the finan
cial, healthcare, and retail industries. See Figure 1.8 for an example of a service improve
ment in retail where a blue jeans manufacturer is considering installing robotic tailors. 
The manufacturer's main problem is to determine how much demand the women's line 
would generate: How many more jeans would the manufacturer need to sell to justify the 
cost of additional tailors? This analysis should involve a comparison of the cost of operat
ing additional robotic tailors with additional revenues generated by increased jeans sales. 

IE) Fundamental Principles in Engineering Economics 
This book focuses on the principles and procedures for making sound engineering economic 
decisions. To the first-time student of engineering economics, anything related to money 
matters may seem quite strange compared with other engineering subjects. However, the 
decision logic involved in problem solving is quite similar to any other engineering subject 
matter; there are basic fundamental principles to follow in any engineering economic de
cision. These principles unite to form the concepts and techniques presented in the text, 
thereby allowing us to focus on the logic underlying the practice of engineering economics. 
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The four principles of engineering economics arc as follows: 

• Principle 1: An earlier dollar is worth more than a later dollar. A fundamental 
concept in engineering economics is that money has a time value associated with 
it. Because we can earn interest on money received today (compound interest), it 
is better to receive money earlier than later. This concept will be the basic founda
tion for all engineering project evaluation. As noted by Albert Einstein, the most 
powerful force in the universe is compound interest. 

• Principle 2: All that counts is the differences among alternatives. An economic 
decision should be based on the differences among the alternatives considered. 
All that is common is irrelevant to the decision. Certainly, any economic decision 
is no better than any one of the alternatives being considered. Therefore, an eco
nomic decision should be based on the objective of making the best use of limited 
resources. Whenever a choice is made, something is given up. The opportunity cost 
of a choice is the value of the best alternative given up. 

• Principle 3: Marginal revenue must exceed marginal cost. Any increased eco
nomic activity must be justified based on the following fundamental economic 
principle: Marginal revenue must exceed marginal cost. Here, the marginal rev
enue is the additional revenue made possible by increasing the activity by one unit 
(or a small unit). Similarly, marginal cost is the additional cost incurred by the 
same increase in activity. Productive resources, such as natural resources, human 
resources, and capital goods available to make goods and services, are limited. Peo
ple cannot have all the goods and services they want; as a result, they must choose 
resources that produce with the best economy. 

• Principle 4: Additional risk is not taken without expected additional return. For 
delaying consumption, investors demand a minimum return that must be greater 
than the anticipated rate of inflation or than any perceived risk. If they do not 
see themselves receiving enough to compensate for anticipated inflation and per
ceived investment risk, investors may purchase whatever goods they desire ahead 
of time or invest in assets that would provide a sufficient return to compensate for 
any loss from inflation or potential risk. 

These four principles are as much statements of common sense as they are theo
retical principles. They provide the logic behind what follows in this book. We build 
on the principles and attempt to draw out their implications for decision making. 
As we continue, try to keep in mind that while the topics being treated may change 
from chapter to chapter, the logic driving our treatment of them is constant and 
rooted in these four fundamental principles. 

SUMMARY 
Ill This chapter provides an overview of a variety of engineering economic problems 

that commonly are found in the business world. We examined the place of engi
neers in a firm, and we saw that engineers play an increasingly important role in 
companies, as evidenced in Voyager Ethanol's development of a commercial-scale 
biorefinery plant. Commonly, engineers participate in a variety of strategic business 
decisions ranging from product design to marketing. 

Iii The term engineering economic decision refers to all investment decisions relating 
to an engineering project. The most interesting facet of an economic decision, from 



an engineer's point of view, is the evaluation of costs and benefits associated with 
mak ing a capital investment. 

• ·111e five main types of engineering economic decisions are ( I ) new products or prod
uct expansion. (2) equipment and process selection. (3) cost rt.!duction. ( 4) equipment 
replacement. and (5) service or quality improvement. 

·n1e factors of time and uncertainty arc the defining aspects of any investment project. 

SELF-TEST QUESTIONS 
I s. I Which of the following statemen ts is incorrect? 

(a) Economic decisions arc time invariant. 

(b) Time and risk arc the most importan t factors in any investment evaluation. 
(c) For a large-seal!! engineering project. engineers must conside r the impact of 

the project on the company·s financial statemen ts. 

( d) One of the primary roles of engineers is to make capital expenditure decisions. 

I s.2 When evalua ting n lnrgc-scale engineering project, which of the following items 
is important? 

(a) Expected profitability 
(b) Timing of cash nows 
(c) Degree of financial risk 

(d) All of the above 

I s.3 Which of the following statemen ts defines the discipline of engineering eco
nomics most closely? 
(a) Economic decisions made by engineers. 

(b) Economic decisions related to financial assets. 
(c) Economic decisions primarily for real assets and service from engineering 

projects. 
(d) Any economic dt.:cision related to the time value of money. 

Is.-! Which of the following stnLcmcnts is not one of the four fundamental principles 
of engineering economics? 
(a) Receiving a dollar today is worth mort.: thnn a dollar received in the (uture. 

(b) To expect a hight.:r return on investment, you need to tnke a higher risk. 
(c) Marginal revenue must exceed marginal cost to justify any production. 

(d) When you are comparing different alternatives. you must not focus only dif
ferences in alternatives. 

PROBLEMS 
I. I Read the Wall S1ree1 .lo11mal over a one-week period and identi fy the business 

investment news using one of the categories-(1) new products or product 
expansion, (2) equipment and process selection, (3) cost reduction. (4) equip
ment rcplacemenl. or (5) service or quality improvement. 

1.2 13y reading any business publication give examples that illustrate one of the four 
fundamental principles of engineering economics. 

Problems 37 



Time Value of Money 
Winner of $25.6 Million Powerball Jackpot 
Claims Prize ' Jimmy Freeman, a retired U.S. Navy civilian worker 

from Fall River, Massachusetts. came forward to claim his jackpot just 
several ho urs after learning he won the $25.6 million prize in the June 

8th Powerball drawing. His winning numbers, 14-37-44-45-53, PB 29, 

were selected by Quic Pie. Freeman said he plays a few dollars every

day around town, mostly Quic Pies, and he has always prayed and 

dreamed that he would someday win a big jackpot- today his dream 

came true. 
Powerball®2 is a combined large jackpot game and a cash game. 

Every Wednesday and Saturday night at I 0:59 p.m. Eastern Time, we 

draw five white balls out of a drum with 59 balls and one red ball [in 

green here] out of a drum with 39 red balls [in green here]. 

\latch Prue OJJ-. 

Grand Prize I in 195.2-19.05-1.00 

$200,000 I in 5,138.133.00 

$10,000 1 in 723, 1-14.64 

$1 (){) I in 19.030.12 

$100 1 in 13,644.24 

$7 I in 359.06 

$7 I in 787.17 

S-1 I in 123.-18 

SJ I in 61.7-1 

The overall odds or winning a pri1c :ire I in 35.11. 
The odds presented here arc based on a SI play (rounded to t\\O decimal places). 

Players win by matching one of the 9 Ways to Win. The jackpot 
(won by matching all five white balls in any order and the red [in green 
here] Powerball) is either an annuitized prize paid out over 29 years 

1 "J immy Freeman- Winner of S25.6 ~ l illion Po,,crball Jackpot Claims Pri1e, .. Powerball Press 
Release. June 8. 2011. 
~ Source: www.powerball.com. 



(30 payments) or a lump sum payment. Each ticket costs $1.3 If the winner 
chooses the annuity, the annual payment will be increased each year by the 

percentage set out in the Powerball game rules. Freeman opted to take the 

one-time, lump sum payment4 of $13.5 million ($13,493,470.86 before taxes, 
to be exact). It will take approximately two weeks to process the multistate 

prize payment. 

Pkk ~our numbers 

17 18 19 20 21 ?"1 23 24 

25 26 27 28 2lJ 30 '.H 32 

33 34 b 3b 37 .'8 39 40 

41 4? .n 44 .15 46 47 48 

49 50 .SI 'i2 53 54 55 56 

57 58 59 

If you were the winner of the aforementioned jackpot, you might 
well wonder why the value of the single-sum payment- $13.5 million 

paid immediately- is so much lower than the total value of the annuity 
payments- $25.6 million paid in 30 installments over 29 years (the first 
installment is paid immediately). Isn't receiving $25.6 million overall a lot 
better than receiving just $13.5 million now? The answer to your question 
involves the principles we will discuss in this chapter~ namely, the operation 

of interest and the time value of money. 

•·n1c price of a P()\\Crhall ticket will double in 20 12 when the multistate lottery marks its 20th anni· 
vcrsary.111e jackpots also will increase. 
~ I n Powcrhall hi~tury between 2003 and 20 11 . only three out of 115 winners opted for :innuity options. 

11 11 11 

39 
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T
be questio n we just posed provides a good sta rring point fo r this chapte r. If 
it is be tte r to receive a dolla r today than it is to rece ive a dollar in I 0 yen rs. 
how do we quanti fy the difference? Our lo tte ry example is complex. Instead 
of a choice be tween two single payments, the lo ttery winne rs were faced with 

a decision between a single pnymcnt now and a series of future payments. Firsl. most 
people fa milfa r with investments would te ll you tha t rece iving $13.5 million today is 
like ly lo prove a be tte r dea l than taki ng $853,333 a year for 29 ye~us. ln fac t, based on 
the principles you will learn in this chapte r, the rea l present value of the 29-ycar pay
ment series- the va lue tha t you could receive to day in the financia l marke tplace for the 
promise of $853.333 a year for the next 29 years - ca n be shown to be considerably less 
tha n $13.5 million. A nd tha t is even befo re we consider the e ffects of infla tio n! 111e rea
son fo r this surprising result is the time value of money; the ear lie r a sum of money is re
ce ived, the more it is wo rth because ove r time money can earn more money via inte rest. 

In engi neering economic analysis, the pri nciples discusse d in this chap ter a rc 
regarded as the underpinnings of nearly a ll project investment analysis. IL is impera
tive to understand these principles beca use we a lways need 10 account for the effect 
of inte rest operating on sums o f cash over 1 ime. Fortuna te ly. we have inte rest formulas 
that a llow us to place diffe rent cash nows received a t different times in the same time 
frame to make comparisons possible. As will become appare nt. almost o ur entire study 
of engineering economic analysis is built on the principles iJ11roduced in this chapte r. 

fII Interest: The Cost of Money 
Most of us have a general appreciation of the concept of inte rest. We know tha t money 
left in a savings account earns inte rest so tha t the balance over time is highe r than the 
sum of the deposits. We know lha t borrowing to buy a car means repaying an amo unt 
over time, including the inte rest, and thus the amount pa id is more than t he amoun t. 
borrowed. Howeve r, wha t may be un f'amilia r to us is tha t, in the fina ncia l world, money 
itself is a co mmodity. and like o the r goods tha t a re bought and sold, money costs money. 

The cos t of mo ney is cstnblishcd and measured by an interest rate , a percent
age that is periodica lly applied and added to an amount (or to varying a mounts) of 
money over a specified length o f lime. When money is borrowed. the inte rest paid is 
the charge to the borro wer for the use of the le nde r"s property. Wh en money is loaned 
or invested , the inte rest ea rned is lhe lender's ga in fo r providing a good to a nother 
person . Interest. then. may be de fined as th e cost of having money available for use. In 
this section, we examin e how inte rest operates in a free-marke t economy and establish 
a basis for unde rsta nding the more complex inte rest re lationshi ps tha t a rc presented 
la te r in the chapte r. 

2. 1.1 The Time Value of Money 
TI1e time va lue of money seems like a sop his tica ted concept. yet it is one t ha t you 
encounte r every clay. Sho uld you buy some thing today or buy it la te r? He re is a s im
ple exarnple of how your b uying be havior can have varying results : Pre tend yo u have 
$ LOO and you wanl to buy a $100 refrigera tor fo r your dorm room. (Assume tha t you 
arc currently sharing a la rge re frigera to r with your roonun ates in a com mon a rea.) 

• IJ you buy it now. you encl up broke. But if you invest your money a l 6% annual 
inte rest, then in a year you can still buy the refr ige rato r, and you will have $6 left 
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over. Clearly, you need to ask yourself whet her the inconvenience of not having 
the refrigerator in your own room for a year can be compensated by the financial 
gain in the amount of $6. 

• I f the price of the refrigerator increases at an annua l ra te of 8% due to inflation, 
then you will not have enough money (you will be $2 short) to buy the refrigera
tor a year from now (Case l in Figure 2.1 ). In that case. you probably are better off 
buying the refrigerator now. I f the inflation rate is running at only 4%, then you wiJJ 
have $2 left over if you buy the refrigerator a year from now (Case 2 in Figure 2.1 ). 

Clearly. the rate at which you earn interest should be higher than the inflation rate 
in or<ler to make any economic sense of the delayed purchase. I n other words, in an 
inflationary economy, your purchasing power will continue to decrease as you further 
delay the purchase of the refrigerator. In order to make up for this future loss in pur
chasing power. the rate at which you earn interest must be sufficiently higher than the 
an ticipa ted inflation rate. After all. rime. like money, is a finite resource. There are only 
24 hours in a day. so time has to be budgeted, too. What this example illustrates is that 
we must connect earning power and purchasing po1ver to the concept of time. 

The way interest operates reflects the fact th at money has a time value. 1l1is is why 
amounts of interest depend on lengths of time; interest ra tes, for example, are typically 
given in terms of H percentage per year. We may define the principle of the time value 
of money as follows:-n1e economic va lue of a sum depends on when the sum is received. 
Because money has both earning power and purchasing power over time ( i.e .. it can be 
put to work. earning more money for i ts owner), a dollar received today has a higher 
value than a dollar received at some future time. When we deal with large amounts of 
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money, Jong periods of time, and high interest rates, a change in the value of a sum of 
money over time becomes extremely significant. For example, at a current annual inter
est rate of 10%, $1 million will earn $100,000 in interest in a year; thus, to wait a year to 
receive $1 million clearly involves a significant sacrifice. When deciding among alterna
tive proposals, we must take into account the operation of interest and the time value of 
money in order to make valid comparisons of different amounts at various times. 

When financial institutions quote lending or borrowing interest rates in the mar
ketplace, those interest rates reflect the desired earning rate as well as any protection 
from Joss in the future purchasing power of money because of inflation. Interest rates, 
adjusted for inflation, rise and fall to balance the amount saved with the amount bor
rowed, which affects the allocation of scarce resources between present and future uses. 

Unless stated otherwise, we will assume that the interest rates used in this book 
reflect the market interest rate, which considers the earning power of money as well as 
the effect of inflation perceived in the marketplace. We will also assume that all cash 
flow transactions arc given in terms of actual dollars, for which the effect of inflation, if 
any, is reflected in the amount. 

2.1.2 Elements ofTransactions Involving Interest 
Many types of transactions involve interest (e.g., borrowing money, investing money, 
or purchasing machinery on credit), and certain elements are common to all of these 
types of transactions. These elements are: 

1. The initial amount of money invested or borrowed in a transaction is called the 
principal (P). 

2. The interest rate (i) measures the cost or price of money and is expressed as a 
percentage per period of time. 

3. A period of time called the interest period (n) determines how frequently inter
est is calculated. (Note that, even though the length of time of an interest period 
can vary, interest rates are frequently quoted in terms of an annual percentage 
rate. We will discuss this potentially confusing aspect of interest in Chapter 3.) 

4. A specified length of time marks the duration of the transaction and thereby 
establishes a certain number of interest periods (N). 

5. A plan for receipts or disbursements (A,,) yields a particular cash flow pattern 
over a specified length of time. (For example, we might have a series of equal 
monthly payments that repay a Joan.) 

6. A future amount of money (F) results from the cumulative effects of the interest 
rate over a number of interest periods. 

Example of an Interest Transaction 

As an example of how the elements we have just defined are used in a particular situa
tion, let us suppose that you apply for an education loan in the amount of $30,000 from 
a bank at a 9% annual interest rate. In addition, you pay a $300 loan origination fee5 when 

5 The loan origination fee covers the administrative costs of processing the loan. It is often expressed 
in points. One point is I% of the loan amount. In our example, the $30,000 loan with a loan origina
tion fee of one point would mean the borrower pays a $300 fee. This is equivalent to financing $29,700, 
but the payments are based on a $30,000 loan. Both payment plans are based on a rate of 9% interest. 
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TABLE 2.1 Repayment Plans Offered by the Lender 

Plan 1 Plan2 

YearO $30,000 $300.00 $300.00 

Yearl $7,712.77 0 

Year2 $7,712.77 0 

Year3 $7,712.77 0 

Year4 $7,712.77 0 

Years $7,712.77 $46,158.72 

the loan commences. The bank offers two repayment plans, one with equal payments 
made at the end of every year for the next five years (installment plan) and the other 
with a single payment made after the loan period of five years (deferment plan). These 
payment plans are summarized in Table 2.1. 

• In Plan 1, the principal amount, P, is $30,000 and the interest rate, i, is 9%. The 
interest period, n, is one year, and the duration of the transaction is five years, 
which means that there are five interest periods (N = 5). It bears repeating that 
while one year is a common interest period, interest is frequently calculated at 
other intervals as well-monthly, quarterly, or semiannually, for instance. For this 
reason, we used the term period rather than year when we defined the preceding 
list of variables. The receipts and disbursements planned over the duration of this 
transaction yield a cash flow pattern of five equal payments, A, of $7,712.77 each, 
paid at year-end during years 1 through 5. 

• Plan 2 has most of the elements of Plan 1 except that instead of five equal repay
ments, we have a grace period followed by a single future repayment (lump sum), 
F, of $46,158.72. 

Cash Flow Diagrams 

Problems involving the time value of money can be conveniently represented in 
graphic form with a cash flow diagram (Figure 2.2). Cash flow diagrams represent 
time by a horizontal line marked off with the number of interest periods speci
fied. Arrows represent the cash flows over time at relevant periods. Upward arrows 
represent positive flows (receipts), and downward arrows represent negative flows 
(expenditures). Note, too, that the arrows actually represent net cash flows; two or 
more receipts or disbursements made at the same time are summed and shown as a 
single arrow. For example, $30,000 received during the same period as a $300 pay
ment is being made would be recorded as an upward arrow of $29,700. The lengths 
of the arrows can also suggest the relative values of particular cash flows. 

Cash flow diagrams function in a manner similar to free-body diagrams or circuit 
diagrams, which most engineers frequently use. Cash flow diagrams give a convenient 
summary of all the important elements of a problem and serve as a reference point 
for determining whether the elements of a problem have been converted into their 
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Figure 2.2 A cash now diagram for Plan 1 o f the loan repayment example 

appropriate pa ramete rs. ·n1is book frequently employs this graphic tool. and you a rc 
strongly encouraged to develop the habit of using well-labe led cash now diagrams as a 
means to identify and summarile pert inent information in a cash flow problem. Simila rly, 
a table such as Table 2. I can he lp you organ ize information in another sum ma ry format. 

End-of-Period Convent ion 

In practice, cash fl ows can occur at the hegi1111 i11g or in the middle of a n inte rest pe riod or 
at practically any po int in time. O ne o f the simplifying assumptions we make in engineer
ing economic analysis is the cnd-ol'-pcriod convention, which is the practice of plac ing 
a ll cash flow transac tions at the end of an inte rest period.1l1is assumptio n re lieves us o f 
the responsibili ty of dealing with the effects of interest within an inte rest pe riod, which 
would greatly complicate our calcula tions. Like many of the simp lifying assum ptions a nd 
estimates we make in modeling engineeri ng economic problems, the end-of-period con
vention inevitably leads lo so me discrepancies be t ween our model and rea l-world results. 

Suppose. fo r example. tha t $ 100.000 is deposited d uring the firs t mo nth of lhc yea r 
in an account with an in te rest pe riod o f one year and an inte resl rate of I 0% pe r year. 
In s uch a case. if the deposit is withdrawn one monlh before the end of the yea r. the in
vestor would experience a Joss o f $10.000-a ll o ( it inte rest! 111is results because. under 
the end-of-period conventio n, the $100,000 deposit made during the int e rest period is 
viewed as if it were made a t the end of the year . as opposed to 11 mon ths ea rlie r. ·n1is 
example gives you a sense o f why fi nancia l insti tutions choose inte rest pe riods tha t 
a re Jess than one year, eve n though they usua lly q uo te the iT rate in te rms of a111111a/ 
percemage. Armed with an understanding of the basic e lemems involved in inte rest 
problems, we can now begin to look at the de ta ils of calculating inte rest. 

2.1.3 Methods of Calculating Interest 
Money can be loaned and repaid in ma ny ways, and similarly, money can earn int e r
est in many diffe re nt ways. Usua lly, howeve r. a t the e ncl of each inte res t pe r iod , the 
inte rest earned on the princ ipa l amo unt is ca lcu la ted according to a specifi ed inte rest 
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rate. There are two computational schemes for calculating this earned interest yield: 
simple interest and compound interest. 

Simple Interest 

The first scheme considers interest earned on only the principal amount during each 
interest period. In other words, the interest earned during each interest period does 
not earn additional interest in the remaining periods, even if you do not withdraw the 
earned interest. 

In general, for a deposit of P dollars at a simple interest rate of i for N periods, the 
total earned interest I would be 

I= (iP)N. 

The total amount available at the end of N periods, F, thus would be 

F = P + I = P( 1 + iN). 

Simple interest is commonly used with add-on loans or bonds. 

Compound Interest 

(2.1) 

(2.2) 

Under a compound interest scheme, the interest earned in each period is calculated 
based on the total amount at the end of the previous period. This total amount includes 
the original principal plus the accumulated interest that has been left in the account. 
In this case, you are, in effect, increasing the deposit amount by the amount of inter
est earned. In general, if you deposited (invested) P dollars at an interest rate i, you 
would have P + iP = P(l + i) dollars at the end of one interest period. If the entire 
amount (principal and interest) were reinvested at the same rate i for another period, 
you would have at the end of the second period 

P(l + i) + i[P(1 + i)] = P(1 + i)(l + i) 
= P(l + i)2• 

Continuing, we see that the balance after period three is 

P(l + i)2 + i[P(l + i)2
] = P(l + i)3

• 

This interest-earning process repeats, and after N periods, the total accumulated value 
(balance) F will grow to 

F = P(l + i)N. (2.3) 

Engineering economic analysis uses the compound interest scheme exclusively, as it is 
most frequently practiced in the real world. 

EXAMPLE 2.1 Simple versus Compound Interest 

Suppose you deposit $1,000 in a bank savings account that pays interest at a rate 
of 8% per year. Assume that you do not withdraw the interest earned at the end of 
each period (year) but instead let it accumulate. (1) How much would you have at 
the end of year 3 with simple interest? (2) How much would you have at the end of 
year 3 with compound interest? 
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DISSECTING THE PROBLEM 

METHODOLOGY 

Use Eqs. (2.2) and (2.3) to calcu
late the total amount accumulated 
under each computational scheme. 

Given: P = $1,000,N = 3 years, and i = 8% per year. 
Find: F. 

SOLUTION 

(a) Simple interest: Using Eq. (2.2) we calculate Fas 

F = $1,000 ( 1 + (0.08)3] = $1,240. 

Year by year, the interest accrues as shown: 

~1;~~:,:r:::';;F~•1:::1c;;=,~ 
1 $1,000 $80 $1,080 

2 $1,080 $80 $1,160 

3 $1,160 $80 $1,240 

(b) Compound interest: Applying Eq. (2.3) to our three-year, 8% case, 
we obtain 

F = $1,000(1 + 0.08)3 = $1,259.71. 

The total interest earned is $259.71, which is $19.71 more than accu
mulated under the simple-interest method. We can keep track of the 
interest-accruing process more precisely as follows: 

m111~i'=&~'',='==~·~==~~ 
1 $1,000.00 $80.00 

2 

3 

$1,080.00 

$1,166.40 

$86.40 

$93.31 

1,166.40 

1,259.71 

---------------'---------------------------
COMMENTS: At the end of the first year, you would have a total of $1,080-$1,000 
plus $80 in interest. In effect, at the beginning of the second year, you would be 
depositing $1,080, rather than $1,000. Thus, at the end of the second year, the 
interest earned would be 0.08($1,080) = $86.40 and the balance would be 
$1,080 + $86.40 = $1,166.40. This is the equivalent amount you would be deposit
ing at the beginning of the third year, and the interest earned for that period would 
be 0.08($1,166.40) = $93.31. With a beginning principal amount of $1,166.40 plus 
the $93.31 interest, the total balance would be $1,259.71 at the end of year 3. 

OE Economic Equivalence 
The observation that money has a time value leads us to an important question: If 
receiving $100 today is not the same as receiving $100 at any future point, how do we 
measure and compare various cash flows? How do we know, for example, whether we 
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Figure 2.3 Which option would you prefer? (a) 1\vo payments ($20,000 now and 
$50,000 at the end of 10 years) or (b) 10 equal annual receipts in the amount of 
$8,000 each 
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should prefer to have $20,000 today and $50,000 in 10 years from now, or $8,000 each 
year for the next 10 years? (See Figure 2.3.) In this section, we will describe the basic an
alytical techniques for making these comparisons. Then in Section 2.3, we will use these 
techniques to develop a series of formulas that can greatly simplify our calculations. 

2.2. I Definition and Simple Calculations 
The central factor in deciding among alternative cash flows involves comparing their 
economic worth. This would be a simple matter if, in the comparison, we did not need 
to consider the time value of money. We could simply add up the individual payments 
within a cash flow, treating receipts as positive cash flows and payments (disburse
ments) as negative cash flows. The fact that money has a time value makes our calcula
tions more complicated. Calculations for determining the economic effects of one or 
more cash flows are based on the concept of economic equivalence. 

Economic equivalence exists between cash flows that have the same economic ef
fect and could therefore be traded for one another in the financial marketplace (which 
we assume to exist). Economic equivalence refers to the fact that any cash flow
whether a single payment or a series of payments-can be converted to an equivalent 
cash flow at any point in time. The critical thinking on the present value of future cash 
flows is that the present sum is equivalent in value to the future cash flows because, if 
you had the present value today, you could transform it into the future cash flows sim
ply by investing it at the interest rate, also referred to as the discount rate. This process 
is shown in Figure 2.4. 

The strict concept of equivalence may be extended to include the comparison of 
alternatives. For instance, we could compare the values of two proposals by finding the 
equivalent values of each at any common point in time. If financial proposals that ap
pear to be quite different could turn out to have the same monetary value, then we can 
be economically indifferent in choosing between them. Likewise, in terms of economic 
effect, one would be an even exchange for the other, so there is no reason to prefer one 
over the other. 
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Figure 2.4 Using compound interest to esrablish 
economic equ ivalence 

A way to sec the concepts of equiva lence and economic indifference at work 
in the rea l world is to note the variety of paymen t plans offered by lending institu
tions for consumer loans. Recall Table 2.1. where we showed two different repay
ment plans for a loan of $30,000 for five years at an annual interest rate of 9% . You 
will notice that the two plans require significantly different repayment patterns 
and different tornl amounts of repayment. H owever, because of the time value of 
money, these plans are equivalent - economically, the bank is indifferent to the con
sumer's choice of plan. We wi ll now discuss how such equivalence relationships are 
cs tahlished. 

Equivalence Calculations: A Simple Example 

Equivalence calculations ca n be viewed as an application of the compound-interest rela
tionships we learned in Section 2. 1. Suppose, for example, that we invest $LOOO at 12% 
annual interest for five yea rs. Tiie formuln developed for calculating compound interest. 
F = P(I + i)N lEq. (2.3)1, expresses the equivalence between some present amount P 
and a future amount F for a given interest rate i and a number of interest periods, N. 
Tiicrefore, al the encl of the investment period, our sums grow to 

$ 1,000(1 + 0. 12)5 = $ 1,762.34. 

Thus. we can say that at 12% interest, $1,000 received now is equivalent lo $1.762.34 
received in five years, and we could trade $1,000 now for the promise of receiving 
$ l ,762.34 in five years. Example 2.2 further demonstrates the application of this basic 
technique. 

EXAMPLE 2.2 Equivalence 

Suppose you arc offered the al ternative of receiving either $2,007 at the end of five 
years or $1,500 today. TI1crc is no question that the $2.007 will be paid in fu ll (i.e., 
there's no risk of nonreceipt). Assuming th at the money wi ll not be needed in the 
next five years, you would deposit the $1.500 in an account th at pays i% interest. 
What value of i would make you indifferent to you r choice between $1.500 today 
and the promise of $2,007 at the end of five years? 



DISSECTING THE PROBLEM 

Our job is to determine the present 
amoun t that is economically equiva
lent to $2,007 in five years, given th e 
investment potential of i o/o per year. 
Note th at the statement of the prob
lem assumes that you would exer
cise the option of using the earning 
power of your money by deposit
ing it. TI1e "indifference" ascribed to 
you refers to economic indifference: 
that is. within a marketplace where 
io/o is the applicable interest rate. 
you cou ld trade one cash flow for 
the other. 

METHODOLOGY 

Use Eq. (2.3) , F = P(l + il' and 
solve for i. 
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Given: F = $2,007. N = 5 years. P = $ 1.500. Sec Figure 2.Sa. 
Find: i. 

$2,007 

i = ? 

() 

2 3 5 
Y<'ur 

SI .500 Figure 2.5a Cash flow diagram 

SOLUTION 

Using the expression of Eq. (2.3) we obta in 

$2,007 = $1,500( I + i)5 

Solving for i yields: 

i = (~)1/N I = (2,007)
1
/
5 

_ 
l,500 

= 0.06 (or 6%). 

We can summarize the problem graphically as in Figure 2.Sb. 

• Step I: Determine the 
base period. say. year 0. 

• Ste r 2: ldcn tiry the 
interest rate to use. 

• Step J: Crtlculate 
cquival1:nt value al the 
ha~c p1:riod. 

$2.007 

• 6% 

= 
0 5 

i = 3%,P = $2.007( 1 + 0.03) 5=$1,73 1 
i = 6%. P = S2.007( 1 + Cl.06) 5 = $ 1,500 
i = 9%. P = $2.007( I -1 0.09) - 5 = $ 1.304 

Figure 2.5b Equiva lence calculations at varying interest rate 



50 CHAPTER 2 Time Value of Money 

COMMENTS: In this example, it is clear that if i is anything less than 6%, you 
would prefer the promise of $2,007 in five years to $1,500 today; if i is more 
than 6%, you would prefer $1,500 now. As you may have already guessed, at 
a lower interest rate, P must be higher in order to be equivalent to the future 
amount. For example, at i = 4%, P = $1,650. 

2.2.2 Equivalence Calculations Require a Common Time 
Basis for Comparison 

Just as we must convert fractions to common denominators in order to add them to
gether, we must convert cash flows to a common basis in order to compare their values. 
One aspect of this basis is the choice of a single point in time at which to make our 
calculations. In Example 2.2, if we had been given the magnitude of each cash flow and 
had been asked to determine whether the two were equivalent, we could have chosen 
any reference point and used the compound-interest formula to find the value of each 
cash flow at that point. As you can readily sec, the choice of n = 0 or n = 5 would 
make our problem simpler, because we would need to make only one set of calcula
tions: At 6% interest, either convert $1,500 at time 0 to its equivalent value at time 5, or 
convert $2,007 at time 5 to its equivalent value at time 0. 

When selecting a point in time at which to compare the values of alternative cash 
flows, we commonly use either the present time, which yields what is called the present 
worth of the cash flows, or some point in the future, which yields their future worth. The 
choice of the point in time to use often depends on the circumstances surrounding a par
ticular decision, or the choice may be made for convenience. For instance, if the present 
worth is known for the first two of three alternatives, simply calculating the present worth 
of the third will allow us to compare all three. For an illustration, consider Example 2.3. 

EXAMPLE 2.3 Equivalence Calculations 

Consider the cash flow series given in Figure 2.6. Compute the equivalent lump-sum 
amount at 11 = 3 at 10% annual interest. 
... ·-~----~---- -------,.---------

DISSECTING THE PROBLEM 

METHODOLOGY 

We find the equivalent worth 
at n = 3 in two steps. First, we 
find the future worth of each 
cash flow at 11 = 3 for all cash 
flows that occur before 11 = 3. 
Second, we find the present 
worth of each cash flow at 
11 = 3 for all cash flows that 
occur after /1 = 3. 

Given: The cash flows given in Figure 2.6, and i = 10% per year. 
Find: V3 (or equivalent worth at /1 = 3). 

SOLUTION 

• Step 1: Find the equivalent lump-sum payment of the first four payments 
atn = 3: 

$100(1 + 0.10)3 + $80(1 + 0.10)2 

+ $120(1 + 0.10)1 + $150 = $511.90. 

• Step 2: Find the equivalent lump-sum payment of the remaining two 
payments at /1 = 3: 

$200(1 + o.10r1 + $100(1 + 0.10)-2 = $264.46. 

• Step 3: Find V3 , the total equivalent value: 

V3 = $511.90 + $264.46 = $776.36. 
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Figure 2.6 Equivalent worth-calculation at n = 3 
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We begin our coverage of interest formulas by considering the simplest of cash flows: 
single cash flows. 

2.3.1 Compound-Amount Factor 
Given a present sum P invested for N interest periods at interest rate i, what sum will 
have accumulated at the end of the N periods? You probably noticed right away that 
this description matches the case we first encountered in describing compound inter
est. To solve for F (the future sum), we use Eq. (2.3): 

F = P(l + i)N. 

Because of its origin in the compound-interest calculation, the factor (1 + i)N is 
known as the compound-amount factor. Like the concept of equivalence, this factor 
is one of the foundations of engineering economic analysis. Given this factor, all other 
important interest formulas can be derived. 

The process of finding F is often called the compounding process. The cash flow 
transaction is illustrated in Figure 2.7. (Note the time-scale convention: The first period 
begins at n = 0 and ends at n = 1.) If a calculator is handy, it is easy enough to calcu
late (1 + i)N directly. 

Interest Tables 

Interest formulas such as the one developed in Eq. (2.3), F = P(l + i)N, allow us to 
substitute known values from a particular situation into the equation and solve for 
the unknown. Before the calculator was developed, solving these equations was very 
tedious. Imagine needing to solve by hand an equation with a large value of N, such as 
F = $20,000(1 + 0.12)15• More complex formulas required even more involved calcu
lations. To simplify the process, tables of compound-interest factors were developed. 
These tables allow us to find the appropriate factor for a given interest rate and the 
number of interest periods. Even though calculators are now readily available, it is still 
often convenient to use these tables, which are included in this text in Appendix B. 
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Figu re 2. 7 Compounding process: Find F. given P, 
i.and N 

Take some time now to become fami liar with their arrangement. I f you can. locate the 
compound-interest factor for the example just presented. in which we know P and, co 
find F. we need to know the factor by which to multiply $20.000 when the interest rate 
i is 12% and the number of periods is 15: 

F = $20,000( 1 + 0.12)15 = $109.472. 
5A736 

Factor Notat ion 

As we continue to develop interest formu las in the rest of this chapter, we will ex
press the resulting compound-interest factors in a conventional notation that can be 
substituted into a form ula to indica te precisely which table factor to use in solving an 
equation. In the preceding example. for instance. the formula derived as Eq. (2.3) is 
F = P( I + i)"'. To specify how the interest tables are to be used. we may also express 
that factor in a functional notation as (F/ P, i, N). which is read as •·Find F. given P, i, 
and N." This factor is known as the single-payment compound-umount facl or_ When 
we incorporate the table factor into the formula. the formula is expressed as follows: 

F = P(I + i)"' = P(F/ P.i,N). 

Thus, in the preceding example, where we had F = $20,000( 1.1 2) 15, we can now 
write F = $20,000(F / P, 12%, 15). ·n1e table factor tells us to use the 12% interest table 
and find the factor in the F/ P column for N = 15. Because using the interest tables is 
often the easiest way to solve an equation. this factor notation is included for each of 
the formulas derived in the upcoming sections. 

EXAMPLE 2.4 Single Amounts: Find F, Given P, i, and N 

If you had $ 1,000 now and invested it at 7% interest compounded annually, how 
much would it be worth in eight years (Figure 2.8)? 

DISSECTING THE PROBLEM 
Given: P = SI ,000.i = 7<:'c per year. and N = 8 years. 

Find: F. 
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METHODOLOGY 
Met hod I: Using a Ca/cu/a/Or 
You can simply use a calculator to 
evaluate the (1 + i)N tenn (financial 
calculators arc preprogrammed to 
solve most future:..value problems). 

SOLUTION 

F = $1,000(1 + 0.07)8 

= $1,718.19. 

Using this method, we obtain Method 2: Using Compound-Interest 
Tables 
The interest tables can be used to F = $1,000(F/ P, 7%,8) = $1,000(1.7182) = $1,718.20. 

locate the compound-amount fac
tor for i = 7% and N = 8. The 
number you get can be substituted 
into the equation. Compound
interest tables are included in 
Appendix B of this book. 

This amount is essentially identical to the value obtained by direct 
evaluation of the single cash flow compound-amount factor. The slight 
deviation is due to rounding differences. 

-~~~-~-~~- ---------- ---- ~-------

Met 11 o d 3: Using a Computer 
Many financial software programs 
for solving compound-interest prob-

With Excel, the future-worth calculation looks like the following: 

= FV(7%,8,0,-1000,0) 

lems are available for use with per-
sonal computers. As summarized in 
the back cover, many spreadsheet 
programs such as Excel also provide 
financial functions to evaluate vari-
ous interest formulas. 

i 
I 

.. - l _ -

= $1,718.20. 

i=7% 

0 

! 
I I I I I 

2 3 4 5 6 
Years 

Sl,000 

Figure 2.8 Cash flow diagram 

COMMENTS: A better way to take advantage of the powerful features of Excel is 
to develop a worksheet as shown in Table 2.2. Here, we are not calculating just 
the future worth of the single payment today. Instead, we can show in both tab
ular and graphical form how the deposit balances change over time. For exam
ple, the $1,000 deposit today will grow to $1,500.73 in six years. If you want to 
sec how the cash balances change over time at a higher interest rate, say, 10%, 
you just change the interest rate in cell C6 and press the "ENTER" button. 

2.3 .2 Present-Worth Factor 
Finding the present worth of a future sum is simply the reverse of compounding and is 
known as the discounting process. (Sec Figure 2.9.) In Eq. (2.3), we can see that if we 
need to find a present sum P, given a future sum F, we simply solve for P: 

P = 1(1 ~ i)'v] = F(P/F,i,N). (2.4) 

~ 

I 

7 8 
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TABLE 2.2 An Excel Worksheet to Illustrate How the Cash Balances Change 
overnme 

2 
3 
4 

A B 

Inputs 

C D E F G 

Single Cash Flows 

Output 

5 (P) Present Worth ($) 1000 (F) Future Worth ($) I 1718.19 
6 (i) Interest Rate (%) 7 
7 (N) Interest Periods 8 
8 
9 
10 
11 

Period (n) I Deposit (P) leash Balance 

0 $ 1000 $ 1000.00 
12 1 $ 1070.00 
13 2 $ 1144.90 
14 3 $ 1225.04 
15 4 $ 1310.80 
16 5 $ 1402.55 
17 6 $ 1500.73 
18 1605.78 

1718.19 

Cash Balance OverTlme 

$2000 ..----------
$1800 +----------
$1600 +---------,,.-
$1400 -+------~-.:.-. 
$1200 +--~c:.~ 
$1000 

$800 
$600 
$400 
$200 

$· 
2 3 4 5 6 7 8 

The factor 1/(1 + i)N is known as the single-payment present-worth factor and is des
ignated (P/F, i, N). Tables have been constructed for PIF factors and for various values 
of i and N. The interest rate i and the P/Ffactor are also referred to as the discount rate 
and the discounting factor, respectively. 

• Single-payment 
present-worth factor 
(discount factor) 

• Given: 

• Find: 

i = 12% 
N = 5 years 
F= $1,000 

p = $1,000(1 + 0.12)-5 
= $1,000(P/F, 12%,5) 
= $567.40 

0= F(l + i)-N 

P= F(PIF,i,N) 

0 

I 
I 

0 

F 

N 

Figure 2. 9 Discounting process: Find P, given F, i, 
andN 
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EXAMPLE 2.5 Single Amounts: Find P, Given F, i, and N 

A i'ero-coupon bond6 is a popular variation on the bond theme ror some investors. 
What shou ld be the price of an eigh t-year zero-coupon bond wi th a face value of 
$ 1.000 if similnr. nonzero-coupon bonds are yielding 6% annual interest? 

DISSECTING THE PROBLEM 

As an investor of a zero-coupon 
bond. you do not receive any in
terest payments until the bond 
reaches maturit y. When the bond 
matures, you will receive $1,000 
(the face value). In lieu of getting 
interest payments, you can buy 
the bond at a discount. The ques
tion is ... What . hould the price of 
the bond be in order to realize a 
6% return on your investment?"" 
(Sec Figure 2.10.) 

METHODOLOGY 

Using a ca lculator may be the best 
way to make this simple calcula
tion. ll is equivalent lo finding the 
present ve1 lue of the $ l ,000 face 
value at 6% interest. 

0 

I 
I 
I 
I 
I 

t 
P = ? 

Given: F = $1.000, i = 6% per year. and N = 8 years. 

Find: P. 

SOLUTION 
Using a ca lculator, we obtain 

P = $1.000( I + 0.06) 11 = $ 1.000(0.6274) = $627.-10. 

We can also use the interest tables to find that 

(0.6274) 

fJ = $ 1.000(1'/ F.6%,8) = $627.-10. 

Again . you could also use a financial calculator or computer to find 
the present wonh. With Excel. the present-value calculation looks like 
the following: 

2 

= PV(6%,8,0,l000,0) 
= -$ 627.40. 

(")(l( J'/ f. 6"'<. S) 
r - SI. " 

3 4 5 
Ycnr. 

6 

$1.000 

7 8 

F igure 2. 1 O Cash now diagram 

11 13onds arc lonns that investors make to corporal iQns and govcrn 111cn1s. In Exn mplc 2.5, 1hc $1 .000 of principal is the face vnluc of 1he 
hontl. 1hc yt:arly intcresl payment is its coupon. nnd 1he lenglh of !hi.: loan is the boners nrnh1rity. 
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2.3.3 Solving for Time and Interest Rates 
At this point, you should realize that the compounding and discounting processes arc 
reciprocals of one another and that we have been dealing with one equation in two forms: 

Future-value form: F = P(l + i)N 

and 

Present-value form: P = F(l + i)-N. 

There are four variables in these equations: P, F, N, and i. If you know the values of 
any three, you can find the value of the fourth. Thus far, we have always given you the 
interest rate (i) and the number of years (N), plus either P or F. In many situations, 
though, you will need to solve for i or N, as we discuss next. 

EXAMPLE 2.6 Solving for i 

Suppose you buy a share of stock for $10 and sell it for $20; your profit is thus 
$10. If that happens within a year, your rate of return is an impressive 100% 
($10/$10 = 1). If it takes five years, what would be the rate of return on your 
investment? (See Figure 2.11.) 

DISSECTING THE PROBLEM 

Here. we know P, F, and N, but we 
do not know i, the interest rate 
you will earn on your investment. 
This type of rate of return calcula
tion is straightforward, since you 
make only a one-time lump-sum 
investment. 

METHODOLOGY 
We start with the following rela
tionship: 

F = P(l + ;)"". 

We then substitute in the given 
values: 

$20 = $10(1 + ;)5. 

Next, we solve for i by one of two 
methods. 

Method 1: Trial and Error 
Go through a trial-and-error pro
cess in which you insert different 
values of i into the equation until 
you find a value that "works," in 
the sense that the right-hand side 
of the equation equals $20. 

Given: P = $10, F = $20, and N = 5 years. 

Find: i. 

SOLUTION 
, The solution value is i = 14.87%. The trial-and-error procedure 

is extremely tedious and inefficient for most problems. so it is not 
widely practiced in the real world. 

$20 

(!)=? 

() 

2 3 4 5 
Years 

$ (() 

Figure 2.11 Cash flow diagram 



METHODOLOGY 

Method 2: /merest Tables 
You can solve the problem by using 
the interest tables in Appendix B. 

Method 3: Practical Approach 
The most practical approach is to 
use either a financial calculator or 
an electronic spreadsheet such as 
Excel. A financial function such as 
RATE(N, 0, P, F) allows us to cal
culate an unknown interest rate. 
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SOLUTION 

Start with the equation 

$20 = $10(1 + i)5
, 

which is equivalent to 

2 = (1 + i)5 = (Ff P,i,5). 

Now look across the N = 5 row under the (F/P, i, 5) column until you 
can locate the value of 2. This value is approximated in the 15% interest 
table at (Ff P, 15%,5) = 2.0114, so the interest rate at which $10 grows 
to $20 over five years is very close to 15%. This procedure will be very 
tedious for fractional interest rates or when N is not a whole number, as 
you may have to approximate the solution by linear interpolation. 

The precise command statement would be as follows: 

= RATE(5,0,-10,20) = 14.87%. 

Note that we enter the present value (P) as a negative number in 
order to indicate a cash outflow in Excel. 

EXAMPLE 2.7 Single Amounts: Find N, Given P, F, and i 

You have just purchased 200 shares of General Electric stock at $15 per share. You 
will sell the stock when its market price doubles. If you expect the stock price to 
increase 12% per year, how long do you expect to wait before selling the stock? 
(See Figure 2.12.) 

DISSECTING THE PROBLEM 

0 

2 3 

$3!XXI 

Given: P = $3,000, F = $6,000, and i = 12% per year. 

j . ~i~d: '!_ (ye~~s_). --~·--------

$6,000 

i = 12% 

4 5 6 N 
Yeurs 

Figure 2.12 Cash flow diagram 
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METHODOLOGY 
Method 1: Using a Calculator 
Using the single-payment com
pound-amount factor, we write 

F = P(1 + i)N = P(F/P,i,N), 

which in this case is 

$6,000 = $3,000(1 + 0.12)N 

= $3,000(F/ P, 12%,N), 

or 

2 = (1.12)N = (F/P,12%,N). 

Method 2: Using a Spreadsheet 
Program 
Again, we could use a computer 
spreadsheet program to find N. 

SOLUTION 
We start with 

Solving for N gives 

log 2 = N log 1.12. 

N = log 2 
log 1.12 

= 6.12 = 6years. 

----- ----~~---~- --- ---------- -

Within Excel, the financial function NPER(i, 0, P, F) computes the 
number of compounding periods it will take an investment P to 
grow to a future value F, earning a fixed interest rate i per com
pounding period. In our example, the Excel command would look 
like this: 

= NPER(12%,0,-3000,6000). 

The calculated result is 6.1163 years. 

COMMENTS: A very handy rule called the Rule of 72 can determine approximately 
how long it will take for a sum of money to double. The rule states that to find the 
time it takes for the present sum of money to grow by a factor of two, we divide 72 
by the interest rate. For our example, the interest rate is 12%. Therefore, the Rule of 
72 indicates that it will take ft = 6 years for a sum to double. This result is, in fact, 
relatively close to our exact solution. 

~ Uneven-Payment Series 
A common cash flow transaction involves a series of disbursements or receipts. Famil
iar examples of series payments are payment of installments on car loans and home 
mortgage payments, which typically involve identical sums to be paid at regular inter
vals. When there is no clear pattern over the series, we call the transaction an uneven 
cash flow series. 

We can find the present worth of any uneven stream of payments by calculating 
the present worth of each individual payment and summing the results. Once the 
present worth is found, we can make other equivalence calculations. (For instance, 
future worth can be calculated by the interest factors developed in the previous 
section.) 



EXAMPLE 2.8 Tuition Prepayment Option 

The Tuition Prepayment Option (TPO) offered by many colleges provides savings 
by eliminating future tuition increases. When you enroll in the plan, you prepay all 
remaining undergraduate tuition and required fees at the rate in effect when you 
enter the plan. Tuition and fees (not including room and board) for the 2011-2012 
academic year are $37,489 at Harvard University. Total undergraduate tuition for 
an entering freshman at this rate is $149,956. Tuition, fees, room, and board normal
ly increase each year, but it is difficult to predict by how much, since costs depend 
on future economic trends and institutional priorities. The following chart lists the 
tuition and required fee rates since 2007: 

::i::m1!1!&::, 
2007-2008 

2008-2009 

2009-2010 

2010-2011 

2011-2012 

$31,665 

$32,882 

$33,983 

$36,143 

$37,489 

$126,660 

$131,528 

$135,932 

$144,572 

$149,956 

Suppose that you enrolled in the TPO for the academic year 2008-2009. In 2012, 
looking back four years from the time of enrollment, knowing now exactly what the 
actual tuitions were, do you think your decision was justified in an economic sense 
to prepay "when money saved or invested was earning" at an interest rate of 6%? 

DISSECTING THE PROBLEM 

2.4 Uneven-Payment Series 59 

This problem is equivalent to ask
ing what value of P would make 
you indifferent in your choice be
tween P dollars today and the fu
ture expense stream of ($32,882, 
$33,983, $36,143, $37,489). 

Given: Uneven cash flow in Figure 2.13; i = 6% per year. 
Find: P. 

METHODOLOGY 
One way to deal with an uneven 
series of cash flows is to calcu
late the equivalent present value 
of each single cash flow and then 
sum the present values to find P. 
In other words, the cash flow is 
broken into four parts, as shown 
in Figure 2.13. 

SOLUTION 
Assuming that the tuition payment occurs at the beginning of each 
academic year, we sum the individual present values as follows: 

P = $32,882 + $33,983(P/F,6%,l) + $36,143(P/F,6%,2) 

+ $37,489(P/F,6%,3) 

= $128,585 < $131,528. 

Since the equivalent present worth amount of the future tuition pay
ments is less than the required prepayment amount at the beginning of 
the 2008-2009 academic year, you would be better off paying tuition 
on a yearly basis. 
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$33,983 

$37,489 
$36,143 

m~~T, t t 
~ I 2 3 
I 
I 
I 
I 

t 
/> 

= n v 

4 

$36.143 $37.489 

I ©o 
$32.882 1 

() • _ _.___,....____._, _____,, © 0.--_._t_.__, ___._, _____,, © 0.--......___.____._1 _____, 
~ 2 3 4: 2 3 4: 2 3 

I l I 

4 
I 2 3 4 I 

I I I I 
I n T 

/14 ~ n ~ n ~ 
Pi= $32,882 Pz = $33,983(P/F,6%, I) 

= $32,059 
/13 = $36,143(P/F, 6%, 2) 

= $32,167 

;-:~ = 1P1'.~!;±-!~:_fli:1~~~~J 

/14 = $37,489(P/F, 6%, 3) 
= $31,476 

Figure 2.13 Decomposition of uneven cash flow series 

COMMENTS: Of course, you do not know in advance how much the future tuition 
would increase, so the difference between $128,585 and $131,528 (or $2,943) 
may be viewed as the risk premium you may choose to pay to lock in the future 
tuition at your freshman year amount. 

~ Equal-Payment Series 
As we learned in Example 2.8, we can always find the present worth of a stream of fu
ture cash flows by summing the present worth of each individual cash flow. However, if 
cash flow regularities are present within the stream. the use of shortcuts, such as finding 
the present worth of an equal-payment (or a uniform) series. may be possible. We often 
encounter transactions in which a uniform series of payments exists. Rental payments. 
bond interest payments, and commercial installment plans are based on uniform pay
ment series. Our concern is to find the equivalent present worth (P) or future worth (F) 
of such a series, as illustrated in Figure 2.14. 

2.5.1 Compound-Amount Factor: Find F, Given A, i, and N 
Suppose we are interested in the future amount F of a fund to which we contribute 
A dollars each period and on which we earn interest at a rate of i per period. The contri
butions are made at the end of each of the N periods. These transactions are graphically 



illus1ra1ed in Figure 2.15. Looking al this diagram, we sec that if an amount I\ is invest
ed at the end of each period for periods. the total amount F that can be withdrawn 
at the end of N periods will be the sum of the compound amounts of the individual 
deposits. 

A 

t t t t t t t t 
0 I 2 3 4 5 N- I N • 

f F., 
\.----' 

N ,, >. 
I 
I 
I 
0'--~~~~~~~~~~~~~ 

Figure 2.14 Equal-payment series: Find equivalent P or F 

As shown in Figure 2.15. the A dollars we put into the fund at the end of the first 
period will be worth A(I + i).v-i at the end of period .The A dollars we put into the 
fund at the end of the second period will be wonh A(I + i)·' 2, and so forth. Finally. 
the last A dollars 1ha1 we contribute at the end of the Nth period will be worth exactly 
A dollars at that timc. 1l1is means we have a series in the form 

F = /\(J + i)/V-l + A(I + i)N-i + · · · + /\(I + i) + A. 

or, expressed alternatively, 

F = A + A(l + i) + A(l + i)2 + ··· + A(I + ;t -•. (2.5) 

Multiplying Eq. (2.5) by (1 + i) results in 

( 1 + i)F = A(l + i) + A(l + i)2 + · · · + /\( 1 + i)/V. (2.6) 

Subtracting Eq. (2.5) from Eq. (2.6) to eliminate common terms gives us 

F(l + i) - F = -A + A(I + i)'' '. 

0 ... 
I 
I 
I 
I 
I 

() I 2 3 4 N- I I 

l l l l l l l l l iN 
A 

~ I + i)' - '] 
F A . 

I 

= ll(Fltl. i. N) 

Figure 2. 15 Cash Oow diagram of the relationship between A and F 
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Solving for F yields 

[ 
(1 + i)N - 1] . 

F =A ; = A(F/A,1,N). (2.7) 

The bracketed term in Eq. (2.7) is called the equal-payment-series compound-amount 
factor (also known as the uniform-series compound-amount factor); its factor notation 
is (FIA, i, N). This interest factor has been also calculated for various combinations of 
i and N in the tables in Appendix B. 

EXAMPLE 2. 9 Equal-Payment Series: Find f, Given i, A, and N 

Suppose you make an annual contribution of $5,000 to your savings account at the 
end of each year for five years. If your savings account earns 6% interest annually, 
how much can be withdrawn at the end of five years? (See Figure 2.16.) 

DISSECTING THE PROBLEM 

METHODOLOGY 

0 

Given: A = $5,000,N = 5 years, and i = 6% per year. 

Find: F. 

F= '! 

+ 
i=6% 

Yeors 

1 t t i r 
$5,000 $5,000 $5,000 $5,000 $5,000 

Figure 2.16 Cash flow diagram 

SOLUTION 
Use the equal-payment-series compound-amount Using the equal-payment-series compound-amount factor, 
factor and Excel. we obtain 

F = $5,000(F/A,6%,5) 

= $5,000(5.6371) 

= $28,185.46. 

To obtain the future value of the annuity in Excel, we may 
use the following financial function: 

= FV(6%,5,-5000,0). 



COMMENTS: \Ve may be able to keep track of how the periodic ba lances grow in 
the savings account as follows: 

Beginning Bnlnncc 0 $5,000.00 $ 10,300.00 $ 15,918.00 $21,873.08 

lnlcrcst Earned (6%) 0 300.00 6 18.00 955.08 1,3 12.38 

Deposit l\J uric 5,000.00 5,000.00 5.000.00 5.000.00 5,000.00 

Ending Balance $5.000.00 $ 10,300.00 $15.918.00 $21.873.08 $28,185.46 

A s sho wn in ·n1bk 2.3 , a n Exce l worksheet can be easily created to det e rmine the 
pe riod ic cash balance over time. 

TABLE 2.3 An Excel Workshccl lo Hlustrntc H ow lhc Cush Bnluncc 
Changes O\'Cr Time 

A B c D E I F I 
1 Equal-Payment Cash Flows 
2 -
3 - Inputs Output 
4 

G 

=FV($CS6%,SC$7,-$C$5) ~ 

-
(F) Future Worth($) I 28, 185.46 5 (A) Annuity ($) 5,000.00 

6 (i) Interest Rate (%) 6 
7 (N) Interest Periods 5 Cash Balance OverTimc - -

8 $30,000 - j Deposit (P) le ash Balance 9 Period (n ) 

// -
10 525,000 

,._.. 
11 0 s - s - 520.000 
12 I s 5000 s 5,000 

// 13 2 s 5000 s 10,300 515.000 

14 3 s 5000 s 15,918 $10,000 
15 4 s 5000 $ 21,873 / 
16 5 $ 5000 $~ 28,185 $5.000 

17 / 
$-/ 

18 I 1 2 3 4 

19 I =C15' (1+SCS6%)+816 I 
20 

EXAMPLE 2.10 Handling Time Shifts in an Equal-Payment 
Series 

5 

In Example 2.9. all fi ve de posits we re made at the e11d o f e ach pe riod - the firs t 
de posit be ing made at the e nd o f the first period. Suppose that all d eposits we re 
made a t the /)(1~i1111ing of each pe rio d instead or commo nly known a s " annuity 
due:· How wo uld you compute the bala nce a t the e nd o f pe rio d 5? 

2.5 Equal-Payment Series 63 



64 CHAPTER 2 Time Value of Money 

--- - ~ -------

DISSECTING THE PROBLEM 

Compare Figure 2.17 with Figure 2.16. 
Each payment in Figure 2.17 has been 
shifted one year earlier; thus, each 
payment is compounded for one extra 
year. Note that with the end-of-year 
deposit, the ending balance F was 
$28,185.46. With the beginning-of-year 
deposit, the same balance accumulates by 
the end of period 4. This balance can earn , 
interest for one additional year. 

Given: Cash flow diagram in Figure 2.17; i = 6% per year. 

Fmd: F. 

First deposit occurs at /1 = 0 

I i=6% 

Yeurs 

(f'i 111 
\$5;000/$5,000 $5,000 $5,000 $5.000 

"-,. I 

Figure 2.17 Cash flow diagram 

METHODOLOGY SOLUTION 
We can easily calculate the resulting balance as 

F= "! 

+ I 
I 
I 
I 
I 
I 
I 

:5 

Use the future value (FV) command in 
Excel. 

F = $28,185.46(1.06) = $29,876.59. 

·----- ·- ·-------·---·---

Annuity due can be easily evaluated by the following financial 
function available in Excel: 

= FV(6%, 5, -5,000, 1) 
--- -- --------------- -

COMMENTS: Another way to determine the ending balance is to compare the two 
cash flow patterns. By adding the $5,000 deposit at period 0 to the original cash 
flow and subtracting the $5,000 deposit at the end of period 5. we obtain the 
second cash flow. Therefore, we can find the ending balance by making an ad
justment to the $28,185.46: 

F = $28,185.46 + $5,000(F/ P,6%,5) - $5,000 = $29,876.59. 

2.5.2 Sinking-Fund Factor: Find A, Given F, i, and N 
If we solve Eq. (2.7) for A, we obtain 

A= F[(l + i~N _ 1] = F(A/F,i,N). (2.8) 

The term within the brackets is called the equal-payment-series sinking-fund factor, or 
just sinking-fund factor, and is referred to with the notation (AIF, i, N). A sinking fund 
is an interest-bearing account into which a fixed sum is deposited each interest period; 
it is commonly established for the purpose of replacing fixed assets. 
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EXAMPLE 2.11 College Savings Plan: Find A, Given F, N, and i 

You want to set up a college savings plan for your daughter. She is currently 
10 years old and will go to college at age 18. You assume that when she starts col
lege, she will need at least $100,000 in the bank. How much do you need to save 
each year in order to have the necessary funds if the current rate of interest is 7%? 
Assume that end-of-year deposits are made. 

••• •••••••••• • • •••-•••-••••·-·-·~·--------··•--•••• ----·~·• •~•-r• ••• -• ••••------------------------

DISSECTING THE PROBLEM 

METHODOLOGY 
Method/: Sinking-Fund Factor 

Given: Cash flow diagram in Figure 2.18; i = 7% per year, and 
N = 8years. 

Find: A. 
--···-· .... ··-----------------------

SOLUTION 
Using the sinking-fund factors, we obtain 

A = $100,000(A/ F, 7%,8) 

= $9,746.78. 

$100,000 

Current age: 10 years old 

I 
0 

1 1 12 
I I 

t t 
A=? 

Figure 2.18 

Method 2: Excel's PMT Function 

Years 

13 14 15 16 17 18 
I I I I I I 

t t t t t t 

i = 7% 

Cash flow diagram 

i-(ir.~~l~gth;E~~I'; built-in financial function, we get-th~ .. --- -

I same result: 

I 
_L _______ _ 

= PMT(7%, 8, 0, 100000) 

= -$9,746.78. 
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COMMENTS: With Excel, we can easily confirm the process of accumulating 
$100,000 at the end of 8 years. As shown in Table 2.4, the cash balance at the end 
of year 1 will be just $9,746. 78, as the first deposit has no time to earn any interest. 
At the end of year 2, the cash balance consists of two contributions: The deposit 
made at the end of year 1 will grow to $9,746.78(1 + 0.07) = $10,429.05, and the 
second deposit, made at the end of year 2, will yield $9,746.78, resulting in a total 
of $20,175.83. If the process continues for the remaining deposit periods, the final 
balance will be exactly $100,000. 

TABLE 2.4 An Excel Worksheet to Illustrate the Cash Balances over lime 

A B c D E I F I G 

1 Equal-Payment Cash Flows (Sinking Fund) 
2 
I-

3 Inputs Output -4 
I-

$ 100,000.00 (A) Annuity I ~ $9.746.78 5 (F) Future Worth 

6 (i) Interest Rate 7% 

7 (N) Payment Periods 8 Cash Balance Ov r Time 

8 $120,000.00 / 
I-

Period (n) I Depo~itJP) l~ash Balance I 9 - $100,000.00 10 / / -·---------
11 0 0 - $80,000.00 
12 1 $9,746.78 $ 9,746.78 I 4.tii~/·i(c\.\' 13 2 $9,746.78 $ 20,175.83 $60,000.00 

14 3 $9,746.78 $ 31,334.91 $40,000. 

EfiRiitf .::;x, ~;·1li 15 4 $9,746.78 $ 43,275.13 

16 5 $9,746.78 $ 56,051.17 $20, .00 

17 6 $9,746.78 $ 69,721.52 $-
18 7 $9,746.78 $ 84,348.81 1 2 3 4 5 6 7 8 

19 8 $9,746.78 $ 100,000.00 
20 / 

=PMT($C$6,$C$7,0,·$C$5,0) I I 

2.5.3 Capital-Recovery Factor (Annuity Factor): Find A, Given 
P, i, and N 

We can determine the amount of a periodic payment, A, if we know P, i, and N. Figure 
2.19 illustrates this situation. To relate P to A, recall the relationship between P and F 
in Eq. (2.3): F = P( 1 + i)N. By replacing Fin Eq. (2.8) by P(l + i)N, we get 

A = P(l + i)N[ .i N ]. 
(1 + 1) - 1 

or 

[ 
i(l + i)N ] . 

A= P ( . N = P(A/P,1,N). 
1 + 1) - 1 

(2.9) 

Now we have an equation for determining the value of the series of end-of-period pay
ments, A, when the present sum P is known. The portion within the brackets is called 
the capital-recovery factor, which is designated (AIP, i, N). In finance, this AIP factor 
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A A A A A 

+ + + + + 
0 I I I 

I 

L .. "., ~"' or .re: 
3 N-1 N 

Years 

p 

Borrower's point of view 

Years 
2 3 N-1 N 

0 I I I I I 

t t t t t 
A A A A A 

Figure 2.19 Cash flow diagram of the relation-
ship between P and A 

is referred to as the annuity factor. The annuity factor indicates a series of payments of 
a fixed, or constant, amount for a specified number of periods. 

EXAMPLE 2.12 Paying Off an Educational Loan: Find A, Given 
P, i, and N 

You borrowed $21,061.82 to finance the educational expenses for your senior year 
of college. The loan will be paid off over five years. The loan carries an interest rate 
of 6% per year and is to be repaid in equal annual installments over the next five 
years. Assume that the money was borrowed at the beginning of your senior year 
and that the first installment will be due a year later. Compute the amount of the 
annual installments (Figure 2.20). 

DISSECTING THE PROBLEM 
Given: P = $21,061.82,i = 6% per year, and N = 5 years. 

Find: A. 

+ p = $21,061.82 
I 
I 
I 
I 
I 
I 
I :o 

i= 6% 

Years 
2 3 4 s 

l l l l l 
A A A A A 

Figure 2.20 Cash flow diagram 

---~- ------·-------·------------. ----~---------
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METHODOLOGY 
Use the capital-recovery factor. 

SOLUTION 
Using the capital-recovery factor, we obtain 

A = $2 l.06L82(A / P,6%.5) 

= $21.061.82(0.2374) 

= $5,000. 

ll1e table below illustrates how the $5,000 annual repayment plan 
would retire the debt in five years.1l1e Excel solution, with annuity 
function commands, is as follows: 

= PMT(i, N, P) 

= PMT(6%,5,21061 82). 

The resu lt of this formula is -$5,000. 

Beginning Balance $21,061.82 $17,325.53 $13,365.06 $9,166.96 

Int erest Charged (6%) l ,263.71 1,039.53 801.90 550.02 

Payment Mnde -5,000.00 - 5,000.00 -5,000.00 -5,000.00 

Ending Balance $17,325.53 $13,365.06 $9,166.96 $4,716.98 

EXAMPLE 2 .. 13 Deferred Loan Repayments 

Suppose, in Example 2.12, that you want to negotiate with the bank to defer the 
first loan installme nt until the end of year 2. (But you still desire to make five 
equal installments a l 6% interest.) If the bank wishes to earn the same profit, what 
should be the new a nnual installme nt? (See Figure 2.21.) 

DISSECTING THE PROBLEM 

$4,716.98 

283.02 

-5,000.00 

$0.00 

In deferring one year. the bank will add the interest 
accrued during the first year to the principal. In 
other words, we need to find the equivalent worth of 
$21,061.82 at the end of year 1, P'. 

Given: P = $21,061.82,i = 6% per year, and N = 5 
years, but the first payment occurs at the end of year 2. 

METHODOLOGY 
Calculate equivalent worth of P'. 

Find: A. 

SOLUTION 
P' = $21,061.82(F/ P,6%, 1) 

= $22,325.53. 
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Thus, you are borrowing $22,325.53 for five years. For 
the Joan to be retired with five equal installments, the 
deferred equal annual payment, A', will be 

A' = $22,325.53(A/ P,6%,5) 
= $5,300. 

By deferring the first payment for one year, you need 
to make an additional $300 in payments each year. 

--------------'--------------------------------

• p = $21,061.82 
; = 6% I 

I 
I Years I. :o 1 2 3 4 5 6 

l t t t l Grace period 
A A A A A 

• P' = $21.061.82 (F/P,6%, I) 
I 
I i= 6% 
I Years . I 

0 JI 
I 2 3 4 5 6 

t l l l l 
A' A' A' A' A' 

Figure 2.21 A deferred-Joan cash flow diagram 

2.5.4 Present-Worth Factor: Find P, Given A, i, and N 
What would you have to invest now in order to withdraw A dollars at the end of each 
of the next N periods? We now face just the opposite of the equal-payment capital
recovery factor situation: A is known, but P has to be determined. With the capital
recovery factor given in Eq. (2.9), solving for P gives us 

[ 
(1 + i)N - 1] . 

P =A i(l + i)N = A(P/A,1,N). (2.10) 

The bracketed term is referred to as the equal-payment-series present-worth factor 
and is designated (PIA, i, N). 

EXAMPLE 2.14 Equal-Payment Series: Find P, Given A, i, 
and N 

A truck driver from Georgia won Powerball, a multistate lottery game similar to 
the one introduced in the chapter opening story. The winner could choose between 
a single lump sum of $116.5 million or a total of $195 million paid out over 20 an
nual installments (or $9.75 million per year and the first installment being paid out 
immediately). The truck driver opted for the lump sum. From a strictly economic 
standpoint, did he make the more lucrative choice? 
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DISSECTING THE PROBLEM 
If the winner could invest his money at Given: i = 8% per year, A = $9.75 million, and N = 19 years. 
8% annual interest, what is the lump-sum Find: P. 
amount that would make him indifferent 
to each payment plan? (See Figure 2.22.) 

METHODOLOGY 

$9.75 $9.75 

t t t t r--------------t t t t I 
o, 1 2 3 18 19 20 

I 
I 
I 
I 
I 
I 
I 

TP=? 

i= 8% Years 

Figure 2.22 Cash flow diagram for the annual installment option 

SOLUTION 
Method 1: Interest Factor Solution 

Method 2: Excel Solution 

P = $9.75 + $9.75(P/A,8%, 19) = $9.75 + $93.64 

= $103.39 million. 

= PV (8%,20, 9.75,, l) = -$103.39million. 

COMMENTS: Clearly, we can tell the winner that giving up $9.75 million a year for 20 
years to receive $116.5 million today is a winning proposition if he can earn an 8% 
return on its investment. At this point, we may be interested in knowing the minimum 
rate of return at which accepting the $116.5 million lump sum would make sense. Since 
we know that P = $116.5 million, N = 19 and A = $9.75 million, we solve for i. 

$116.5 = $9.75 + $9.75(P I A, i, 19) 

(P/A,i, 19) = $l1
6
·:

9
;

5
$
9

·
75 

= 10.9487. 

If you know the cash flows and the present value (or future value) of a cash flow 
stream, you can determine the interest rate. In this case, we are looking for the inter
est rate that causes the PIA factor to equal (P/ A,i, 19) = 10.9487. Since we are deal
ing with an annuity due, we could proceed as follows: 

• With a financial calculator, enter N = 19,P = -106.75, and A = 9.75, and then 
press the i key to find that i = 6.2436%. For a typical financial calculator, the sym
bols such as PV, PMT, and FV are commonly adopted on its keypad. These sym
bols correspond to PV = P,PMT = A, and FV = F, respectively. Note that, just 
as with Excel, either P or A must be entered as a negative number to evaluate i 
correctly. 



• If you want to use the compound-interest tables, look up the values of (PIA, i, 19) 
that arc closest to 10.9487. In the PIA column with N = 19 in Appendix B (page 
631), you will find that (P/A,6%,19) = 11.1581 and (P/A,7%,19) = 10.3356. 
Then, we may approximate i by a linear interpolation as shown in Table 2.5: 

. = a _ 10.9487 - 10.3356 = _ a 0.6131 
l - ?7/o (l%\t.1581 - 10.3356 ?% (l7/o)0.8225 

= 6.2546%. 

• In Excel, simply apply the following command to solve the unknown-interest-rate 
problem for an annuity: 

= RATE(N,A,P,F,type,guess) 

= RATE(l9, 9.75, -106.75, 0, 0, 5%) 

= 6.2436%. 

As long as the lottery winner can find a financial investment that provides a rate of 
return higher than 6.2436%, his decision to go with the lump-sum payment option 
appears to be a sound one. Table 2.6 illustrates why the lump-sum amount (calcu
lated at $116.5 million) deposited at an interest rate of 6.2436% is equivalent to 
receiving 20 installments of $9.75 million. In other words, if you deposit the lump
sum amount today in a bank account that pays 6.2436% annual interest, you will be 
able to withdraw $9.75 million annually over 19 years. At the end of that time, your 
bank account will show a zero balance. 

TABLE 2.5 Finding Unknown i by a Linear Interpolation 

K L M N I 0 p 

14 

15 Interest Rate (PIA, I, 19) a:b=c:d 
16 be= ad 
17 6% 11.1581 

-- ~c(!id] 18 

~ ·[ 19 ; 10.9487 

20 c 
21 7% 10.3356 I 

22 I - 6% 
_____ J ____________ -.. 

23 a 7%-; !t l 

d 24 b 0.6131 i ' ' 
i ' 

25 1% 10.9487 ' c ' 

26 d 0.8225 10.3356 11.1581 

27 

28 ; 6.2546% 

29 
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TABLE 2.6 An Excel Worksheet to Illustrate the Process of Deleting $104 
Million Initial Cash Balance over lime 

A B C D E F G H 

Equal-Payment Cash Flows (Present Worth) 

i-.-.;;;.~4J"'=""8.l===~==~·'""'-'-~=u~"""l:iii ::;?.\'i'·:./q'(\/ii\;:.'./;iO:·}.',·o:,::·~~~~~;i:'· \:(i·i::,\\'}'/i'\;c\:;<):':\f• 

i-:t4iJBV0l!TJ7"77TIG7'RG70"i~7g0'~77§077'Jszj!;"{; i~·{i).\?i:/;/%'.'\(/i'.i:(;.-,.:,.·.-:·.·. ··:·:·:··· (;.t>'i<:·.i.\-'/"'.~·.:::.:)//i./ :-:"(./(;(//~:\:'· 
5 9.75 ;~!{ (P) Present Worth 

t--6-+-~-~----------6-.2-43-6--!% ;:,'::1"""'"""""'7CC'.=~~"'"·"""·~='"""'~""~=· 

7 (N) Payment Period 19 )/: 

e 1Wi'X// :·b!':/:'./'.:~:·1r:1:·~?f:'.f.h5FE0T70T~TTB0-B.K.8:>>>::,::>:) ~Y/!i:~':UD'J}X. l~·:i:; 

1 ~ ~:'.~ .~~~,,, .·~~~7~'.,', ~~.~ra~~'.-- ~a~.h ~;,~.~~:~~" (r 
11 ' · o s1'16'.so • · · 1$9.75) · s1oe.15 (; 
12 1 ($9.75) $103.67 :if 
13 2 ($9.75) $100.39 (.<; 
14 3 ($9.75) $96.91 ::.::; 
t---+----+----t-----'---'+----11ri' 
15 4 ($9.75) $93.21 .~\ 

($9.75) $89.28 Ki 16 

17 
18 

19 
20 
21 

22 
23 
24 
25 

26 
27 
28 
29 
30 
31 

5 
6 
7 
8 

9 
10 
11 

12 
13 
14 

15 
16 

17 

18 

19 

($9.75) $85.10 )\ 
($9.75) $80.66 Fi 
($9.75) $75.95 1:::: 

($9.75) $70.94 \ii;' 
($9.75) $65.62 Jr.' 
($9.75) $59.97 !,';'.: 

($9.75) $53.96 !ii 
($9.75) $47.58 

($9.75) $33.60 
($9.75) 
($9.75) 

($9.75) 

($9.75) 

=PV($0$6,$0$7,-$0$5,0,0)+$0$5 

EXAMPLE 2.15 Start Saving Money as Soon as Possible: 
Composite Series That Requires Both {F/P, i, 
N) and {FIA, i, N) Factors 

Consider the following two savings plans that you think about starting at the age 
of21: 

• Option 1: Save $2,000 a year for 10 years. At the end of 10 years, make no 
further investments, but invest the amount accumulated at the end of every 
10 years until you reach the age of 65. (Assume that the first deposit will be 
made when you are 22.) 

• Option 2: Do nothing for the first 10 years. Start saving $2,000 a year every 
year thereafter until you reach the age of 65. (Assume that the first deposit will 
be made when you turn 32.) 
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If you were able to invest your money at 8% over the planning horizon, which plan 
would result in more money saved by the time you are 65? (See Figure 2.23.) 
-------~~--·v·---------~-

DISSECTING THE PROBLEM 

METHODOLOGY 

Given: i = 8% per year, deposit scenarios shown in Figure 2.23. 

Find: F when you are 65. 
---------- ---------------

SOLUTION 
Me/hod I: Computing the Final Balance 
in Two Steps for Early Savings Plan 

First, compute the accumulated balance at the end of I 0 years (when 
you are 31). Call this amount F31• 

F31 = $2,000(F/A,8%,10) = $28,973. 

Then use this amount to compute the result of reinvesting the entire 
balance for another 34 years. Call this final result F65• 

F6s = $28,973(F/ P,8%,34) = $396,646. 
- --------~---------------+---

Method 2: Deferred Savings Plan Since you have only 34 years to invest, the resulting balance will be 

F65 = $2,000(F/A,8%,34) = $317,253. 

With the early savings plan, you will be able to save $79,393 more. 
------------·----- ---- -- --

COMMENTS: In this example, the assumed interest rate is 8%. Certainly, we would 
be interested in knowing at what interest rate these two options would be equiva
lent. We can use Excel's Goal Seek7 function to answer this question. As shown in 
Table 2.7, we enter the amount of deposits over 44 years in the second and third 
columns. Cells FlO and Fl2, respectively, display the future value of each option. 
Cell Fl4 contains the difference between the future values of the two options, 
or = FIO - Fl2. To begin using the Goal Seek function, first define Cell F14 as your 
set cell. Specify set value as 0, and set the By changing cell to be F8. Use the Goal 
Seek function to change the interest rate in Cell F8 incrementally until the value in 
Cell Fl4 equals 0. The break-even interest rate is 6.538%. 

Option I: Early Savings Plan 

012345678910 

44 Years 

$2.000 

Option 2: Deferred Savings Plan 

F65. 
I 
I 
I 
I 
I 

Figure 2.23 Cash flow diagram's for two different 
savings plans 

0 1 2 3 4 5 6 7 8 9 101112 i 
ttttttttttt 44 

7 Goal Seek is part of a suite of commands sometimes called what-if analysis tools in Microsoft 
Excel. When you know the desired result of a single formula but not the input value the formula 
needs to determine the result. you can use the Goal Seek feature by clicking Goal Seek on the Tools 
menu. When you are goal seeking, Excel varies the value in one specific cell until a formula that is 
dependent on that cell returns the result you want. 

$2.000 

Years 
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TABLE 2. 7 Using lhc Goal Seek lo Find the Break-Even 
lnlcrcsl Ralc lo Make Two Options Equirnlcnt 

A 
1 
2 Year 
3 

4 0 
5 1 
6 2 
7 3 
8 4 
9 5 
10 6 
11 7 
12 8 
13 9 
14 10 
15 11 
16 12 
17 13 
18 14 
19 15 
20 16 
21 17 
22 18 
23 19 
41 37 
42 38 
43 39 
44 40 
45 41 
46 42 
47 43 
48 44 
49 

B c D 

Option 1 Option 2 

-$2,000 
-$2,000 
-$2.000 
-$2,000 
-$2,000 
-S2,000 
-$2.000 
-$2,000 
-$2,000 
-$2,000 

E F G H 

Goal Seek Function Parameters 

=FV(F8, 10.·2000)"(1+F8)"(34) 

FV of O lion 1 

FV of Option 2 

=FV(FS,34,-2000) 

By changing 
cell 

·$2,000 
-$2,000 
·$2,000 
·$2,000 

-i--~--

·$2,000 
-$2,000 
-52,000 
·52,000 
·52 ,000~ 
-$2,000 
-$2,000 
-52.000 
-$2,000 
·S2,000 
·S2,000 
-$2,000 
·S2,000 

Goal Seek ~ 

S!!;tcell: 1$F$14 [~] 
To :!alue: lo I 
By £hanging ceU: 1$F$8I [~J 

OK j [ Cancel 

Note thnt in "fable 2.7. rows 24-40 are hidden from display to reduce the size of the 
table. Clearly, ii wi ll be quite ted ious if we resort on an analytica l method. To do so, we 
may select the bnse period at /1 = 10 and find the equivalen t value of a strcnm of pay
ments at that base period: 

$2.000(F/A, i.10) = $2.000(P/A . i, 34) 

nnd solve for unknown i by n linear interpolation method as shown in Table 2.5. 

2.5.5 Present Value of Perpetuities 
A perpetui ty is a stream of cash flows that con tinues forever. A good example is a 
share of preferred stock that pays a fixed cash dividend each period (usually a quarter 
of a year) and never matures. An interesting feature of any perpetual annui ty is that 
you cannot compute the future value of its cash nows because it is infinite. However. it 



has a well-defined present value. It appears counterintuitive that a series of cash flows 
that lasts forever can have a finite value today. 

So what is the value of a perpetuity? We know how to calculate the present value for 
an equal-payment series with the finite stream as shown in Eq. (2.10). If we take a limit 
on this equation by letting N- oo, we can find the closed-form solution as follows: 

To illustrate, consider Example 2.16. 

A 
P=i . (2.11) 

EXAMPLE 2.16 Present Value of Perpetuities: Find P, Given 
A, i, and N 

Consider a perpetual stream of $1,000 per year, as depicted in Figure 2.24. If the 
interest rate is 10% per year, how much is this perpetuity worth today? 

A= $1,000 

0 t t t t t t t t t t t t t t t 
:12345678910 
I 
I 
I 
I 

N-+ cc Years 
.. ·---1 

I 
i 

i 
I 
I 

t p = $10,000 
i where A = a perputual cash stream • 
; and1i = interesuate 

Figure 2.24 Present value of perpetual cash streams 

DISSECTING THE PROBLEM 

2.5 Equal-Payment Series 75 

The question is basically: "How much do you need to 
deposit now in an account that pays 10% interest such 
that you will be able to withdraw $1,000 a year forever?" 

Given: i = 10% per year, A = $1,000, and 
N = co years. 

Find: P. 

...(~_c:-~-~~~-ll~e 2.24.) -···--·-·---···---···-·--·-· ...... ___ --•------------·-·-------··-----

METHODOLOGY SOLUTION 

p =A= $1,000 
i 0.10 

= $10,000 

= PV(8%,20,9.75,,1) = -$103.39million. 

COMMENTS: If you put in $10,000, then at the end of the first year, you would have 
$11,000 in the account. You take out $1,000, leaving $10,000 for the next year. 
Clearly, if the interest rate stays at 10% per year, you will not eat into the principal, 
so you could continue to take out $1,000 every year forever. 
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~ Dealing with Gradient Series 
Engineers frequently encoun te r situations involving periodic payments that increase or 
decrease by a constant amoun t G or co nstant percentage (growth rate) from period to 
period. We can easily develop a series of interest formulas for th is situation, but Excel 
wi ll be a more practical tool to calcu late equivalent values for these types of cash Dows. 

2.6.1 Handling Linear Gradient Series 
Sometimes, cash flows will increase or decrease by a set amou nt. G, the gradient 
amount. l11is type of series is known as a strict gradient series, as seen in Figure 2.25. 
Note that each payment is A,, = (11 - l)G. Note also th at the series begins with a 
zero cash flow at the end of period 1. 1 f G > 0, the series is refe rred lo as an increasing 
gradient series. ff G < 0, it is referred lo as a decreasing gradient series. 

Linear Gradient Series as Composite Series 

Unfortunately, the strict form of the increasing or decreasing gradien t series docs 
not correspond to the fom1 that most engineering economic problems take. A typical 
problem involving a linear gradien t series includes an initial payment during period 1 
th at increases by G during some number of interest periods. a situation illustrated in 
Figure 2.26. TI1 is configuration contrasts with the strict form illustrated in Figure 2.25. 
in wh ich no payment is made during period l and the gradient is added to the previous 
payment beginning in period 2. 

In order to use the strict grad ient series to solve typical problems, we must view cash 
flows as shown in Figure 2.26 as a composite series, or a set or two cash nows, each cor
responding to a form that we can recognize and easily solve. Figure 2.26 illustrates that 
the form in which we find a typical cash flow ca n be separated in to lwo components: a 
uni form series of N payments of amount A 1 and a gradien t series of increments of a con
stant amount G. The need to view cash flows that involve linear gradient series as com
posites of two series is very important for the solution of problems. as we shall now see. 

Present-Worth Factor: Linear Gradient: Find P, Given G, N, and i 

How much would you have to deposit now in order to withdraw the gradient amounts 
specified in Figure 2.27? 

To find an expression fo r the present amount P, we apply the single-payment prescnl
worlh factor to each term of the series, obtaining 

p = O + G + 2G + . . . + (N - 1 )G 
( I + if (I + i)3 ( I + i),v ' 

Note 1ha1 1hc first cash now 
in ii strict linear gradic111 si.: rics is 0 3c 

0 

\ 

2,c: __ ... ··· 
G •• ·•• 

....... "'"' 
2 3 -I 

(N - l)G 

(N- 2)G •• •• .·· 

N - 1 N 

Figure 2.25 Cash now diagram of a striCL gradient series 
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0 2 3 4 5 6 0 2 3 4 5 6 0 2 3 4 5 6 
Years 

(11) lncreuslng gradient series 

A1 A1 
A;:a---------------~;:-~:-- ~--~ -- ~ 

40 
5

1

G 

.-------~~A~' -: ,..-~---- 8 ,...., __ G..._+ _2_._f_3....._f_..!_. 

0 23456 0 23456 0 2 3 4 5 6 
Years 

(b) Decreasing gradient series 

Figure 2.26 1\vo types of linear gradient series as composites of a uniform series of N 
payments of A 1 and a gradient series of increments of a constant amount G 

or 
N 

P = ~(n - l)G(l + ;rn. (2.12) 
n=l 

After some algebraic operations, we obtain 

[
(l + i)N - iN - 1] . 

P = G i2(l + i)N = G(P/G,1,N). (2.13) 

The resulting factor in brackets is called the gradient-series present-worth ractor8 
and is designated by the notation (PIG, i, N). 

(N- l)G 
Note that the first cash flow in (N - 2)G ,.-

a strict linear gradien\ seri: is~'? • ~~

1
_. .
1 

.. · 1 
r-~~~~(~_l__ - --
0 1 2 3 N-1 N 
j Yellrli 
I 
I 
I 
I 

0 

_ [{l+i)N-iN-1] 
p - G ;2(1 + i)N 

= G(PIG, i, N) 

Figure 2.27 Cash flow diagram of a strict gradient series 

8 We can obtain an equal-payment series equivalent to the gradient series by multiplying Eq. (2.13) by 
Eq. (2.9). The resulting factor is referred to as the gr11dienMo·equal payment series conversion factor 

[ 
( 1 + i)N - iN - 1 ] 

with designation of (AIG, i, N), or A = G .[ ·)N ] • 
I (1 + I - 1 
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EXAMPLE 2.17 Creating a Graduated Loan Repayment with 
a Linear Gradient Series 

You borrowed $10,000 from a local bank with the agreement that you will pay 
back the loan according to a graduated payment plan. If your first payment is set 
at $1,500, what would the remaining payment look like at a borrowing rate of 10% 
over five years? 
-------------.--------------------------·---

DISSECTING THE PROBLEM 

Basically, we are calculating the 
amount of gradient ( G) such that 
the equivalent present worth of 
the gradient payment series will 
be exactly $10,000 at an interest 
rate of 10%. 

METHODOLOGY 

Method 1: Calculate Present Value 

Met/rod 2: Use Excel's Goal Seek 

Given: P = $10,000,A 1 = $1,500, N = 5 years, and i = 10% per year. 
(See cash flow in Figure 2.28.) 
Flnd: G. 

SOLUTION 

Since the loan payment series consists of two parts-(1) a $1,500 
equal-payment series and (2) a strict gradient series (unknown, yet 
to be determined)-we can calculate the present value of each series 
and equate them with $10,000: 

$10,000 = $1,500(P/A,10%,5) + G(P/G,10%,5) 

= $5,686.18 + 6.8618G 

6.8618G = $4,313.82 

G = $628.67. 

Using the Goal Seek function in Excel, we could reproduce the 
same result, as in Table 2.8. 

First, we designate cells B4 (interest rate) and B5 (borrowing amount) 
as input cells and cells E4 (gradient amount) and E5 (present worth 
of the repayment series) as output cells. In terms of repayment series, 
the equal-payment portion is entered in cells B12 through B16. The 
gradient portion is listed in cells C12 through C16. Cells 012 through 
016 contain the repayment amount in each period over the life of 
the loan. Finally, cells E12 through E16 display the equivalent pre
sent worth of the loan repayment. 

Second, to use the Goal Seek function, we will designate cell 
E4 as "By changing cell" and cell E5 as "Set cell" with its value at 
10,000. The gradient amounts shown in cells C12 through C16 are 
obtained by varying the initial gradient amount in cell E4. The cor
rect gradient amount ( G) is determined at $628.67, which will cause 
the set cell value to be exactly $10,000. 
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Figure 2.28 Cash flow diagram representing a 
graduated payment plan 

0 

$10,000 

4 

TABLE 2.8 An Excel Worksheet to Determine the Size of the Gradient Amount (Example 2.17 

A B c D E F G H 

3 Input: _ _ _ 'Output: ' 
4 Interest Rat~_(o/~ 10 .Gradient (G) i $628.67pjeychangingce0 J-----
: Borrowing_(~) __ . $10,000: 'Present W()rth (P) L _ filQ,QQQ.Q9~1 Sateen I . l 
7 •1

1
1 11 1

' '''
1

1 1
1 1) I 1 ',,'"\1/? /:,'!1 1 /

1
'

1i'i• 1v 1 ~/11,;'/1 ',,, ,•',• )( I ' 

: ~~~~-~- · ... A~ ... I ,, '.·R~~~~~~i ~~~~~ ~0!:; '"'' · ..... ~r~;~n~·w~~~~i= =suM(e12~:_=-=_~J_ 
10 i:;l;~LJ'1···.·.;•···'o.<·:,'..:.· .. :~ .. ·:··!:1·ii·'""'''i'!;d,:'fr.·:fn·:•'.j;.!\:'.(ir~iJ;:&"•··-··'';://i·2(;/·:D/:XL/:,;;: I . l. 
11 0 1 i I 

12 1 s1.5oo.oo --so.oo:-·-- s1.5oo.oo ~ __ $1;363.t><iL l f 

13 2 ----$1~500.oo - $62a.6i $2,128.67 _!1,759.23: ~~13.(1 +$B$4)"(-A13l-i---
14 3 $(500.00 $1,257.34. $2,757.34 $2,071.63Li _ _L.=====----.,..i 
15 4 $1,500.001 $1.886.011-- $3,386.91 $2,312~69: : ---
1s s s1.soo.001 s2.514.6~.r $4.014.6~ ---s2.492.80i==-=--~-L--~-~-:----- .-- ---

- .,,, .. , •. ;y:(.S':'·•VWF'•/::·J:.:.,'_;'Ji;:._!f,_,_ 1,;i-/ 1 "J'\:<~:.:uN;frAKV>':::C:\//Xl_ _ _ _ -f~--:-=:-:--:_-~-~ ~; _ 
....__----.--=...:::..:----... =B16+C16 ' -~· --------------·-

EXAMPLE 2.18 Equivalent Cash Value 

So. what could be better than winning a SuperLotto Plus jackpot? Choosing how to 
receive your winnings! Before playing a SuperLotto Plus jackpot, you have a choice 
between getting the entire jackpot in 26 annual graduated payments or receiving 
one lump sum that will be less than the announced jackpot. (See Figure 2.29.) What 
would these choices come out to for an announced jackpot of $7 million? 

• Lump-sum cash-value option: The winner would receive the present cash value 
of the announced jackpot in one lump sum. In this case, the winner would re
ceive about 49.43%, or $3.46 million, in one lump sum (less tax withholdings). 
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Cash· Value Option 

r.·· ~·,,~· . . . . 
0 1 2 3 4 5 6 7 

Years 

Annual-Payment Option 

25 

$357,000 
$196,000 G = $7000 __ ••• 

1 
.. t 

517'i"f rr rr rf TllTt I 
01234567 25 

Years 

Figure 2.29 Cash flow diagram 

This cash value is based on average market costs determined by U.S. Treasury 
zero-coupon bonds with 5.3383% annual yield. 

• Annual-payments option: The winner would receive the jackpot in 26 grad
uated annual payments. In this case, the winner would receive $175,000 as 
the first payment (2.5% of the total jackpot amount) immediately. The sec
ond payment would be $189,000. Over the course of the next 25 years, these 
payments would gradually increase each year by $7,000 to a final payment 
of $357,000. 

If the U.S. Treasury zero-coupon rate is reduced to 4.5% (instead of 5.338%) at 
the time of winning, what would be the equivalent cash value of the lottery? 

DISSECTING THE PROBLEM - ·-r----
This problem is identical to asking 
what the equivalent present worth 
for this annual-payment series is at 
4.5% interest. 

METHODOLOGY 

Note that the annual payment series 
consists of a single payment at 11 = 0 
and a linear gradient series. 

1 

Given: Ao= $175,000,A1 = $189,000,G = $7,000 (from payment 
periods 2 to 25), i = 4.5% per year, and N = 25 years, as shown in 

i Figure 2.29. 

I ::~ION 
P = $175,000 + 189,000(P/A,4.5%,25) 

+ $7,000(P/G,4.5%,25) 

= $3,990,189. 

The cash value now has increased from $3.46 million to $3.99 million. In 
other words, if you check the "Cash Value" box on your lottery ticket and 
you win, you will receive the present cash value of the announced jackpot 
in one lump sum in the amount of $3.99 million. 

------------------------~-~--- . ----···----------



Method 2: Excel Spreadsheet 

Using Excel. we could reproduce 
the same result, as in Table 2.9. 
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I 

I In obtaining column C of the spreadsheet in Table 2.9, we could get 

l
1 the annual cash flow amount in each year by adding $7,000 to the 

amount in the previous period. For example, Cell C14 is obtain. ed 
by = Cl3 + $C$7. Then Cell ClS is obtained by= C14 + $C$7 
and so on. 

------------------ ---·---------------------------------·---------- -----

TABLE 2. 9 An Excel Worksheet to Calculate Equivalent Cash Value 

A B c D E 
Example 2.18: Cash Value Calculation 

2 
3 {f\!-i.;.~~::.:-:irt,;~F· .. ·~.1h~··~7?!'t+~>~h;\(~.~vttf.Y~;.-~Wli)\:!fi\{·\-!J·~tWf~Hi.Yf#(M"!J.!t.~t.~-;;:..&f.G':fX/ii.Y;;~'\'J~\1kPW~-AH~K ... '.~)h~\kl-ih·1·~.t1~~1i', 1 \t'1r£J.:..1"-~s;s1t.;:%~'?(:i(<j;ff/8~!~1.Z 

4 Winning JaCl<DOt s 7,000,000 
5 Interest Rate (%) 4.50% 
6 Base Amount $ 189,000 
7 Gradient Amount $ 7,000 
8 fXflJNf; .. r.:1i .. WJl.l.1t:;v&,J&Nt:V:l;~!Y1~J[!._(!f/.J}):n~~~~-'1fof;(.faj ·b~J::Xi1~~1~\·;;:1.\:~tffr!l#i-~1.'ffJ/i(ii.':-J· "i'iff, .eB!c'\i/c,i,~rn+?\·''·"·~,,,".·" '· · l~M\~' \ ;;.'l'i:k'\J'.\\f'.i:" 
9 Pavment Pavment Schedule Annual Pavment Dlscountlna Present 
10 Period as % of Jackpot before Taxes Factor (4.5%) Cash Value 
11 lir~WlA\fMH·%tb~1 ~~o.YN.::1.?Yk~~\.'.0.1'.i'@:fot'.WJ0!~~~f.'J.JJ.\lli (J'.fi.;J.W!J';',;~Jll%Bll'.:1\l'' ·, '/i.·ftt~·.~·#{-\1~d+¥~Fh~JJ:,«t.GN.0ff · · ; ·. ~~iV:&(.""l··J;\~~.!fr?i:: 

12 0 2.50% $ 175,000 1.00000 $ 175,000 
13 1 2.70% $ 189,000 0.95694 $ 180,861 
14 2 2.80% $ 196,000 0.91573 $ 179,483 
15 3 2.90% $ 203,000 0.87630 $ 177,888 
16 4 3.00% $ 210,000 0.83856 $ 176,098 
17 5 3.10% $ 217,000 0.80245 $ 174.132 
18 6 3.20% $ 224,000 0.76790 s 172,009 
19 7 3.30% $ 231,000 0.73483 s 169,745 
20 8 3.40% $ 238.000 0.70319 s 167,358 
21 9 3.50% $ 245,000 0.67290 $ 164,862 
22 10 3.60% $ 252,000 0.64393 $ 162,270 
23 11 3.70% $ 259,000 0.61620 $ 159,595 
24 12 3.80% $ 266.000 0.58966 $ 156,851 
25 13 3.90% $ 273,000 0.56427 $ 154,046 
26 14 4.00% $ 280,000 0.53997 $ 151,192 
27 15 4.10% $ 287,000 0.51672 $ 148,299 
28 16 4.20% $ 294,000 0.49447 $ 145,374 
29 17 4.30% $ 301,000 0.47318 $ 142,426 
30 18 4.40% $ 308,000 0.45280 $ 139,463 
31 19 4.50% $ 315,000 0.43330 $ 136,490 
32 20 4.60% s 322,000 0.41464 s 133,515 
33 21 4.70% $ 329,000 0.39679 $ 130,543 
34 22 4.80% s 336,000 0.37970 s 127,579 
35 23 4.901% s 343,000 0.36335 $ 124,629 
36 24 5.00% $ 350,000 0.34770 s 121,696 
37 25 5.10% s ~ 357,000 4 0.33273 $ 4 118,785 
38 \ft.t-··~0-!J-Uf"?'i1\¥.ifd\:Jp·1\:/~!:t1Jf.)f»?,~,:r~"'·'.·1.-::,,." 1fh~W:·~ \\W/ ='XM~~'i/1 1~1.\iJWfJ.fi.~¢/WY\:~·iVih-:~!1~~/JN&E~WT~V:T tk.i0w:;.~.~QW1..vJ.tf..f (;<.J.; 1 ·~~··rtjfJJ·:r,<;:J..1.1 'YfPY)Wdi\_P(jji 

39 Total / S / 7,000,000 / S / 3,990,189 
40 I tW.~~iff1~T1f:(iW:.:.~.~· · ·.i.:~.fr--.j/,~~;i0V)Ui.fff ffi.1[J '.·:f&JjfJh?~L~t[-/iEr-r.~rr: :1·.V-i.~r.r;·.~~fi·/t W'~ :J!.Jd/,~ 1 · ~~?;Yif 1\;/J.M?.}!>)~:\~P;.!~W:'l;./ ,-~~x ·1 ,o:;\·,}dff·:1:r.i~;!(!'lfJ'(~t,·i~[!}'.iid(/ 

41 I 
42 B36+0.001 I , 
43 I =$C$4'B37 I 
44 

I/ 
I (1+$C$5)"(·A37) 11 

/ 

/ 

\ 

l-SUM(E12:E37) 

1-:.,.,~,.+----1-----------t--------t--1~=C37"D37 ~1---+-----------1 
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2.6.2 Handling Geometr ic Gradient Series 
Anothe r kind o( gradient series is formed when the series in a cash flow is dete r
mined, not by some fixed amount like $500 but by so me fixed rare expressed as 
a pe rcentage. Many e ngineering economic probl ems, pa rticu la rly those re lating to 
construction costs or maintenance costs. involve cash flows th a t increase o r decrease 
over time by a constant percentage (geo metric), a process that is ca lled compound 
growth . Price changes caused by inflation are a good exa mple o f such a geometric 
series. 

ff we use g to designate the percentage change in a payment from one period to the 
next, the magnitude of the nth payment A 11 is related to the first paymen t A 1 as follows: 

All = A1(l + g)" - 1
.11 = 1.2, ... IN. (2.14) 

T he g can take e ithe r a positive or a negative sign, depending o n the type of cash fl ow. 
ff g > 0, the series will increase; if g < 0, th e series w ill decrease. Figure 2.30 illustra tes 
the cash flow diagram for this situation . 

Present-Worth Factor: Find P, Give n A1, g, i, a nd N 

Notice that the present worth P11 of any cash llow f\ 11 at an interest rate i is 

P,, = A 11(l + if" = A 1( l + g)"- 1(1 + ir". (2.15) 

To find an expression for the present amount for the entire series, r~ we apply the single
payment present-wortlJ factor to each te rm of the series: 

N 

P = LA 1(1 + g)''- 1(1 + ir". 
11=1 

ls>ol A,(i +Y:J 
A

1
(1 + g) __ / 

J11_ __ 
I I 2 3 N-lN or 

y Years 

p 
Increasing Geometric Series 

' ' - A1(I + g)N- 1 

0.....-'--'-'- ~-~~o 
I 2 J N - 1 N 

t Years 

p 
Occrc11si11 g Gcom clric Series 

l [
1 - ( l + g)N(L + i) - NJ .. 

P
- Ai . , 1f1 .P g: 
- 1-g 

N ·r. 
;\ 1 (I + i). I I = g 

Figure 2.30 A geometrically increasing or decreasing gradie nt 
series 
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The expression in Eq. (2.15) has the following closed expression: 

{ 

[
1 - (1 + g)N(l + ;rN] .. 

Ai . tf t ¢ g, 
1-g 

P= 
A1C ~ J ifi = g. 

(2.16) 

Or we can write 

The factor within brackets is called the geometric-gradient-series present-worth factor 
and is designated (PIA., g, i, N). In the special case where i = g, Eq. (2.16) becomes 
P = [Ai/(1 + i)JN. 

There is an alternative way to derive the geometric-gradient-series present-worth 
factor. Bringing the constant term A1(1 + g)-1 in Eq. (2.15) outside the summation 
yields 

N [1 ]n N = Ai ~ ~ = Ai ~ 1 
p {l+g)n=1 l+i (l+g)n=I[ i-g]n• 

1+--
1 + g 

(2.17) 

If we define 

i-g 
g'-- 1 + g' 

then we can rewrite P as follows: 

A N A 
p = (1 t )~(1 + g'fn = (1 i )(P/A,g',N). + g n=i + g 

(2.18) 

We do not need another interest-factor table for this geometric-gradient-series present· 
worth factor as we can evaluate the factor with (P/A,g',N). In the special case where 
i = g, Eq. (2.18) becomes P = [Ai/(1 + i)]N, as g' = 0. 

EXAMPLE 2.19 Required Cost-of-Living Adjustment 
Calculation 

Suppose that your retirement benefits during your first year of retirement are 
$50,000. Assume that this amount is just enough to meet your cost of living during 
the first year. However, your cost of living is expected to increase at an annual rate 
of 5% due to inflation. Suppose you do not expect to receive any cost-of-living 
adjustment in your retirement pension. Then, some of your future cost of living has 
to come from savings other than retirement pension. If your savings account earns 
7% interest a year, how much should you set aside in order to meet this future in
crease in the cost of living over 25 years? 
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DISSECTING THE PROBLEM 

METHODOLOGY 

Method 1: Calculate Present Worth 

Given: A 1 = $50,000,g = 5%,i = 7% per year, and N = 25 years, 
as shown in Figure 2.31. 
Find: P. 

$50,000 Expected retirement pension $50.000 

~ ~ ~ ~ ~ ~ , ~ 

0 
Years 

1 2 3 4 5 6 21 22 23 24 25 

Ir 
Ir ' 'It $50,000 

$50,000(1.05) -------..... 
........... _______ Ir 

Expected cost of living Ir 

't 
1 

' 
$161,255 

Figure 2.31 Cash flow diagram 

SOLUTION 

• Find the equivalent amount of total benefits paid over 25 years: 

p = $50,000(P I A, 7%,25) 

= $582,679. 

• Find the equivalent amount of total cost of living with inflation. 
Using Eq. (2.16), the equivalent present worth of the cost of 
living is 

P = $50,000(P/Ai.5%, 7%,25) 

= $ 
0 

[ 1 - c1 + 0.05)
25

(1 + o.01r25
] 

5 
,OOO 0.07 - 0.05 

= $50,000(18.8033) 

= $940,167.22. 

Alternatively, to use Eq. (2.18), we need to find the value of g': 

, = 0.07 - 0.05 = 0 019048 
g 1 + 0.05 . . 

Then, using Eq. (2.18), we find P to be 

50,000 
P = l + 0.05(P/A,l.9048%,25) 

= $940,167. 
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Method 2: Excel Worksheet Or you can confirm the P value through an Excel worksheet as 
shown in Table 2.10. The required additional savings to meet the 
future increase in cost of living will be 

ll.P = $940,167 - $582,679 

I 
I 

= $357,488. 
-----~-------

TABLE 2.1 O An Excel Worksheet to Illustrate the Process of Calculating the 
Savings Required for Retirement 

A B c DE IF I G 
1 Geometric-Gradient Serles (Present Worth) 
~ =$C$5*((1-((1+$C$6)"$C$8)"((1+$C$7)"$C$8))/$C$7-$C$6))p ·.·.·.··• • \\•:/ .· .. ·.·.··.··•·.· "<<; •·'· 

3 ... ,....... -... , ~ut 
~ L ___ T"'::---c;~~C~'.-:7' ···•·· .. >ti . __ : __ LZL C :.}··• s;· •... ·.· .. -7:--.~~-~=~?_~.1 =:i~:2""'--~=., __ ~.:_~, •. G.8~\.~·•·•··••·•lliX:--T~I. ___ 1 

5 (A,} Initial Amount S 50,000.001 ;(P} Present Worth . -..........$940, 167.22 

~ ~fi}1~:: ::t': ~::: f; i-:··0--i--~~~--~0:;sj)i:/i~;;;::::·:r:_·::::f·:·.1::>··::::i~li~ __ t_ 
9 (N} Payment Periods 25 !··.·. Cash Balance Over Time 

I u-~==-c:~:-TT=c:-:: ... · .. -c'.:s rT- .Ez::z:c: •.... ·. ····t===:i::===i:::========1 
10 Period (n} [ Deposit (P~sh Balance i:: s~~~~~~~~~·, 

JI:r;cc----:.-_:---rr··-;22222 : :·.:s,;;02 .. z•- 1 3 5 1 9111315111921232 

12 0 s (940.167.22) s (940, 167.22) 1< 
13 1 $ 50,000.00 s (955,978.92) <' 
14 2 $ 52,500.00 S (970,397.45) I $(200,000.00)-1---------1-

15 3 $ 55,125.00 $ (983,200.27} Ii I 
16 4 s 57,881.25 s (994,143.04) L-
17 5 s 60,775.31 s (1,002,957.74) 1. 

1· 
18 6 s 63,814.08 s (1,009,350.70) ( 

7 s 67.004.78 $ (1.013.000.47) l • $(400.000.00} I 19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 

8 s 70,355.02 s (1,013,555.48) i .. 
9 s 73,872.77 $ (1,010,631.59) ! 

10 $ 77.566.41 $ (1,003,809.39): 

11 $ 81,444.73 $ (992,631.32): $(600,000.00)-+--------·o---
12 $ 85.516.97 $ (976.598.54), . I 
13 $ 89,792.82 s (955,167.63) .. 
14 $ 94,282.46 s (927,746.90) I 
15 $ 98,996.58 s (893,692.61} .. 
16 $ 103,946.41 s (852,304.68} ,, $(800,000.00) J 
11 s 109.143.73 s (802.822.28> I> 
18 s 114,600.92 s (744,418.92) I 
19 s 120,330.96 $ (676,197.28) !/ "'--
20 s 126.347.57 s (597,183.58) fi $(1,000,000.00)+--~--=-,,--.,---------

33 21 s 132,664.89 s (506,321.55} ! 
1--+----+-----+-------~I 
34 22 s 139,298. 13 $ (402,465.93) l 
35 23 $ 146,263.04 $ (284,375.51) : 
36 24 $ 153,576.19 s ( 150, 705.60) : ' 

25 $ 161,255.00 s 10.00) \' $(1,200,000.00) 
-· .·· >•::~: .. · ..••. ,; "-.-..... -....•••.• -•. -.... -----------4 37 

38 

~ =B36*(1+$C$6) I =C36.(1+$C$7)+B37 I 
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Table 2.11 summarizes the interest formulas developed in this section and the cash 
flow situations in which they should be used. Recall that all the interest formulas 
developed in this section are applicable to situations only where the interest (com
pounding) period is the same as the payment period (e.g., annual compounding with 
annual payment). We also present some of Excel's useful financial commands in 
this table. 

HE More on Equivalence Calculations 
So far most of our equivalence calculations involve constant or systematic changes in 
cash flows. We calculate the equivalent present values or future values of these cash 
flows. However, many financial transactions contain several components of cash flows 
that do not exhibit an overall standard pattern that we have examined in earlier sec
tion. Consequently, it is necessary to expand our analysis to handle situations with 
mixed types of cash flows. 

To illustrate, consider the cash flow stream shown in Figure 2.32. We want to com
pute the equivalent present worth for this mixed-payment series at an interest rate of 
15%. Three different methods are presented. 

Method 1: A "brute-force" approach is to multiply each payment by the appropri
ate (P/F, 10%, n) factors and then to sum these products to obtain the present 
worth of the cash flows, $543.72 in this case. Recall that this is exactly the same 
procedure we used to solve the category of problems called the uneven-payment 
series, which were described in Section 2.4. Figure 2.32 illustrates this computa
tional method. Excel is the best tool for this type of calculation. 
Method 2: We may group the cash flow components according to the type of cash 
flow pattern that they fit, such as the single payment, equal-payment series, and so 

0 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

0t 

$50 

t 

$150 $150 $150 $150 

' $100 $100 $100 

2 3 4 5 6 7 

$50(PIF, 15%, 1) = $43.48 
$100(PIF, 15%, 2) = $75.61 
$100(1:/F, 15%, 3) = ~65.75 . . . . 
$150(P/F, 15%, 8) = $49.04 
$200(P/F, 15%, 9) = $56.85 

$543.72 

8 

$200 

' 

9 
Years 

Figure 2.32 Method l: A "brute-force" approach using PIF factors 
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TABLE 2.1 I Summary or Compound-Interest Formulas 

s Compound Amount F = P(1 + i)N = FV(i%,N,0,P) 
I (FIP, i, N) r---f N 
G Present Worth p = F(l + 1j-N = PV(i%,N,O,F) 
L 
E 

(PIF, i, N) 

E Compound Amount [(l+i)N-1] = FV(i%,N,A) 
Q (FIA, i, N) F=A 

i 
u 

0123 NW A 
L m··--
p Sinking Fund A-~ i ] 

AAA AA 

A (AIF, i, N) - (1 + i)N - 1 
= PMT(i%,N,0,F) 

y 

M 
E Present Worth [(1 + i)N - 1] 
N (PIA, i, N) P=A = PV(i%,N,A) 

i(1 + i)N 
T 

AAA AA 
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$150 S l50 $ 150 $150 

0 

$50 

J 
PGrourl = $50(PIF. 15'<. I) 

= S-13.-1& 

PGroup1 = $100(/'/A. 15~ . 3)(PIF. 15",. I) 

= $198 . .5-l 

PGrour3 = $150(PIA. 151}. 4)(PIF. 15'1. 4) 

= S2-t4.85 

PGrouf'"l = $200(/>IF. 15'1. 9) 

r T =S56.85 

P S43A8 + $198.5-1 t- S:?-14.85 + ~56.85 
=$543.7:? 

6 7 8 

$200 

Figure 2.33 Method 2: Grouping approach using PIF and Pl/\ factors 

forth as shown in Figure 2.33.111cn the solution procedure involves the followi ng 
steps: 

• Group l: Find the present wonh of $50 due in year I: 

S50(P F, 15r-,. . I) = S-13.48. 

• Group 2: Find the equivalent worth of a SI 00 equal-payment series a t year I 
(\' 1). and Lhen bring in this equivalent worth at year 0: 

$100(P/ A, 15% .3)(?/ F.15% , 1) = $198.54. 

I ' I 
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• Group 3: Find the equivalent worth of a $150 equal-payment series at year 4 
(V4), and then bring in this equivalent worth at year 0. 

$150(P/A,15%,4)(P/F,15%,4) = $244.85. 

• Group 4: Find the equivalent present worth of the $200 due in year 9: 

$200(P IF, 15%, 9) = $56.85. 

• For the group total, sum the components: 

p = $43.48 + $198.54 + $244.85 + $56.85 

= $543.72. 

A pictorial view of this computational process is also given in Figure 2.33. Either 
the brute-force method in Figure 2.32 or the method using both the (PIA, i, n) and 
(PIF, i, n) factors in Figure 2.33 can be used to solve problems of this type. Method 2 
is much easier if the annuity component runs for many years, however. For example, 
this solution would be clearly superior for finding the equivalent present worth of 
a payment stream consisting of $50 in year 1, $200 in years 2 through 19, and $500 
in year 20. 

TABLE 2.12 Method 3: Using Excel to Compute the Present Worth 

A B c D 

11 0 
-----

12 1 $50.00 $43.48 +-=B12.(1+$B$4)"(-A12) 
13 2 $100.00 $7S.-61-: ~=B1J;(1i-~El$4)1:(~13l 
14 3 $100~00--- $65.75 +-=B14*(1+$B$4)"(-A14) 
15 4 $100.00- - $57.18;+-=B15*(1+$B$4)1\(-A15) 
16 5 $150.00 $74.58;+-=B16*(1+$B$4)11(-A16) 
17 6 $150.00 $64.85·~=B17*(1+-$B$4)"{-A17) 
18 7 $150.00[ $56.39·~=B18*(1i-$B$4)"(-A18) 
1s - ----5-- $15o:ooi- $49.ci4·.--=e19·c1+$8$4>'i=A19) 
20 - --- --9 -- $200.001 --$56~a5:~=-e2o*c1+$e!4>11-c-A20> 
21 ~ :-.. \ ·7772'~).:::·'.:.\ .··:::.·:·.·:! .. :·~/: ~ .... <·::.:\:.-( , .. :·.:\.'.·:·.'" ::.:< :}::=)·:·;'.._..·.::'./·, I .. '' ·.: ;·'.:~·~·:.·.'.>:·:·/<:'.{'.'.'.~':::T!!fYJJJ?)_::'.:':\);)~:.:·.::;:,:.~??.i::\~t:~=::~}.\'.N:)/{Y·;{:::·::ff.l\~:.'.-\.;{_(·: 
22 $543.72 

~~ _ ---~-~-~-=---~~ -_ I' =SUM(C12:C20) 



90 CHAPTER 2 Time Value of Money 

Method 3: With Excel, we may create a worksheet as shown in Table 2.12. In com
puting the present worth of the entire series, we may compute the equivalent pre
sent worth for each cash flow and sum them up. Or we could use the NPV function 
with the parameters,= NPV($B$4,B12:B20), which will calculate the present 
worth of the entire series. 

EXAMPLE 2.20 Retirement Planning: Composite Series That 
Requires Multiple Interest Factors 

You want to supplement your retirement income through IRA contributions. You 
have 15 years left until retirement and you are going to make 15 equal annual deposits 
into your IRA until you retire with the first deposit being made at the end of year 1. 
You need to save enough so that you can make 10 annual withdrawals that will begin 
at the end of year 16. The first withdrawal will be $10,000, and each subsequent with
drawal will increase at a rate of 4% over the previous year's withdrawal in line with 
expected increase in cost-of-living. Your last withdrawal will be at the end of year 25. 
What is the amount of the equal annual deposit amount ( C) for the first 15 years? As
sume the interest rate is 8% compounded annually before and after you retire. 

~~~=f~~G THE --~~:~n:; = 8% per y~:r.~~~~si~a~d withdrawal~eries shown in Figure 2.34a. 

I Find:A 

"' g=4% ,,"' 

$10.000 ... 

Years 
0 I 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

"' "' 

$14,233 

16 17 18 19 20 21 22 23 24 25 

I 

I C= '! 

METHoDOLOGY -- ---1~~ ... ::~~- E<tab(;,i,;ng_• <etiromcnl rund ci;xamplc 2.20). - . . - -

Method I: Establish the Eco- \ First, compute the equivalent worth of the total deposit series at 11 = 0. 

nomic Equivalence at Period 0 j ?deposit = C(P / A,8%, 15) = 8.5595C. 

I Find the equivalent single lump-sum withdrawal now in two steps by find
ing the equivalent amount at 11 = 15 and then bring this value back to 11 = 0: 

Vis Discounting factor 

?withdrawal= $l0,000(PIA1.4%. 8%, lO)(P/F,8%,15) 

7.8590 0.3152 
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1 Since the two amounts are equivalent, by equating, we obtain C. 

8.5595C = $24,771.60 
c = $2,894. 

~------------!-----

Method 2: Establish tire Eco
nomic Equivalence at n = 15. 

First, compute the accumulated balance at the end of 15 years. Call this 
amount Fis· 

Fis= C(F/A,8%,15) = $27.1521C. 

Then find the equivalent lump-sum withdrawal at the end of retirement 
contribution, n = 15. Call this V15: 

Vis= $10,000(P/A1t4%,8%,15) = $78,590. 

Since the two amounts must be the same, F1s = V1s. we obtain 

27.1521C = $78,590 
c = $2,894. 

The computational steps are illustrated in Figure 2.34b. 

Base period 

- - --~ --....... ____ 

-------.. < ?sl4.233 

Years 
0 1 2 3 4 5 6 7 8 9 10 11 

16 17 18 19 20 21 22 23 24 25 

C=? 

Figure 2.34b Establishing economic equivalence by selecting the base period 
at n = 15. 

COMMENTS: In general, Method 2 is the more efficient way to obtain an equiv
alence solution to this type of decision problem as it requires fewer interest 
factors. 
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SUMMARY 

Money has a time va lue beca use it ca n ea rn more money over time. A number of 
terms involving the time va lue of money were introduced in this chapter: 
Interest is the cost of money. More spec.:ijically, it is a cost to rite borrower and a11 

eami111-: w rite lender above and beyond the• initial s11111 borrowed or loaned. 
Interest rate is" percentage periodically "!'Plied w a .\Wll of money to derer111i11e the 

a111011nt of il/(erest to be added to rlwt s11111. 
Simple int erest is the practice of charging 1111 i11ter1•.\'t rare only to a11 initial s11111. 
Compound interest is the practice of dwr,i:ing 1111 interest rare to an initial s11111 wul 

to any pre1·iowly acc1111111lared i111ere\/ thm has 1wt hee11 withdrm1·11 from the ini
tial su111. Co111po1111d interest is by far rite most co111111011ly used sy.Hem in the real 
1vorld. 

Economic ec111ivnlcncc exists bet111een il/(lil'itltwl cash .f7011•s or het1veen fJfllfems of 
cnsh flows thm have the same value. £1·en tltough the m1101111ts and timing of tlt11 
caslt flows 111ay diffe1; the appropriate interest rme makes the111 equal. 

The foll owing compound-interest formula is perhaps the single most importan t 
equation in this text: 

F = P( I + i) '. 

Jn this formula.Pis a present sum. i is the interest raw. N is the number of period~ 
for which in terest is compounded. and F b the resulting future sum.1\ll other impor
tant interest formulas arc derived from tlfr, one. 

Cush flow cliagrnms arc visual representations of cash inrlows and outrlows along a 
time line.They are particularly useful for helping us detect which of the rive patterns 
of cash flow a particu lar problem represents. 

The [ive patterns of cash flow are as follows: 

1. Single payment: A single present or future cash flow. 
2. Equa l-payment series: A series of !'lows of equal amounts at regu lar in tervals. 

3. Linenr gradient cries: A series of nows increasing or decreasing h~ a fixed 
amount at regular interval . Excel is one of the mo t convenient tools to sOl\'C this 
type of cash flow serie . 

4. Geometric-gradient series: A series of flows increasing or decreasing by n fixed 
percentage at regular intervals. Once again. this type of cash flow series is a good 
candidate for solution by using Excel. 

5. Uneven series: A seri es of flows exhibiting no overa ll pauern. However. patterns 
might he detected for portions of the series. 

Cush flow patterns arc significant because they allow us to develop interest formulas. 
which streamline the solution of equivakncc problems. Table 2.1 I summarizes thl! 
important interest formula that form tlw foundation for all other analyses you will 
conduct in engineering economic analysis. 



SELF-TEST QUESTIONS 
2s.1 You wish to have $20,000 in an account 8 years from now. How much money 

must be deposited in the account now in order to have this amount if the 
account pays 12% compounded annually? 
(a) $8,490 
(b) $8,871 
(c) $7,632 
(d)$8,078 

2s.2 Assume that $1,000 is deposited today, two years from now, four years from 
now, six years from now, and eight years from now. At 8% interest compounded 
annually, determine the future value at the end of year 9. 

F 

... 
I 
I 
I 
I 

0 2 3 4 5 6 7 8 9 to 

i l 
I 

l 
I 

l 
I 

l 
I I 

$1.000 $1,000 $1,000 $1,000 $1,000 

(a) $4,174 
(b)$7,521 
(c) $2,085 
(d) $1,895 

2s.3 What single payment at the end of year 5 is equivalent to an equal annual series 
of payments of $600 beginning at the end of year 3 and ending at the end of year 
12? The interest rate is 10% compounded annually. 
(a) $4,907 
(b)$6,260 
(c) $6,762 
(d)$6,883 

0 5 12 

$600 

? t t t t t t t t t t 
3 12 

2s.4 Four years ago, you opened a mutual fund account and made three deposits 
($100 four years ago, $X three years ago, and $200 a year ago) where you 
earned varying interest rates, according to the diagram that follows. Today your 
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balance shows $800. Determine the amount of the deposit made three years ago 
($X). See the following figure. 
(a)-$115.3 
(b)-$100.7 
(c) -$103.2 
(d)-$105.4 

-4 

$100 

4% 

1-3 
f 
x 

6% 

F=$800 

8% 10% 

-2 0 

$200 

2s.5 How much money should be deposited now in an account that pays 12% interest 
compounded annually in order to make five equal annual withdrawals of $8,000? 
(a) $8,052 
(b) $9,050 
(c) $16,761 
(d)$28,839 

2s.6 State the value of C that makes the following two cash flow transactions eco
nomically equivalent at an interest rate of 12% 

$100 $100 

1 l 
3C 3C 

$50 $50 .l .l 

1 1 c c 

• • 
0 1 2 3 4 0 2 3 4 

(a) $29.365 
(b)$33.598 
(c) $47.433 
(d) $43.796 

2s.7 Calculate the future worth of 20 annual $3,000 deposits in a savings account 
that earns 8% (compounded annually). Assume all deposits are made at the 
beginning of each year. 
(a) $126,005 
(b) $111,529 
(c) $148,268 
( d) $192,037 

2s.8 You have borrowed $28,000 at an interest rate of 12% compounded annually. Equal 
payments will be made over a four-year period, with each payment made at the end 
of the corresponding year? What is the interest payment for the second year? 
(a) $1,800 
(b)$2,251 



(c) $1,089 
(d)$2,657 

2s.9 The following two cash flows are said to be economically equivalent at 8% 
interest. Determine the value of X for the second cash flow series. 

$600 

t 
0 

0 

(a) X = $1,505 
(b)X = $1,726 
(c) X = $1,197 
(d)X= $1,192 

$600 

t 
1 

x 
.! 

$600 

t 
2 

2 

$600 

t 
3 

3 

$600 

t 
4 

x 
J.. 
I 
I 
I 
I 
I 

4 

$600 

t 
5 

5 

2s.10 What is the amount of ten equal annual deposits that can provide five annual 
withdrawals, where a first withdrawal of $2,000 is made at the end of year lland 
subsequent withdrawals increase at the rate of 5% per year over the previous 
year's if the interest rate is 7% compounded annually? 
(a) $745 
(b)$652 
(c) $1,000 
(d) $1,563 

2s.l J You borrowed $5,000 to finance your educational expenses at the beginning 
of your junior year of college at an interest rate of 10% compounded annually. 
You are required to pay off the loan with five equal annual installments, but the 
first payment will be deferred until your graduation. Determine the value of C, 
the amount of annual payments. 

$5.000 

t 2 3 4 5 6 
0 I I I I I 

I I I I I 
I I I I I 

'f 'f 'f 'f 'f 
c c c c c 

(a) C = $891 
(b) c = $1,082 
(c) C=$1,407 
(d) c = $1,222 
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2s.12 Consider the accompanying cash flow series at varying interest rates. What is 
the equivalent present worth of the cash flow series? 

I 
I 
I 
I 
I 
I 

'f 
P='? 

(a) P = $5,068 
(b) p = $4,442 
(c) P = $4.745 
(d) p = $3.833 

$1.200 

$1.800 

$1,200 $1.200 

2 3 4 

2s.13 At what annual interest rate will $1,200 invested today be worth $2.500 in 12 years'? 
(a) 6.5% 
(b)7.2% 
(c) 9.02% 
(d)5.8% 

2s.14 If you borrow $25,000 at an interest rate of 6%, compounded annually, with 
the repayment schedule as shown. what is the amount A? (Note that there is a 
missing payment in year 5.) 

$25,000 

to I 2 3 4 5 6 7 8 9 Year 
I I I I I I I I I 
t t t t t t t t 
A A 1\ A A A A A 

(a) A= $4.129 
(b) A = $4,793 
(c) A= $3,193 
(d)A = $3,593 

2s.15 You plan to make 15 annual deposits in a saving account that pays 6% interest 
compounded annually. If the first deposit of $1,200 is made al the end of the 
first year and each subsequent deposit is $400 more than the previous one, the 
value of the account at the end of 15 years will be nearly: 
(a) $87,021 
(b)$92,242 
(c) $97,777 
(d) $83,104 



2s.16 How long would it take an investment to triple if the interest rate is 6% com
pounded annually? 
(a) 9.90 years 
(b) 12.23 years 
(c) 14.65 years 
(d) 18.85 years 

2s.17 If you borrow $20,000 at an interest rate of 8%, compounded annually with the 
following repayment schedule, what is the required amount A? 

$20,000 

2 3 15 
0 I I I I I I I I I I I I I 

I I I I I I I I I I I I I 

T T T T T T T T T T T T T 
A 

(a) A = $2,951 
(b)A = $3,967 
(c) A= $3,101 
(d)A = $2,324 

2s.18 If $1,500 is deposited in a savings account at the beginning of each year for 20 
years (a total number of deposits= 20) and the account draws interest at 8% com
pounded annually, the value of the account at the end of 20 years will be nearly: 
(a) $71,400 
(b)$74,936 
(c) $74,996 
(d)$74,144 

PROBLEMS 
Methods of Calculating Interest 

2.1 What is the amount of interest earned on $5,000 for three years at 8% simple 
interest per year? 

2.2 You deposit $5,000 in a savings account that earns 6% simple interest per year. 
How many years will it take to double your balance? If, instead, you deposit the 
$5,000 in another savings account that cams 5% interest compounded yearly, 
how many years will it take to double your balance? 

2.3 Compare the interest earned on $8,000 for 15 years at 8% simple interest with 
the amount of interest earned if interest were compounded annually. 

2.4 Bank A pays 8% simple interest on its savings account balances. Bank B pays 
7% interest compounded annually. If you made a $5,000 deposit in each bank, 
which bank provides you with more money at the end of 10 years? 
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2.5 You are considering investing $4,000 at an interest rate of 5% compounded 
annually for five years, or investing the $4,000 at 6% per year simple interest 
for seven years. Which option is better? 

2.6 You are about to borrow $8,000 from a bank at an interest rate of 8% com
pounded annually. You are required to make five equal annual repayments in 
the amount of $2,004 per year, with the first repayment occurring at the end of 
year one. For each year, show the interest payment and principal payment. 

The Concept of Equivalence 
2.7 Suppose you have the alternative of receiving either $15,000 at the end of 

seven years or P dollars today. Currently, you have no need for the money, so 
you could deposit the P dollars into a bank account that pays 6% interest com
pounded annually. What value of P would make you indifferent in your choice 
between P dollars today and the promise of $15,000 at the end of seven years? 

2.8 Suppose that, to purchase a car, you are obtaining a personal loan from your 
uncle in the amount of $75,000 (now) to be repaid in three years. If your uncle 
could earn 9% interest (compounded annually) on his money invested in vari
ous sources, what minimum lump-sum payment three years from now would 
make your uncle happy economically? 

2.9 Which of the following alternatives would you choose, assuming an interest rate 
of 9% compounded annually? 
Alternative 1: Receive $150 today; 
Alternative 2: Receive $200 two years from now. 
Alternative 3: Receive $250 five years from now. 

Single Payments (Use of F/P or P/F Factors) 
2.10 Today you deposited $10,000 in a savings account paying 7% annual interest. 

How much should you have at the end of five years? 

2.11 If the interest rate is 6%, what is the present value of $800 paid at the end of year 10? 

2.12 If the interest rate is 9%, what is the two-year discount rate? 

2.13 State the amount accumulated by each of the following present investments: 
(a) $5,000 in 6 years at 7% compounded annually. 
(b)$1,3000 in 8years at 6% compounded annually. 
(c) $16,000 in 25 years at 10% compounded annually. 
(d) $10,000 in 10 years at 5% compounded annually. 

2.14 State the present worth of the following future payments: 
(a) $8,000 five years from now at 8% compounded annually. 
(b) $10,000 six years from now at 10% compounded annually. 
(c) $12,000 eight years from now at 7% compounded annually. 
(d) $18,000 ten years from now at 9% compounded annually. 

2.15 Assuming an interest rate of 10% compounded annually, answer the following 
questions: 
(a) How much money can be loaned now if $20,000 is to be repaid at the end of 

five years? 
(b)How much money will be required in five years in order to repay a $15,000 

loan borrowed now? 



2.16 How many years will it take an investment to quadruple if the interest rate is 
9% compounded annually? 

2.17 How many years will it take to triple your investment of $8,000 if it has an inter
est rate of 7% compounded annually? 

2.18 You bought 100 shares of GE stock for $25,000 on October 23, 2011. Your intention 
is to keep the stock until it doubles in value. If you expect 12% annual growth for 
GE stock, how many years do you expect to hold onto the stock? Compare your 
answer with the solution obtained by the Rule of 72 (discussed in Example 2.7). 

2.19 In 1739, Nader Shah sold the Kohinoor diamond to Queen Victoria for $34. If 
he saved just $5 from the proceeds in a bank account that paid an 6% annual 
interest, how much would his descendents have in 2020? 

2.20 If you want to withdraw $20,000 at the end of two years and $55,000 at the end 
of four years, how much should you deposit now into an account that pays 12 % 
interest compounded annually? See the accompanying cash flow diagram. 

$55,000 

$20,000 

J t :o 2 3 4 
I Years I 

t 
P=? 

2.21 You are interested in buying a piece of real estate property that could be worth 
$450,000 in five years. If your earning interest rate is 5%, how much would you 
be willing to pay for this property now? 

2.22 John and Susan just opened savings accounts at two different banks. Each depos
ited $1,000. John's bank pays simple interest at an annual rate of 10%, whereas 
Susan's bank pays compound interest at an annual rate of 9.5%. No principal or 
interest will be taken out of the accounts for a period of five years. At the end of 
five years, whose balance will be higher and by how much (to the nearest dollar)? 

Uneven-Payment Series 
2.23 A project is expected to generate a cash flow of $8000 in year 1, $2000 in year 

2, and $5000 in year 3. At an interest rate of 8%, what is the maximum amount 
that you could invest in the project at year O? 

2.24 If you desire to withdraw the given amounts over the next five years from a 
savings account that earns 7% interest compounded annually, how much do you 
need to deposit now? 

2 ss.ooo 
3 $6,000 
4 $8,200 

S $4.SOO 
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2.25 If $4,000 is invested now, $7,000 two years from now, and $5,000 four years 
from now at an interest rate of 9% compounded annually, what will be the total 
amount in 8 years? 

2.26 A local newspaper headline blared, "Bo Smith Signs for $30 Million." The 
article revealed that Bo Smith, the former record-breaking running back from 
Football University, signed a $30 million package with the Nebraska Lions. The 
terms of the contract were $3 million immediately, $2.4 million per year for the 
first five years (with the first payment after one year), and $3 million per year 
for the next five years (with the first payment at the end of year 6). If the inter
est rate is 8% compounded annually, what is Bo's contract worth at the time of 
contract signing? 

2.27 How much invested now at an interest rate of 10% compounded annually 
would be just sufficient to provide three payments as follows: the first payment 
in the amount of $5,000 occurring two years from now, the second payment in 
the amount of $7,000 four years thereafter, and the third payment in the amount 
of $9,000 six years thereafter? 

2.28 You deposit $4,000 today, $5,000 one year from now, and $7,000 three years 
from now. How much money will you have at the end of year three if there are 
different annual compound-interest rates per period, according to the accompa
nying diagram? 

4% 8% 

o~ 
$4,000 

Years 

2 

AF='! 
I 
I 
I 
I 
I 

12% I 

$7,000 

2.29 A company borrowed $200,000 at an interest rate of 8% compounded annually 
over six years. The loan will be repaid in installments at the end of each year, 
according to the accompanying repayment schedule. What will be the size of the 
last payment (X) that will pay off the loan? 

$200,000 

Years 
0 2 3 4 5 6 

I 
I 
I 
I 

$12,000 I 
I 

$16,000 $16,000 $16,000 $16,000 
I 
I 

t 
x 



2.30 You are preparing to buy a vacation home five years from now. The home will cost 
$100,000 at that time. You plan on saving three deposits at an interest rate of 10%: 
Deposit 1: Deposit $12,000 today. 
Deposit 2: Deposit $15,000 two years from now. 
Deposit 3: Deposit $ X three years from now. 

How much do you need to invest in year three to ensure that you have the nec
essary funds to buy the vacation home at the end of year five? 

2.31 The accompanying diagram shows the anticipated cash dividends for Delta 
Electronics over the next four years. John is interested in buying some shares of 
this stock for a total of $1000 and will hold them for four years. If John's inter
est rate is known to be 12% compounded annually, what would be the desired 
(minimum) total selling price for the set of shares at the end of the fourth year? 

... 
!0 

$120 I 

$60 
$100 $130 

2012 2013 2014 2015 2016 

Yeors 

P= $1000 

2.32 You are considering a machine that is expected to produce the following cash 
flows: $50,000 in year l, $65,000 in year 2, $55,000 in year 3, $46,000 in year 4, 
and $39,000 in year 5. If your interest rate is 10%, what would be your maxi
mum offer (purchase price) on this machine? 

Equal-Payment Series 
2.33 You are planning to contribute $8,000 a year into a mutual fund that earns an 

average of 8% per year. If you continue to contribute for the next 10 years, how 
much would you have in your account? 

2.34 What is the future worth of a series of equal yearly deposits of $6,000 for 6 years 
in a savings account that earns 5% annual compound interest if 
(a) all deposits are made at the end of each year? 
(b) all deposits are made at the beginning of each year? 

2.35 What is the future worth of each given series of payments? 
(a) $8,000 at the end of each year for five years at 7% compounded annually. 
(b) $10,000 at the end of each year for eight years at 8% compounded annually. 
(c) $18,000 at the end of each year for 20 years at 10% compounded annually. 
(d) $7.000 at the end of each year for 12 years at 12% compounded annually. 

2.36 What equal annual series of payments must be paid into a sinking fund in order 
to accumulate each of the following given amounts? 
(a) $28,000 in 12 years at 6% compounded annually. 
(b)$21,000 in 10 years at 8% compounded annually. 
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(c) $10,000 in 20 years at 7% compounded annually. 
(d) $15,000 in 11 years at 9% compounded annually. 

2.37 Your company wants to set aside a fixed amount every year to a sinking fund 
to replace a piece of industrial equipment costing $375,000 at the end of eight 
years from now. The sinking fund is expected to earn 7% interest. How much 
must your company deposit each year to meet this goal? 

2.38 You want to save the down payment required to purchase a vacation home at 
the end of four years. If the required down payment is $75,000 and you can earn 
6% a year on your savings account, how much do you need to set aside at the 
end of each year for the next four years? 

2.39 Part of the income that a machine generates is put into a sinking fund to pay 
for replacement of the machine when it wears out. If $5,000 is deposited every 
year at 7% interest compounded annually, how many years must the machine 
be kept before a new machine costing $55,000 can be purchased? 

2.40 A no-load (commission-free) mutual fund has grown at a rate of 10% com
pounded annually since its beginning. If it is anticipated that it will continue to 
grow at this rate, how much must be invested every year so that $120,000 will 
be accumulated at the end of six years? 

2.41 You open a bank account, making a deposit of $10000 now and deposits of 
$5,000 every other year. What is the total balance at the end of 8 years from 
now if your deposits earn 5% interest compounded annually? 

2.42 What equal-annual-payment series is required in order to repay each given 
present amount? 
(a) $28,000 in four years at 7% interest compounded annually. 
(b)$4,800 in five years at 8% interest compounded annually. 
(c) $9,000 in six years at 5% interest compounded annually. 
(d) $33,000 in 15 years at 7% interest compounded annually. 

2.43 You have borrowed $28,000 at an interest rate of 12% compounded annually. 
Equal payments will be made over a four-year period, with each payment made 
at the end of the corresponding year. What is the amount of the annual pay
ment? What is the interest payment for the second year? 

2.44 What is the present worth of each given series of payments? 
(a) $12,000 at the end of each year for five years at 5% compounded annually. 
(b) $18,000 at the end of each year for 12 years at 8% compounded annually. 
(c) $10,500 at the end of each year for seven years at 12% compounded annually. 
( d) $8,000 at the end of each year for 40 years at 6% compounded annually. 

2.45 From the interest tables in Appendix B, determine the value of the following 
factors by interpolation, and compare the results with those obtained from 
evaluating the AIP and PIA interest formulas: 
(a) The capital-recovery factor for 36 periods at 6.25% compound interest. 
(b)The equal-payment-series present-worth factor for 125 periods at 9.25% 

compound interest. 

2.46 If $800 is deposited in a savings account at the beginning of each year for 
12 years and the account earns 8% interest compounded annually, what will be 
the balance on the account the end of the 15 years (F)? 



2.47 If you borrow $9,000 and agree to repay the loan in six equal annual payments 
al an interest rate of 10%, what will the annual payment be? What if you make 
the first payment on the loan at the end of second year? 

2.48 A company is considering replacing an old piece of industrial equipment to 
reduce operating and maintenance cost.A new equipment is quoted at $215,000. 
After 12 years, the machine would have no value, but it would save as much as 
$35,000 in operating and maintenance cost. If the firm's interest rate is 9%, is it 
worth buying the new equipment? 

2.49 An investment costs $4,500 and pays $300 in perpetuity. What is the interest 
earned on this investment? 

2.50 At an interest rate of 12%, what is the present value of an asset that produces 
$800 a year in perpetuity? 

Linear Gradient Series 
2.51 Kim deposits her annual bonus into a savings account that pays 7% interest 

compounded annually. The size of her bonus increases by $3,000 each year, and 
the initial bonus amount is $10,000. Determine how much will be in the account 
immediately after the fifth deposit. 

2.52 Five annual deposits in the amounts of $15,000, $14,000, $13,000, $12,000, and 
$11,000 are made into a fund that pays interest at a rate of 7% compounded 
annually. Determine the amount in the fund immediately after the fifth deposit. 

2.53 Compute the value of P for the accompanying cash flow diagram. Assume i = 
6% per year. 
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2.54 What is the equal-payment series for 10 years that is equivalent to a payment 
series starting with $10,000 at the end of the first year and decreasing by $1,000 
each year over 10 years? Interest is 7% compounded annually. 

2.55 The maintenance expense on a machine is expected to be $5,000 during the 
first year and to increase $500 each year for the following ten years. What 
present sum of money should be set aside now to pay for the required main
tenance expenses over the ten-year period? (Assume 8% compound interest 
per year.) 
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2.56 Consider the cash flow series given in the accompanying table. What value of C 
makes the deposit series equivalent to the withdrawal series at an interest rate 
of 6% compounded annually? 

0 2 3 4 

5C 
3C ~C/}. 

2C -1-- ,( I 
C -1- A I I 

- I I I A I I I I 
5 I I I I I 

6 7 8 9 10 

Geometric-Gradient Series 
2.57 Matt Christopher is a 30-year-old mechanical engineer, and his salary next year 

will be $80,000. Matt expects that his salary will increase at a steady rate of 6% 
per year until his retirement at age 60. If he saves 10% of his salary each year 
and invest these savings at an interest rate of 8%, how much will he have at his 
retirement? 

2.58 Suppose that an oil well is expected to produce 12, 00,000 barrels of oil during 
its first production year. However, its subsequent production (yield) is expected 
to decrease by 9% over the previous year's production. The oil well has a 
proven reserve of 10,500,000 barrels. 
(a) Suppose that the price of oil is expected to be $120 per barrel for the next six 

years. What would be the present worth of the anticipated revenue trim at 
an interest rate of 10% compounded annually over the next six years? 

(b) Suppose that the price of oil is expected to start at $120 per barrel during 
the first year, but to increase at the rate of 3% over the previous year's price. 
What would be the present worth of the anticipated revenue stream at an 
interest rate of 10% compounded annually over the next seven years? 

2.59 A city engineer has estimated the annual toll revenues from a proposed high
way construction project over 20 years as follows: 

A,. = ($2,000,000)(n)(l.06t- 1 

n = 1.2 •... ,20. 

To determine the amount of debt financing through bonds, the engineer was 
asked to present the estimated total present value of toll revenue at an interest 
rate of 6%. Assuming annual compounding, find the present value of the esti
mated toll revenue. 

2.60 What is the amount of 10 equal annual deposits that can provide five annual 
withdrawals, when a first withdrawal of $3,000 is made at the end of year 11 and 
subsequent withdrawals increase at the rate of 6% per year over the previous 
year's rate if 
(a) the interest rate is 8% compounded annually? 
(b) the interest rate is 6% compounded annually? 



2.61 You are planning to save $1 million for retirement over the next 30 years. 
(a) If you are earning interest at the rate of 6% and you live 20 years after 

retirement, what annual level of living expenses will those savings support? 
(b) Suppose your retirement living expenses will increase at an annual rate of 

3% due to inflation. Determine the annual spending plan in line with your 
inflation. 

Equivalence Calculations 

2.62 What value of C makes the two cash flows equal? Assume i = 12%. 
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2.63 Find the present worth of the cash receipts in the accompanying diagram if i = 
8% compounded annually, with only four interest factors. 
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2.64 In computing the equivalent present worth of each given cash flow series at 
period zero, which of the following expressions is incorrect? 
(a) P=$500(P/A, i, 4)(PIF, i, 4). 
(b) P = $500(FIA, i, 4)(PIF, i, 7). 
(c) P= $500(PIA, i, 1)-$100(PIA, i, 3). 
(d) P = $500[(P/F, i, 4) + (P/F, i, 5) + (PIF, i, 6) + (PIF, i, 7)]. 
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2.65 Find the equivalent present worth of the cash receipts in the accompanying 
diagram, where i = 8% compounded annually. In other words, how much do 
you have to deposit now (with the second deposit in the amount of $600 at the 
end of the first year) so that you will be able to withdraw $300 at the end of the 
second year through the fourth year, and $800 at the end of the fifth year, where 
the bank pays you 8% annual interest on your balance? 

$800 
$600 $600 $600 
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I Years I 
I 
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2.66 What value of A makes the two annual cash flows shown in the following 
diagram equivalent at 12% interest compounded annually? 
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2.67 The two cash flow transactions shown in the accompanying cash flow diagram 
are said to be equivalent at 8% interest compounded annually. Find the 
unknown X value that satisfies the equivalence. 
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2.68 State the value of C that makes the following two cash flow transactions 
economically equivalent at an interest rate of 12%: 

$100 $100 

$50 $50 
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2.69 From the following cash flow diagram, find the value of C that will establish 
economic equivalence between the deposit series and the withdrawal series at 
an interest rate of 8% compounded annually. 

$6,000 $6,000 $6,000 
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2.70 The following equation describes the conversion of a cash flow into an equiva
lent equal-payment series with N = 10: 

A = [1000 + 20(A/G, 8%, 7)] 

x (PI A, 8%, 7)(A IP, 6%, 10) 

+[300(F/A, 8%, 3) - 1500] (A/ F, 8%, 10). 

Given the equation, reconstruct the original cash flow diagram. 

2.71 Consider the following cash flow diagram. What value of C makes the inflow series 
equivalent to the outflow series at an interest rate of 10% compounded annually? 
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2.72 Four years ago, you opened a mutual fund account and made three deposits 
($100 four years ago, $X three years ago, and $200 a year ago) where you 
earned varying interest rates, according to the diagram that follows. Today 
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your balance shows $800. Determine the amount of the deposit made three 
years ago ($X). 

F= $800 

4% 6% 8% 10% 

-4 I -3 I -2 -1 0 
I I 
I I 
I I 

$100 y y 
x x $200 

2.73 A father decides to establish a savings account for his child's college education 
on the day his baby is born. Any money put into the account will earn an inter
est rate of 10% compounded annually. The father will make a series of annual 
deposits in equal amounts from the 1st birthday through the 18th birthday 
so that the child can make four annual withdrawals from the account in the 
amount of $25,000 on each of his 18th, 19th, 20th, and 21st birthdays. Assuming 
that the first withdrawal will be made on the child's 18th birthday, calculate the 
required annual deposit A. 

2.74 Find the value of X such that the two cash now transactions are economically 
equivalent at 12% compounded annually. 

$800 $800 $800 $800 $800 $800 
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2.75 What single payment at the end of year 5 is equivalent to an equal annual series 
of payments of $1200 beginning at the end of year 3 and ending at the end of 
year 12? The interest rate is 10% compounded annually. 

I 
0 5 12 



2.76 You borrowed $5,000 to finance your educational expenses at the beginning of 
your junior year of college at an interest rate of 8% compounded annually. You 
are required to pay off the loan with five equal annual installments, but the first 
payment will be deferred until your graduation. Determine the value of C, the 
amount of annual payments. 
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2.77 Consider the accompanying cash flow series at varying interest rates. What is 
the equivalent present worth of the cash flow series? 
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Solving for an Unknown Interest Rate 

$1,200 $1,200 

8% 6% 

3 4 

2.78 It is said that a lump-sum amount of $50,000 at the end of five years is equiva
lent to an equal-payment series of $5,000 per year for 10 years, where the first 
payment occurs at the end of year 1. What earning interest is assumed in this 
calculation? 

2.79 At what rate of interest compounded annually will an investment double in 
five years? Find the answers by using (1) the exact formula and (2) the Rule 
of 72. 

2.80 Determine the interest rate i that makes the pairs of cash flows shown in the 
following diagrams economically equivalent. 

Problems 109 



110 CHAPTER 2 Time Value of Money 
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2.81 You have $10,000 available for investment in stock. You are looking for a 
growth stock that can grow your investment to $35,000 over five years. What 
kind of growth rate are you looking for? 

2.82 Recently, a suburban Chicago couple won Powerball, a multistate lottery game. 
The game had rolled over for several weeks, so a huge jackpot was at stake. 
Ticket buyers had the choice between a single lump sum of $104 million or a 
total of $198 million paid out over 25 years (or $7.92 million per year and the 
payment is made immediately) should they win the game. The winning couple 
opted for the lump sum. At what interest rate will these two payment options 
be equivalent? 

Short Case Studies with Excel 
2.83 The state of Florida sold a total of $36.1 million worth of lottery tickets at $1 each 

during the first week of January 2011. As prize money, a total of $41 million will 
be distributed over the next 21 years ($1,952,381 at the beginning of each year). 
The distribution of the first-year prize money occurs now, and the remaining 
lottery proceeds are put into the state's educational reserve funds, which earn 
interest at the rate of 6% compounded annually. After the last prize distribution 
has been made (at the beginning of year 21 ), how much will be left in the reserve 
account? 

2.84 A newspaper headline reads, "Millionaire Babies: How to Save Our Social 
Security System." It sounds a little wild, but the concept expressed in the title 
of this newspaper headline probably refers to an economic plan proposed by a 
member of Congress. Senator Bob Kerrey (D-Nebraska) has proposed giving 
every newborn baby a $1,000 government savings account at birth, followed 
by five annual contributions of $500 each. (Kerrey offered this idea in a speech 
devoted to tackling Social Security reform.) If the funds are left untouched in 
an investment account, Kerrey says, then by the time each baby reaches age 65, 
his or her $3,500 contribution will have grown to $600,000 over the years, even 
at medium returns for a thrift-savings plan. At about 9.4% compounded annu
ally, the balance would grow to be $1,005,132. (How would you calculate this 
number?) Since about 4 million babies are born each year, the proposal would 
cost the federal government $4 billion annually. About 90% of the total annual 
Social Security tax collections of more than $300 billion is used to pay current 
beneficiaries, making Social Security one of the largest federal programs in 



dollar expenditure. The remaining 10% is invested in interest-bearing govern
ment bonds that finance the day-to-day expenses of the federal government. 
Discuss the economics of Senator Bob Kerrey's Social Security savings plan. 

2.85 In 2011, Kevin Jones, Texas Tigers quarterback, agreed to an eight-year, $50 mil
lion contract that at the time made him the highest-paid player in professional 
football history. The contract included a signing bonus of $11 million and called 
for annual salaries of $2.5 million in 2011, $1.75 million in 2012, $4.15 million in 
2013, $4.90 million in 2014, $5.25 million in 2015, $6.2 million in 2016, $6.75 mil
lion in 2017, and $7.5 million in 2018. The $11 million signing bonus was prorated 
over the course of the contract so that an additional $1.375 million was paid each 
year over the eight-year contract period. With the salary paid at the beginning of 
each season, what is the worth of his contract at an interest rate of 6%? 
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Understanding Money 
Management 
How Do You Manage Your Credit Card Debt? Most 

college students carry at least one or two credit cards so that they 
may purchase necessary items. However, shockingly few realize the 

consequences of making only the required minimum payments on 

their credit card balances. 1 

DISC ¥ER 
NETWORK 

Let's say Jo hn and Jane each have $2,000 in debt on their credit 
cards, which require a minimum payment of 3%, or $ 10, whichever is 
higher. Both are strapped for cash, but Jane manages to pay an extra 

$10 on top of her minimum monthly payments. John pays only the mini
mum. Every month, John and Jane are charged a 20% annual percentage 

rate (APR) on each card's outstanding balance. So, when John and Jane 
make payments, part of those payments goes to paying interest and 
part goes to the principal. 

1 " Unders ta nding Credit Card I me res t," May 20, 2011, lnvcs to pcclin.com. www.invcstopccl ia. 
com/article/O I /06 130 I.asp. 



• John pays $4,240 in total over I 5 years to absolve the $2,000 in credit 
card debt. The interest that John pays over the I 5 years totals $2,240, 
higher than the original credit card debt. 

• Since Jane paid an extra $ 10 a month, she pays a total of $3,276 over 
seven years to pay off the $2,000 in credit card debt. Jane pays a total of 
$ 1.276 in interest. 

The extra $ 10 a month saves Jane almost $ 1,000 and cuts her repay
ment period by more than seven years! Every little bit counts. Paying twice 
your minimum. or more, can drastically cut down the time it takes to pay off 
the balance, which in turn leads to lower interest charges. 

However, as we will see soon, rather than pay the minimum due or even 
just a little more than the minimum, it is best simply not to carry a balance 
at all. Clearly. credit cards are an important part of our day-to-day lives, 
which is why it is critical for consumers to truly understand the effect of 
that interest o n the m. As you can see in the following table .2 the credit card 
inte rest rates vary with creditworthiness-the more creditworthy you are, 
the lower the interest rate is. 

CrcclitC:mls.co111 's Weekly Rate Report 

An. APR Lust week 6 month' a~o 

National avl.! ragt.: 14.9 1% 14.9 1% 14.7 1% 

Low i111ert.:s t 10.73% 10.73% 11 .98% 

Balance transfer 12.78% 12.78% 12.88'}h 

Business 13.07°,.'c, 13.07% 12 .9 1% 

Student 13.77% 13.77% 13.3 1% 

Cash back 14. 16% 14. 16'Yo 12.48% 

Airline 14.31% 14.31% 14.24% 

Reward 1-t.51% 14.51% 14.35°:. 

l n•.tant apprO\ al 15.99% 15.99°fi 15.99% 

Bad credit 24.96% 24.96% 24.95°0 

Sourn•: Crl.!ditCard'>.com (July 14. 2011 ). 

: Kate Tomasino. "Rate Sun·cy: Credit Card APRs Stay at Record High.'' CrcditCard>.com. 
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C
an you explain the meaning of a 20% annual percentage rate (APR) quoted 
by the credit c.ird company? And how the credit card company calculates the 
interest payment? In this chapter. we wiU conside r several concepts crucial 
10 managing money. In Chapter 2, we examined how time affects the value 

of money and developed various int erest formulas for these calculations. Using these 
basic formulas, we will now extend the concept of equivalence to determine interest 
rates implicit in many financial contracts. To this end. we will introduce several ex
amples in the area of loan transactions. For instance. many commercial loans require 
interest to compound more frequently than once a year-be it monthly or daily. To ap
preciate the effects of more frequent compounding. we must begin with an understand
ing of the concepts of nominal and effective interest. 

iJI] Market Interest Rates 
In Chapter 2, the marke t interest ra\C is defined as the interest rate established by the 
fin ancial marke t, such as banks and financial institutions. ll1is interest rate is supposed 
to rencct any anticipated changes in earning power as well as purchasing power in the 
economy. In 1his section, we will review the nature of this interest rate in more de tail. 

3. 1.1 Nomi nal Interest Rates 
Take a closer look al the billing sin tement for any credit card or the loan contract for 
a newly financed car. You should be able to find the interest that the bank charges on 
your unpaid balance. Even if a financial institution uses a unit of time other than a 
yenr- for example, a month or a quarte r- when calculating interest payments, the in
stitution usually quotes the int erest rate on an annual basis. Many banks, for example, 
stale the interest arrangemcnl for credit cards in the following manner: 

"18% compounded monthly." 

This sta tement means simply that each month the bank will cha rge 1.5% inte rest 
( 12 momhs pe r year X 1.5% per month = 18% per year) on the unpaid balance. 
As shown in Figure 3.1 , we say tha t 18% is the nominal int erest rate or annual 

18% Compounded Monthly 

I "'\ 

Figure 3.1 Rcla1ionship between A PR and interest period 
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percentage rate (APR) and that the compounding frequency is monthly (12 times 
per year). 

Although APR is commonly used by financial institutions and is familiar to many 
customers, the term docs not explain precisely the amount of interest that will accu
mulate in a year. To explain the true effect of more frequent compounding on annual 
interest amounts. we will introduce the term effective interest mte, commonly known as 
tmmwl effective yield, or annual percentage yield (APY). 

3. 1.2 Annual Effective Yields 
1nc nnnual cfTecth·e yield (or effective annual interest rate) is the one rate that truly 
represents the interest earned in a year. On a yearly basis, you are looking for a cu
mulative ~a te- l.5 % each month for 12 times. This cumulative rate predicts the actual 
interest pt\ymcnt on your outstanding credit card balance. 

We c uld calculate the total annual interest payment for a credit card debt of 
$1,000 by using the future value formula given in Eq. (2.3). £f P = $ 1,000, i = 1.5%, 
and N = 12, we obtain 

F = P( l + it 
= $1,000(1 + 0.015)12 

= $1,195.62. 

In effect, the bank is earning more than 18% on your original credit card debt. rn fact. 
since you arc paying $195.62, the implication is that. for each dollar owed, you arc 
paying an equivalent annual interest of 19.56 cents. In terms of an effective annual 
interest rate (i0 ) . the interest payment can be rewritten as a percentage of the princi
pal amount: 

i0 = $195.62/ $1,000 = 0.19562 or 19.562% . 

In other words, paying 1.5% interest per month for 12 months is equivalent to paying 
19.56% interest just one time each year. This relationship is depicted in Figure 3.2. 

Table 3. 1 shows effective interest rates at various compounding intervals for 
4%-12°/o APRs. Depending on the frequency of compounding, the effective interest 
earned (or paid by the borrower) can differ significantly from the APR. Therefore, 

• APR = 18% 
• I ntcrest period = 

month 
• 1.5% per month 
• 12 Interest 

periods per year 

• APY = 19.56% 
• Interest period = 

annual 

Figure 3.2 Relationship between nominal and effective interest rates 
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TABLE 3.1 Annual Effective Yields at Various Compounding Intervals 

4% 4.00o/o 4.04% 4.06% 4.07% 4.08% 

5% 5.00% 5.06% 5.09% 5.12% 5.13% 

6% 6.00% 6.09% 6.14% 6.17% 6.18% 

7% 7.00% 7.12% 7.19% 7.23% 7.25% 

8% 8.00% 8.16% 8.24% 8.30% 8.33% 

9% 9.00% 9.20% 9.31% 9.38% 9.42% 

10% 10.00% 10.25% 10.38% 10.47% 10.52% 

11% 11.00% 11.30% 11.46% 11.57% 11.63% 

12% 12.00% 12.36% 12.55% 12.68% 12.75% 

truth-in-lending laws 3 require that financial institutions quote both nominal and effect
ive interest rates when you deposit or borrow money. 

More frequent compounding increases the amount of interest paid over a year at 
the same nominal interest rate. Assuming that the nominal interest rate is rand that M 
compounding periods occur during the year, the annual effective yield ia can be calcu
lated as follows: 

ia = (1 + ~)M - 1. (3.1) 

When M = 1, we have the special case of annual compounding. Substituting 
M = 1 into Eq. (3.1) reduces it to ia = r. That is, when compounding takes place once 
annually, effective interest is equal to nominal interest. Thus, in most of our examples 
in Chapter 2, where only annual interest was considered, we were, by definition, using 
annual effective yields. 

BIMPILE J.E Determining a Compounding Period 

Consider the following bank advertisement that appeared in a local newspaper: 
"Open a Liberty Bank Certificate of Deposit (CD) and get a guaranteed rate 

of return on as little as $500. It's a smart way to manage your money for months." 
In this advertisement, no mention is made of specific interest compounding 

frequencies. Find the compounding period for each CD. 

3 The Truth in Lending Act (TILA), passed in 1968, is a federal law that regulates the credit market 
and sets minimum standards for the information that a creditor must provide in an installment credit 
contract. 



I-Year Certificate 

2-Year Certificate 

3-Year Certificate 

4-Year Certificate 

5- to IO-Year 
Certificates 

DISSECTING THE PROBLEM 

METHODOLOGY 
Method/: By Trial and Error. 

Method 2: Using an Excel 
Function. 

2.23% 

3.06% 

3.35% 

3.45% 

4.41% 

2.25% 

3.10% 

3.40% 

3.50% 

4.50% 
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$500 

$500 

$500 

$500 

$500 

Given: r = 4.41 % per year, i0 = 4.50%. 
Find: M. 

- - ---~---~-----·---·- ----~ 

SOLUTION 
First, we will consider the 5-to-10-year CD. The nominal interest rate 
is 4.41 % per year, and the effective annual interest rate (or APY) is 
4.50%. Using Eq. (3.1 ), we obtain the expression 

0.0450 = ( 1 + 0.0441 IM)·~' - 1. 

By trial and error, we find that M = 12. Thus, the 5-to-10-year CD 
earns 4.41 % interest compounded monthly. Similarly, we can find that 
the interest periods for the other CDs are monthly as well. 

We can also find the compounding period in much quicker way using 
one of the following financial functions in Excel. 

Effective rate "=EFFECT(r,M)" 
Nominal rate "=NOMINAL{i0 ,M)" 

Taking the 5-to-10-year CD example, we create a worksheet where 
Cell B3 is a function of M (Cell B4). We vary the value in B4 until we 
see a close match to the published APY. 

2 Annual percentage rate (r) 0.0441 

3 Effective annual rate (i0 ) 0.045002 

4 Number of compounding 12 
periods per year (M) 

5 
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DE Calculating Effective Interest Rates 
Based on Payment Periods 

We can generalize the result of Eq. (3.1) to compute the effective interest rate for any 
duration of time. As you will see later, the effective interest rate is usually computed ac
cording to the payment (transaction) period. We will look into two types of compound
ing situations: (1) discrete compounding and (2) continuous compounding. 

3.2.1 Discrete Compounding 
If cash flow transactions occur quarterly but interest is compounded monthly, we may 
wish to calculate the effective interest rate on a quarterly basis. In this case, we may 
redefine Eq. (3.1) as 

where 

i = (1 + r/ Mf - 1 

= (1 + r I CKf - I. 

M = the number of interest periods per year, 
C = the number of interest periods per payment period, and 
K = the number of payment periods per year. 

Note that M = CK in Eq. (3.2). 

(3.2) 

EXAMPLE 3.2 Effective Rate per Payment Period 

Suppose that you make quarterly deposits into a savings account that earns 8% 
interest compounded monthly. Compute the effective interest rate per quarter. 

DISSECTING THE PROBLEM 

METHODOLOGY 
Method I: Calculate the Effective biter
est Rate Based 011 the Payment Period. 

Given: r = 8% per year, C = 3 interest periods per quarter, K = 4 
quarterly payments per year, and M = 12 interest periods per year. 
Find: i. 

SOLUTION 
Using Eq. (3.2), we compute the effective interest rate per quar
ter as 

j = (1 + 0.08/12)3 - 1 

= 2.0134%. 
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Method 2: Calc11lme the Effective hiter e.\'I 

Rate per Paymem Period Using £reel 
Using Excel. 

A 

I Inputs 

2 

3 (r) APR (%) 

4 ( K) Payment periods per year 

5 ( C) Int erest periods per 
payment period 

6 Output 

7 (M) Compounding periods 
per year 

8 (i) Effective interest rate per 
payment period 

9 

I 
COMMENTS: 111e annual effective interest rate i11 is ( I + 0.020 L3)4 

- I = 8.30% . 
For the special case of annual payme nts with annual compounding, we obtain i = i11 

wit h C = M and K = l. Figure 3.3 illustrates the relationship between the nominal 
and e ffective interest ra tes per payme nt period. 

Case I: S% compounJcd month!) 

) SI Q 

Payment Period = Oua1 tcrl~ 
lnten:~t Period = 'I 11 11\ 

4thQ 

'---y---1 
3 interest period> 

Given: r - 8'r : 
I\ - -1 quarterly payments per yea r: 
C - 3 intcrc\t period> per quarter: 
M - 12 intcre\I periods per year. 

i = [ l + r /CJ\IC I 
I 1 + 0.08/(3)(4) [·1 - I 

- 2.0 13% per quarter. 

Figure 3.3 Computing the effective interest rate 
per quarter 

3.2.2 Continuous Compound ing 
To be compet itive in the financial market. or to en tice poten tial depositors. some 
financial institutions offer more frequent compounding.As the number or compounding 
period~ (M) becomes very large. the interest rate per compounding period (r/M) 

B 

8% 

4 

3 

12 

2.013-t % 
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becomes very small. As M approaches infinity and r/M approaches zero, we approxi
mate the situation of continuous compounding. 

By taking limits on the right side of Eq. (3.2), we obtain the effective interest rate 
per payment period as 

i =Ji~[ (1 + r/CKf - 1] 
=c~!!!..(l + r/CKf - 1 

= V)'IK - 1. 

In sum. the effective interest rate per payment period is 

j = (e)'IK - 1. (3.3) 

To calculate the effective a11111wl interest rate for continuous compounding. we set 
K equal to 1, resulting in 

i., = e' - 1. (3.4) 

As an example, the effective annual interest rate for a nominal interest rate of 12% 
compounded continuously is i., = e0·12 - 1 = 12.7497%. 

EXAMPLE 3.3 Calculating an Effective Interest Rate 

Find the effective interest rate per quarter at a nominal rate of 8% compounded 
(a) weekly, (b) daily, and (c) continuously. 

DISSECTING THE PROBLEM 

METHODOLOGY 
Calculate the effective interest rate, 
altering the period value. 

Given: r = 8% per year, K = 4 payments per year. 
Find: i per quarter. 

SOLUTION 
(a) Weekly compounding: 

With r = 8%, M = 52, and C = 13 periods per quarter, we 
have 

i = (1 + 0.08/52) 13 
- 1 

= 2.0186% per quarter. 

Figure 3.4 illustrates this result. 

Case 2: 1''; compt1unch:d wc..:kl~ 

!•IQ 

Payment Period = Quarterly 
Interest Period = Wed. I\ 

'-----y---1 
13 interest periods 

Figure 3.4 Effective interest rate per payment 
period: quarterly payments with weekly compounding 
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(b) Daily compounding: 

With r = 8%, M = 365, and C = 91.25 per quarter, we have 

; = (1 + 0.08/365)9 .. 25 - 1 

= 2.0199% per quarter. 

(c) Continuous compounding: 

With r = 8%, M - oo, c- oc, and K = 4 using Eq. (3.3), we 
obtain 

; = e1l.08
/
4 

- 1 = 2.0201 % per quarter. 

COMMENTS: Note that the difference between daily compounding and continuous 
compounding is often negligible. Many banks offer continuous compounding to en
tice deposit customers, but the extra benefits are small. Table 3.2 summarizes the 
varying effective interest rates per payment period (quarterly, in this case) under 
various compounding frequencies. 

TABLE 3.2 Effective Interest Rates per Payment Period 

ln1erest 8% 8% 8'if- 8% 8% 
Rate compounded compounded compounded compounded compounded 

quarterly monlhly weekly daily continuously 

Payment Payments Payments Payments Payments Payments 
Period occur occur occur occur occur 

quarterly quarterly quarterly quarterly quarterly 

Effective 2.000% per 2.013% per 2.0 J 86'7c per 2.0199% per 2.0201% per 
Interest quarter quarter quarter quarter quarter 
Rate per 
Payment 
Period 

ml Equivalence Calculations with Effective Interest Rates 
When calculating equivalent values, we need to identify both the interest period and 
the payment period. If the time interval for compounding is different from the time 
interval for cash transaction (or payment), we need to find the effective interest rate that 
covers the paymelll period. We illustrate this concept with specific examples. 

3.3.1 Compounding Period Equal to Payment Period 
All examples in Chapter 2 assumed annual payments and annual compounding. 
Whenever a situation occurs where the compounding and payment periods are equal 
(M = K), no matter whether the interest is compounded annually or at some other 
interval, the following solution method can be used: 
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1. Identify the number of compounding (or payment) periods (M = K) per year. 
2. Compute the effective interest rate per payment period; that is, 

i = (1 + r/M)c - 1 

= r/M(with C = 1). 

3. Determine the number of payment periods: 

N = M x (number of years). 

4. Use i and Nin the appropriate formulas in Table 2.11. 

EXAMPLE 3.4 Calculating Auto Loan Payments 

Suppose you want to buy a car. You have surveyed the dealers' newspaper advertise
ments, and the one in Figure 3.5 has caught your attention. You can afford to make a 
down payment of $2,678.95, so the net amount to be financed is $20,000. 

(a) What would the monthly payment be? 
(b) After the 25th payment, you want to pay off the remaining loan in a lump

sum amount. What is this lump sum? 

• 8.5% Annual Percentage Rate! 
48 month financing on all Mustangs 
in stock. 60 10 choose from. 

• ALL READY FOR DELIVERY! 
Prices s1arting as low as $21.599. 

• You jusl add sales lax and 1 % for 
dealer's freighl. We will pay the tag. 
title. and license. 

• Add 4% sales tax= $863.96 
•Add 1%dealer'sfreight=$215.99 ~ 
•Total purchase price= IS22,678.9SI 

Figure 3.5 Financing an automobile 



DISSECTING THE PROBLEM 

The advertisement does not specify a 
compounding period, but in automobile 
financing, the interest and the payment 
periods are almost always monthly. 

In the second part of the example, we 
need to calculate the remaining balance 
after the 25th payment. 

METHODOLOGY 

Step 1: In this situation, we can easily 
compute the monthly payment by using 
Eq. (2.9). The 8.5% APR means 8.5% 
compounded monthly. 

-~-.... ________________ --~ ~-·----

Step 2: We can compute the amount you 
owe after you make the 25th payment by 
calculating the equivalent worth of the 
remaining 23 payments at the end of the 
25th month, with the time scale shifted 
by 25 months. 
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Given: P = $20,000, r = 8.5% per year, K = 12 payments 
per year, N = 48 months, and C = 1, and M = 12. 

Find: A. 

Given: A = $492.97, i = 0.7083%, and N = 23 months. 

Find: Remaining balance after 25 months (825). 

I SOLUTION 

. ( 0.085)
1 

1 = 1 + """12" - 1 = 0.7083% per month 

and 

N = (12)(4) = 48months, 

we have 

A = $20,000(A/ P, 0.7083%, 48) = $492.97. 

Figure 3.6 shows the cash flow diagram for this part of the 
example. 

t 
$20,000 

Months 
I 2 3 4 

O I I I I 

t t t t 
A 

48 
I I I I 

t t t t 

Figure 3.6 Cash flow diagram for part (a) 

The balance is calculated as follows: 

825 = $492.97(P I A, 0.7083%, 23) = $10,428.96. 

So, if you desire to pay off the remainder of the loan at the 
end of the 25th payment, you must come up with $10,428.96, 
in addition to the payment for that month of $492.97. 
(See Figure 3.7.) 
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Suppose you want to pay off the remaining loan in a 
lump sum right after making the 25•h payment. How 
much would this payoff amount be? 

r-m~--:=.;J~BI) 
I Q ~',·i''," -'1/"•,!\" •.',/j 
I 11/\1 1 (~1~.i.;~~;·:-,il,' J ' ' ,,. ' '1 l \ ______ ~"J~·~7 ______ I ', '$492.ifJ· ,,"'.°: 1/ty 

25 payments that were I 23 payments that arc 
already made T still outstanding 

P = $492.97 (PIA, 0.7083%, 23) 
= $10,428.96. 

Figure 3.7 Process of calculating the remaining 
balance of the auto loan 

3.3.2 Compounding Occurs at a Different Rate than 
That at Which Payments Are Made 

The computational procedure for dealing with compounding periods and payment pe
riods that cannot be compared is as follows: 

1. Identify the number of compounding periods per year (M), the number of pay
ment periods per year (K), and the number of interest periods per payment 
period (C). 

2. Compute the effective interest rate per payment period: 

• For discrete compounding, compute 

i = (1 + r/ Mf - 1. 

• For continuous compounding, compute 

; = erfK _ 1. 

3. Find the total number of payment periods: 

N = K x (number of years). 

4. Use i and Nin the appropriate formulas in Table 2.11. 
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EXAMPlE J.S Compounding Occurs More Frequently 
than Payments Are Made 

Suppose you make equal quarterly deposits of $1,000 into a fund that pays interest 
at a rate of 12% compounded monthly. Find the balance at the end of year 3. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Method /: Noncomparab/e Com
pounding and Paymelll Periods 

We follow the procedure for noncom
parable compounding and payment 
periods, as described previously. 

Given: A = $1,000 per quarter, r = 12% per year, M = 12 com
pounding periods per year, N = 12 quarters, and the cash flow dia
gram in Figure 3.8. 

Find: F. 

Figure 3.8 Cash flow diagram 

SOLUTION 

1. Identify the parameter values for M, K, and C, where 

M = 12 compounding periods per year, 
K = 4 payment periods per year, and 
C = 3 interest periods per payment period. 

2. Use Eq. (3.2) to compute effective interest: 

; = (1 + 0.12/12)3 - 1 

= 3.030% per quarter. 

3. Find the total number of payment periods, N, where 

N = K(number of years) = 4(3) = 12 quarters. 

4. Use i and Nin the appropriate equivalence formulas: 

Method 2: Excel Workslieet -1 ·-~-. 
Table 3.3 illustrates the process of : 

F = $1,000(F/A, 3.030%, 12) = $14,216.24. 

obtaining the future worth of the 
quarterly payment series in Excel 
format. 
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TABLE 3.3 An Excel Worksheet to Illustrate the Process of Accumulating 
the Future Worth 

A B CD E F G 

1 Equal-Payment Cash Flows (Future Worth) 

16 0 $0.00 $0.00 : 
17 (1,000.00) $1,000.00; ; 
18 2 (1.000.00) $2,030.30 .••.. 
19 3 (1,000.00) $3,091.82 .·.· 
20 4 (1.000.00) $4,185.51 
21 5 (1,000.00) $5,312.33 
22 6 (1,000.00) $6,473.30 
23 7 (1,000.00) $7,669.45: 
24 8 (1,000.00) $8,901.84 I 
25 9 (1,000.00) $10,171.57. 
26 10 (1,000.00) $11,479.78 
27 11 (1,000.00) $12,827.63 
28 12 (1,000.00) $14,218.32 
29 
30 

COMMENTS: Appendix B does not provide interest factors for i = 3.030%, but the 
interest factor can still be evaluated by F = $1,000(A/F, 1%, 3)(F/A, 1%, 36), 
where the first interest factor finds its equivalent monthly payment and the sec
ond interest factor converts the monthly payment series to an equivalent lump-sum 
future payment. If continuous compounding is assumed, the accumulated balance 
would be $14,228.37, which is about $12 more than the balance for the monthly com
pounding situation. (See Figure 3.9.) 

Figure 3.9 Equivalence 
calculation for continuous 
compounding 

,+. F=? 

Year 1 . Year 2 Year 3 : 
1 2 3 4 S 6 7 8 9 JO 11 I . 

f f f f f f f f f f f ~ 12 
Quarters 

A= $1,000 

Step 1: K = 4 payment periods/year; 
C = x interest periods per quarter. 

Step 2: ; = e0.1214 - 1 
= 3.045% per quarter. 

Step 3: N = 4(3) = 12. 
Step 4: F = $1,000 (FIA. 3.045%, 12) 

= $14,228.37. 
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EXAMPLE 3.6 Equivalence Calculations with Changing 
Interest Rates 

Compute the future worth (F) for the cash flows with the different interest rates 
specified in Figure 3.10. The cash flows occur at the end of each year over four years. 

DISSECTING THE PROBLEM 

METHODOLOGY 
Calculate the effective interest rates 
per payment period, altering the nomi
nal interest rate. Then, calculate the bal
ance at the end of each deposit period. 

Given: r 1 = 8% per year, r2 = 6% per year, N = 4 years, and 
payment period= annual. 

Find: F. 

' 8% Compounded--• : 6% Compounded 
annually 1 monthly 

I 
I 
I 
I 

0 2 3 

l $150 

$450 

F=? 

+ I 
I 
I 
I 
I 
I 
4 

$450 

Figure 3.10 Cash flow diagram for a deposit series with 
changing interest rates 

SOLUTION 
(a) Years 0-2: 

With r 1 = 8%, M = l,and C= 1, we have 

i = ia = (1 + 0.08/1)1 
- 1 = 8% per year. 

The balance at the end of year 2 is 

B2 = $450(F/P,8%,2) + $150 = $674.88. 

(b) Years 2-4: 

With r2 = 6%, M = 12, and B2, we have 

i = ia = (1 + 0.06/12)12 - 1 

= 6.168% per year. 

The balance at the end of year 4 will be 

F = B4 = $674.88(F IP, 6.168%, 2) + $450 

= $1,210.70. 
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ml Debt Management 
Credit card debt and commercial loans are easily among the most significant and fa
miliar financial obligations that involve interest. Many types of loans are available, but 
here we will focus on those most frequently used by individuals and in business. 

3.4.1 Borrowing with Credit Cards 
When credit cards were introduced in 1959, they offered people the ability to handle 
their personal finances in a dramatically different way. From a consumer's perspective, 
your ability to use credit cards means that you do not have to wait for a paycheck to 
reach the bank before you can make a purchase. Most credit cards operate on revolv
ing credit. With revolving credit, you have a line of borrowing that you can tap into at 
will and pay back as quickly or slowly as you want-as long as you pay the minimum 
required each month. 

Your monthly bill is an excellent source of information about what your card re
ally costs. Four things affect your card-based credit costs: the annual fees, the finance 
charges, the grace period, and the method of calculating interest. In fact, there are three 
different ways to compute interest charges, as summarized in Table 3.4. The average
daily-balance approach is the most common. 

TABLE 3.4 Methods of Calculating Interests on Your Credit Cards 

Adjusted Balance 

Average Daily 
Balance 

Previous Balance 

The bank subtracts the amount of 
your payment from the beginning 
balance and charges you interest on 
the remainder. This method costs 
you the least. 

The bank charges you interest on 
the average of the amount you owe 
each day during the period. So, the 
larger the payment you make, the 
lower the interest you pay. 

The bank does not subtract any 
payments you make from your 
previous balance. You pay interest 
on the total amount you owe at 
the beginning of the period. This 
method costs you the most. 

With a $1,000 payment, your new balance 
will be $2,000. You pay t5% interest for the 
month on this new balance, which comes out to 
(1.5%)($2,000) = $30. 

With a $1,000 payment on the 15th day, your 
balance reduced to $2,000. Therefore, the interest 
on your average daily balance for the month will be 
(1.5%)($3,000 + $2,000)/2 = $37.50. 

The annual interest rate is 18% compounded 
monthly. Regardless of your payment amount, the 
bank will charge 1.5% on your beginning balance of 
$3,000. Therefore, your interest for the month will be 
(1.S %) ($3,000) = $45. 
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EXAMPLE 3.7 Paying Off Cards Saves a Bundle 

Suppose that you owe $2,000 on a credit card that charges 18% APR and you pay 
either the minimum 10% or $20, whichever is higher, every month. How long will 
it take you to eliminate the debt? Assume that the bank uses the previous-balance 
method to calculate your interest, meaning that the bank does not subtract the 
amount of your payment from the beginning balance but charges you interest on 
the previous balance. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Use Excel to calculate the number 
of payments. 

- ---------·"·······-------------------

Given: APR = 18% (or 1.5% per month), beginning balance= 
$2,000, and monthly payment = 10% of outstanding balance or $20, 
whichever is higher. 

Find: The number of months to pay off the loan, assuming that no 
new purchases are made during this payment period. 

SOLUTION 

With the initial balance of $2,000 (n = 0), the interest for the first 
month will be $30 (=$2,000(0.015)), so you will be billed $2,030. 
Then you make a $203 payment (10% of the outstanding balance), 
so the remaining balance will be $1,827. At the end of the second 
month, the billing statement will show that you owe the bank the 
amount or $1,854.41 of which $27.41 is interest. With a $185.44 pay
ment, the balance is reduced to $1,668.96. This process repeats until 
the 26th payment. For the 27th payment and all those thereafter, 
10% of the outstanding balance is less than $20, so you pay $20. As 
shown in Table 3.5, it would take 37 months to pay off the $2,000 
debt with total interest payments of $330.42. 

In developing the Excel worksheet in Table 3.5, you may use 
a nested IF function, one of Excel's most useful functions. What it 
does is test to see whether a certain condition is true or false. In our 
example, the values in column E are obtained by using the nested IF 
function. For example, to calculate the value in Cell E6, the IF logic 

~ function looks like 

= IF(D6*0.1>20, 06*0.l, IF(F5<20, 06, 20)) 

i The reason why you need a nested IF function is to avoid the situ
ation where you do not want to pay more than what you owe, like 
in Cell E42. 
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TABLE 3.5 Creating a Loan Repayment Schedule 

A B c D E F 

1 
............... ::;;i;.'.:'::::;.::··:.·=··:.::·.::_:·::_::.::·;:.·:.:·.··- ..... ;.,··.··· i.'\};i ............................ ·,;•:·•>·•·.··'>'•<•>>;;./;.;·:,;•;.,.,, ••••.••..•••.• , .•..•.. .·.·:.:·.·:·:_\"_.;·,·::·::.:=:·.·:.:·:,:,-_::.;:":·:::::.=!:.=, 

2 Period Beg. Interest Amount Payment End. 

3 (n) Balance Charged Biiied Required Balance 

4 •····.· .. ·· .. ·.·. :, .\ :' . :··: ::.,:: \\:•·•\ :;i 
...•..... 

..... 
5 0 $2,000.00 

6 1 $2,000.00 $30.00 $2,030.00 $203.00 $1,827.00 

7 2 $1,827.00 $27.41 $1,854.41 $185.44 $1,668.96 

8 3 $1,668.96 $25.03 $1,694.00 $169.40 $1,524.60 

9 4 $1,524.60 $22.87 $1,547.47 $154.75 $1,392.72 

10 5 $1,392.72 $20.89 $1,413.61 $141.36 $1,272.25 

11 6 $1,272.25 $19.08 $1,291.33 $129.13 $1,162.20 

12 7 $1,162.20 $17.43 $1,179.63 $117.96 $1,061.67 

13 8 $1,061.67 $15.93 $1,077.60 $107.76 $969.84 

14 9 $969.84 $14.55 $984.38 $98.44 $885.95 

15 10 $885.95 $13.29 $899.23 $89.92 $809.31 

16 11 $809.31 $12.14 $821.45 $82.15 $739.31 

17 12 $739.31 $11.09 $750.40 $75.04 $675.36 

18 13 $675.36 $10.13 $685.49 $68.55 $616.94 

19 14 $616.94 $9.25 $626.19 $62.62 $563.57 

20 15 $563.57 $8.45 $572.03 $57.20 $514.82 

21 16 $514.82 $7.72 $522.55 $52.25 $470.29 

22 17 $470.29 $7.05 $477.35 $47.73 $429.61 

23 18 $429.61 $6.44 $436.06 $43.61 $392.45 

24 19 $392.45 $5.89 $398.34 $39.83 $358.50 

25 20 $358.50 $5.38 $363.88 $36.39 $327.49 

26 21 $327.49 $4.91 $332.40 $33.24 $299.16 

27 22 $299.16 $4.49 $303.65 $30.37 $273.29 

28 23 $273.29 $4.10 $277.39 $27.74 $249.65 

29 24 $249.65 $3.74 $253.39 $25.34 $228.05 

30 25 $228.05 $3.42 $231.47 $23.15 $208.33 

31 26 $208.33 $3.12 $211.45 $21.15 $190.31 

32 27 $190.31 $2.85 $193.16 $20.00 $173.16 

33 28 $173.16 $2.60 $175.76 $20.00 $155.76 

34 29 $155.76 $2.34 $158.09 $20.00 $138.09 
35 30 $138.09 $2.07 $140.17 $20.00 $120.17 
36 31 $120.17 $1.80 $121.97 $20.00 $101.97 
37 32 $101.97 $1.53 $103.50 $20.00 $83.50 

38 33 $83.50 $1.25 $84.75 $20.00 $64.75 
39 34 $64.75 $0.97 $65.72 $20.00 $45.72 
40 35 $45.72 $0.69 $46.41 $20.00 $26.41 
41 36 $26.41 $0.40 $26.80 .... $20.00 $6.80 
42 37 $6.80 $0.10 $6.91 I $6.91 $0.00 
43 . :::::::.;:.:&:r:::::::§\;}}:i·:'.:{i:·:i.:\)::··.:.: .... _·. ·: :·._·. •.···· •·.·. ·:·>;•.;••.:·;;··> ·.· ......... · ... ·.··.··.·• ·.·.····>\:.·:··.·.······ i//i/. i i:;1:'ii/•·.·.·.·.·.·· . . ..... ·> ........ \t:i\:, 

I 

I =IF(D41•0.1>20,D41•0.1,IF(F40<20,D41,20)) I 



COMMENTS: If the bank uses the average-daily-balance method and charges you in
terest on the average of the amount you owe each day during the period, it would 
take a little longer to pay off the debt. For example, if you make a $200 payment on 
the 15th day, your balance is reduced to $1,800. Therefore, the interest on your aver
age daily balance for the month will be (1.5%) ($2,000 + $1,800)/2= $28.50, and the 
ending balance will be $1,828.50 instead of $1,827.00. 

3.4.2 Commercial Loans-Calculating Principal 
and Interest Payments 

One of the most important applications of compound interest involves loans that are 
paid off in installments over time. If a loan is to be repaid in equal periodic amounts 
(e.g., weekly, monthly, quarterly, or annually), it is said to be an amortized loan. Exam
ples include automobile loans, loans for appliances, home mortgage loans, and most 
business debts other than very short-term loans. Most commercial loans have interest 
that is compounded monthly. With a car loan, for example, a local bank or a dealer 
advances you the money to pay for the car, and you repay the principal plus interest in 
monthly installments, usually over a period of three to five years. The car is your collat
eral. If you don't keep up with your payments, the lender can repossess, or take back, 
the car and keep all the payments you have made. 

Two factors determine what borrowing will cost you: the finance charge and the 
length of the loan. The cheapest loan is not necessarily the loan with the lowest payments 
or even the loan with the lowest interest rate. Instead, you have to look at the total cost 
of borrowing, which depends on the interest rate, fees, and the term (i.e., the length of 
time it takes you to repay the loan). While you probably cannot influence the rate and 
fees, you may be able to arrange for a shorter term. 

So far, we have considered many instances of amortized loans in which we calcu
lated present or future values of the loans or the amounts of the installment payments. 
Also of great interest to us is calculating the amount of interest contained versus the 
portion of the principal that is paid off in each installment. As we shall explore more 
fully in Chapter 10, the interest paid on a loan is an important element in calculating· 
taxable income. We will further show how we may calculate the interest and principal 
paid at any point in the life of a loan using Excel's financial functions. As Example 3.8 
illustrates, the amount of interest owed for a specified period is calculated on the re
maining balance of the loan at the beginning of the period. 

EXAMPLE 3.8 Using Excel to Determine a Loan's Balance, 
Principal, and Interest 

Suppose you secure a home improvement loan in the amount of $5,000 from a 
local bank. The loan officer gives you the following loan terms: 

• Contract amount = $5,000 
• Contract period = 24 months 
• Annual percentage rate = 12% 
• Monthly installment = $235 .37 
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Figure 3.11 shows the cash flow diagram for this loan. Construct the loan payment 
schedule by showing the remaining balance, interest payment, and principal payment 
at the end of each period over the life of the loan. 

$5,000 

i = I~ per month 

Month.'i 
1234567 222324 

0 ttttttt ••• tttttttt 
A= $235.37 

Figure 3.1 I Cash flow diagram 

--------------

DISSECTING THE PROBLEM 

METHODOLOGY 

We can easily see how the bank 
calculated the monthly payment 
of$235.37. 

- - ------------ -------- ··-·- -----------

Given: P = $5,000, A = $235.37 per month, r = 12% per year, 
M = 12 compounding periods per year, and N = 24 months. 

Find: B,, and I,, for n = 1 to 24. 

SOLUTION 

Since the effective interest rate per payment period on this loan 
transaction is 1 % per month, we establish the following equivalence 
relationship: 

$5,000(A/ P, 1%, 24) = $5,000(0.0471) = $235.37. 

The loan payment schedule can be constructed in Excel as in 
Table 3.6. The interest due at n = 1 is $50.00, 1 % of the $5,000 out
standing during the first month. The $185.37 left over is applied to 
the principal, reducing the amount outstanding in the second month 
to $4,814.63. The interest due in the second month is 1 % of $4,814.63, 
or $48.15, leaving $187.22 for repayment of the principal. At n = 24, 
the last $235.37 payment is just sufficient to pay the interest on the 
unpaid loan principal and to repay the remaining principal. 

COMMENTS: We can use the special financial functions provided in Excel to deter
mine the total interest (or principal) paid between any two payment periods. Two 
financial functions are "=CUMIPMT(.)" and "=CUMPRINC(.)." Using the func
tional arguments in Table 3.7, you may determine the total interest and principal 
paid in the second year as follows: 

• =CUMIPMT(lo/o,24,5000,13,24,0)- (175.33) 

• = CUMPRINC(l %,24,5000,13,24,0) - (2,649.08) 
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TABLE 3 ,6 Loan Repayment Schedule Generated by Excel 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 

22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 

A B C 0 E F G 

Example 3.8 Loan Repayment Schedule 

Contract amount 
Contract period 

APR(%) 
Monthly Payment 

$ 5,000.00 
24 
12 

($235.37) 

Payment 

Total payment S 5,648.82 
Total inter~es_t __ -+--$"--6_4_8._82_

1 

Payment Principal Interest Loan 
Size Payment Payment Balance 

=PMT($CS6/1200,$CS5,SCS4 ,0) 

No. 

1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

($235.37) ($185.3?) ($50.00) $4,814.63 
($235.37) ($187.22) ($48.15) $4,627.41 
($235.37) ($189.09) ($46.27) $4,438.32 
($235.37) ($190.98) ($44.38) $4,247.33 
(5235.37) ($192.89) (S42.47J- S4,054.44 
($235.37) ($194.82) ($40.54)--s3,859.62 
($235.37) ($196.77) ($38.60) $3,662.85 
($235.37) ($198.74) ($36.63) $3,464.11 
($235.37) ($200. 73) ($34.64) $3,263.38 
($235.37) ($202. 73) ($32.63) $3,060.65 
($235.37) ($204.76) ($30.61)- $2,855.89 
($235.37) ($206.81) (S28.5~,6~9.08 
($235.37) ($208.88) ($26.49) $2,440.2_.Q_ 
($235.37) ($210.97LJS24.40)l $2,229.24 
($235.37) ($213.08) ($22.29)[ $2,016.16 
($235.37) ($215.21 lf ($20.16) $1 ,800.96 
($235.37) ($217.36?) '.$18.01 ) $1,583.60 
($235.37) ($21 9.53fj-(S15.84) ~ 1,364.07 
($235.37) ($221.73) ($13.64) $1,1 42.34 
($235.37) ($223.94) ($11.42) $918.40 
($235.37) ($226.18) $9.18 $692.21 
($235.37) ($228.45) ($6.92) $463.77 
($235.37 ($230.73) (S4.64) S233.04 
($235. ($233.04 ($2.33) -= $0.00 

I =PPMT(SCS6/1200,C33,SCS5,$C$4,0) I 
=IPMT(SC$6/1200,C33,$CS5,$C$4,0) 
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TABLE 3. 7 Excel's Financial Functions to Determine a Loan's Principal and 
Interest Payments between Two Payment Periods 

A B 

4 =IMPT(io/o,n,N,P) Interest payment 
5 
6 =PPMT(i%,n,N,P) Principal payment 
7 
8 =CUMIPMT(i%,N,P, start_period,end_period,type) Cumulative interest payment 
9 
10 =CUMPRINC(i%,N,P, start_period,end_perlod,type) Cumulative principal payment 
11 :i:..::>: './.:::.-::·:///;:.:·:-:-:.:·.:::;:·::: -· _·:. - >· . .::;",·:':',' ,' •' ' : :,: ·' >:<·" .:·.,.;: ;::,:.·.•.:•:3:.:/::-.}.':.\(:.:·::f:' ·' •:•.:.•, .: 
12 Data 

13 12% 

5 
14 

15 2 

16 $5,000.00 

17 Result 
($42.47) 

18 I =IPMT(A13/12,A14,A15•12,A16) 

($192.93) 

19 1 =PPMT(A13/12.A14.A15·12.A16.1) r 
($175.33) 

DESCRIPTION 
Annual percentage rate 
Period for which you want to 
find the interest 

Years of loan 
Present value of loan 

DESCRIPTION 
Interest due In the fifth month 
for a loan with the terms 
above 

Principal payment due In the 
fifth month for a loan with the 
terms above 

Total Interest paid In the 2nd 
year for a loan with the terms 
above, where payments are 
made monthly 

2o 1 =CUMIPMT(A13112.A15·12.A16.13.24.o) r 

21 

I =CUMPRINC(A13/12,A15•12,A16,13,24,0) I 

~($2,649.08) 
Total principal paid In the 2nd 
year for a loan with the terms 
above, where payments are 
mode monthly 

3.4.3 Comparing Different Financing Options 
When you choose a car, you also choose how to pay for it. If you do not have the 
cash on hand to buy a new car outright-as most of us do not-you can consider 
taking out a loan or leasing the car in order to spread out the payments over time. 
Your decision to pay cash, take out a loan, or sign a lease depends on a number of 
personal as well as economic factors. Leasing is an option that lets you pay for the 



portion of a vehicle you expect lo use over a specified term plus rent charge, taxes, 
and fees. For example, you might want a $20,000 vehicle. Assume that the vehicle 
might be worth about $9,000 (its residual value) at the end of a three-year lease. 
Your options are as follows: 

• If you have enough money to buy the car, you could purchase the car with cash. 
If you pay cash, however, you will lose the opportunity to earn interest on the 
amount you spend. That could be substantial if you have access to investments 
paying good returns. 

• If you purchase the vehicle via debt financing, your monthly payments will be 
based on the entire $20,000 value of the vehicle. You will own the vehicle at the 
end of your financing term, but the interest you will pay on the loan will drive up 
the real cost of the car ownership. 

• If you lease the vehicle, your monthly payments will be based on the amount of the 
vehicle you expect to "use up" over the lease term. This value ($11,000 in our exam
ple) is the difference between the original cost ($20,000) and the estimated value at 
lease end ($9,000). With leasing, the length of your agreement, the monthly payments, 
and the yearly mileage allowance can be tailored to your driving needs. The great
est financial appeal for leasing is its low initial outlay costs: usually, you pay only an 
administrative fee, one month's lease payment, and a refundable security deposit. The 
terms of your lease will include a specific mileage allowance; if you use additional 
miles, you will have to pay an additional charge for each extra mile. Of course, you can 
make some cash down payment up-front to reduce the lease payment. 

Which Interest Rate Do We Use in Comparing Different 
Financing Options? 
The dealer's (bank's) interest rate is supposed to reflect the time value of money of the 
dealer (or the bank) and is factored into the required payments. However, the correct 
interest rate for us to use when comparing financing options is the interest rate that 
reflects your earning opportunity. For most individuals, this interest rate is equivalent 
to the savings rate from their deposits. To illustrate, we provide two examples. Example 
3.8 compares two different financing options for an automobile. Example 3.9 explores 
a lease-versus-buying decision on an automobile. 

EXAMPLE 3. 9 Buying a Car: Paying in Cash versus 
Taking a Loan 

Consider the following two options proposed by an auto dealer: 

• Option A: Purchase the vehicle at the normal price of $26,200 and pay for 
the vehicle over 36 months with equal monthly payments at 1.9% APR 
financing. 

• Option B: Purchase the vehicle at a discounted price of $24,048 to be paid im
mediately. The funds that would be used to purchase the vehicle are presently 
earning 5% annual interest compounded monthly. 

Which option is more economically sound? 
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DISSECTING THE PROBLEM 

In calculating the net cost of financing 
the car, we need to decide which interest 
rate to use in discounting the loan repay
ment series. Note that the 1.9% APR rep
resents the dealer's interest rate to cal
culate the loan payments. With the 1.9% 
interest, your monthly payments will be 
A = $26,200(A/P,1.9%/12,36) = $749.29. 
On the other hand, the 5% APR represents 
your earning opportunity rate. Thus, if you do 
not buy the car, your money continues to earn 
5% APR. Therefore, this 5% rate also repre
sents your opportunity cost of purchasing the 
car. Which interest rate should we use in this 
analysis? Since we wish to calculate each op
tion's present worth to you, given your money 
and financial situation, we must use your 5% 
interest rate to value these cash flows. 

METHODOLOGY 

For each option, we will calculate the net 
equivalent cost (present worth) at n = 0. 
Since the loan payments occur monthly, we 
need to determine the effective interest rate 
per month, which is 5%/12. 

Given: The loan payment series shown in Figure 3.12, 
r = 5% per year, payment period = monthly, and 
compounding period = monthly. 

Find: The most economical financing option. 

Option A 

234567 343536 

() lJ1tlJ1:~_·1t1t1t1t 
A= $749.29 

Option B 
O I 2 3 4 5 6 7 • • • 34 35 36 

I~~.~.·~. 
I I I 

Months 

Figure 3.12 Cash flow diagram 

---------- - -------·-·- .... 

SOLUTION 

•Option A (conventional financing): The equivalent 
present cost of the total loan repayments is calcu
lated as 

P,1 = $749.29(P/A, 5%/12, 36) 

= $25,000. 

•Option B (cash payment): Since the cash payment is a 
lump sum to be paid presently, its equivalent present 
cost is equal to its value: 

Pn = $24, 048. 

Thus, there would be $952 of savings in present value 
with the cash payment option. 

EXAMPLE 3.10 Buying versus Leasing a Car 

Two types of financing options are offered for an automobile by a local dealer, 
as shown in the following table. The calculations are based on special financ
ing programs available at participating dealers for a limited time. For each op
tion, license, title, registration fees, taxes, and insurance arc extra. For the lease 
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option, the lessee must come up with $731.45 at signing. This cash due at signing 
includes the first month's lease payment of $236.45 and a $495 administrative 
fee. No security deposit is required. However, a $300 disposition fee is due at 
lease end. The lessee has the option to purchase the vehicle at lease end for 
$8,673.10. The lessee is also responsible for excessive wear and use. If your 
earning interest rate is 6% compounded monthly, which financing option is a 
better choice? 

Buying versus Leasing 

Price $14,695 

Down payment $2,000 

APR(%) 3.6% 

Monthly payment $372.55 

Length 36 months 

Fees 

Cash due at lease end 

Purchase option at lease end 
Cash due at signing $2,000 

DISSECTING THE PROBLEM 

With a lease payment, you pay for the portion 
of the vehicle you expect to use. At the end of 
the lease, you simply return the vehicle to the 
dealer and pay the agreed-upon disposal fee. 
With traditional financing, your monthly pay
ment is based on the entire $14,695 value of the 
vehicle, and you will own the vehicle at the end 
of your financing terms. Since you are comparing 
the options over three years, you must explicitly 
consider the unused portion (resale value) of the 
vehicle at the end of the term. For comparison 
purposes, you must consider the resale value of 
the vehicle in order to figure out the net cost of 
owning the vehicle. You could use the $8,673.10 
quoted by the dealer in the lease option as the 
resale value. Then you have to ask yourself if you 
can get that kind of resale value after three years 
of ownership. (See Figure 3.13.) 

$14,695 

$0 

$236.45 

36 months 
$495 

$300 

$8,673.10 
$731.45 

Given: The lease payment series shown in Figure 
3.13, r = 6% per year, payment period= monthly, 
and compounding period = monthly. 

Find: The most economical financing option, as
suming that you will be able to sell the vehicle for 
$8,673.10 at the end of three years. 

For each option, we will calculate the net equiv
alent total cost at n = 0. Since the loan payments 
occur monthly, we need to determine the effective 
interest rate per month, which is 0.5%. 



138 CHAPTER 3 Understanding Money Management 

0 

$2,000 

Option 2 
Months 

!. t __ t __ t __ i__ _ ______ :~ ________________ 1 r 
$236.45 $300 

$731.45 

Figure 3.13 Cash flow diagrams for buying and leasing the car 

METHODOLOGY 

Method 1: Conventional Financing 

SOLUTION 

The equivalent present cost of the total loan pay
ments is calculated as 

P 1 = $2,000 + $372.55(P/A,0.5%,36) 

= $14,246.10. 

The equivalent present worth of the resale value is 
calculated as 

Pi= $8,673.lO(P/ F, 0.5%, 36) = $7,247.63. 

The equivalent present net financing cost is there
fore 

P = P1 - Pi = $14,246.10 - $7,247.63 

= $6,998.47. 
••-·•---·-----•-• ---·-·-·--·-•-•·•- -·-·• -·•• ••u • •• ••••~~---•• ~~----------+--~ 

Method 2: Lease Financing The equivalent present cost of the total lease pay
ments is calculated as 

P1 = $731.45 + $236.45(P/A,0.5%,35) 

= $731.45 + $7,574.76 

= $8,306.21. 
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The equivalent present cost of the disposition fee 
is calculated as 

P2 = $300(P IF, 0.5%, 36) = $250.69. 

The equivalent present net lease cost is therefore 

P = Pi + P2 = $8,306.21 + $250.69 

= $8,556.90. 

It appears that the traditional financing program 
to purchase the car is more economical at 6% 
interest compounded monthly. 

COMMENTS: By varying the resale value S, we can find the break-even resale value 
that makes traditional financing equivalent to lease financing for this case: 

$8,556.90 = $14,246.10 - S(P/F,0.5%,36). 

Thus, the break-even resale value is 

s = ($14,246.10 - $8,556.90)/0.8356 

= $6,808.14. 

So, at a resale value greater than $6,808.14, the conventional financing plan 
would be the more economical choice. Table 3.8 illustrates how we may create 
an Excel worksheet to determine the break-even resale value by using the Goal 
Seek function. To perform this function, we calculate the equivalent debt financ
ing cost at cell 818 and the equivalent leasing financing cost at cell D20. Next, 
we enter the differential amount in cell 822. Then we are looking for a resale 
value (by changing cell 817) to make this differential cost (set cell 822) to be 
zero (To value). When you click OK, Excel will find the break-even resale value at 
$6,808.14. 

SUMMARY 
II Interest is most frequently quoted by financial institutions as an APR. Howev

er, compounding often occurs more frequently. Simply multiplying the APR by 
the amount of debt does not account for the effect of this more frequent com
pounding. This situation leads to the distinction between nominal and effective 
interest. 

II Nominal interest is a stated rate of interest for a given period (usually, a year). 

1!11 Effective interest is the actual rate of interest, which accounts for the interest amount 
accumulated over a given period. The effective rate is related to the APR by 

i = (1 + r / M)"' - 1, 
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TABLE 3 .8 An Excel Works heet to Determine the Break-E ven Resale Value 

A B c D E F G H 

0 lion 1 O tl on 2 0 lion 1 0 tion 2 
Debt Financin Lease Financln Porlod Debt Financin Lease Financin 

$14.695.00 0 S2.000.00 $731.45 
52.000.00 1 $372.55 S236.45 

3.60% 2 $372.55 5236.45 
36 36 3 $372.55 $236.45 

$372.55 $236.45 4 $372.55 5236.45 
$495.00 5 $372.55 $236.45 

11 Cash Due at lease end $300.00 6 $372.55 $236.45 
12 Purchase o lion at lease end 58.673.10 7 $372.55 $236.45 
13 Cash due at si nln 52.000.00 $731.45 8 $372.55 $236.45 
14 9 $372.55 $236.45 
15 10 $372.55 $236.45 
16 Interest rate er month 0.50% 11 $372.55 5236.45 

56,808.14 12 $372.55 $236.45 
13 $372.55 $236.45 
14 $372.55 $236.45 

SB,556.91 15 $372.55 $236.45 
16 5372.55 $236.45 

$0.00 17 $372.55 5236.45 
18 5372.55 $236.45 
19 $372.55 $236.45 
20 5372.55 5236.45 
21 5372.55 5236.45 

=NPV(0.5%,G6:G41 )+G5 1--------t----t 

22 5372.55 $236.45 
23 5372.55 5236.45 
24 5372.55 $236.45 
25 $372.55 5236.45 

C'.oal Seek •• 

26 5372.55 5236.45 
27 $372.55 $236.45 

~3_1 _______ __, ~cd 1~~z 5!1 0----+---+-+---1--------+--------< 
32 :=I ===~~. 

28 $372.55 $236.45 
t-=-:~-------1 To~:O o----+----+-+---1--------+--------< n . 

29 $372.55 $236.45 
>--34--<1------1 9y11w'9nocel; l..._sati...._71~ _ _ 5!]_ >--------1--- -+-------<---------< 

1~---+---+-+---1--------+-------< 

30 $372.55 5236.45 
31 $372.55 5236.45 ~~ or. II 

37 
38 
39 
40 
41 
42 

372.55 236.45 
33 $372.55 $236.45 
34 $372.55 $236.45 
35 $372.55 $236.45 =NPV(0.5%,H6:H41 )+H5 ~==----111~1--~'M!:;:t---""""M":;;;-:.-ci 

36 $6,435.59 5300.00 

where r = the APR, M = 1he number of compound ing periods, and i = lhe effect
ive interest rate. 

• In any equivalence problem, the interest rate lo use is the effect ive interest rate per 
payment period, which is expressed as 

i = [l + r/CKf - 1. 

where C = the number of interest periods per payment period. K = the number of 
payment periods per year. and r/ K = the nominal interest rnte per payment period. 

• The equation for determining 1hc effecti ve in terest o f continuous compounding is as 
follows: 

i =er'K - 1. 

• The diffe rence in accumulated interest be1wcen continuous compounding and daily 
compounding is relatively small. 



• Whenever payment and compounding periods differ from each other, it is recommended 
to compute the effective inte rest rate per payment period. The reason is that, to proceed 
with cquivalency analysis. the compounding and payment periods must be the same. 

• The cost of a loan will depend on many factors, such as loan amount, loan term, pay
me nt freque ncy, fees, and inte rest rate. 

• In comparing different financing options, the inte rest rate we use is the one that re
flects the decision maker's lime va lue of money, not the interest rate quoted by the 
financial institution(s) lending the money. 

SELF-TEST QUESTIONS 
3s. l. You arc making $5.000 monthly deposits into a fund that pays inte rest a t a rate 

of 6% compounded momhly . What would be the ba lance at the end of 15 years? 

(a) $1,063,879 
(b) $1 .358.169 

( c) $ 1,452,053 
(cl) $1.459,423 

3s.2. T\vo banks offer the following inte rest rates on your deposit: 

• Bank A : 9% interest compounded q11i1r1erly 

• Bank B: 8.5% interest compounded con1in11011sly 

Which of the following statements is 110 1 true? 

(a) The annual percentage yie ld (APY) for Bank A is 9.30%. 
(b)"n1e effecti ve annual inte rest rate for Bank Bis 8.87%. 

(c) Bank A offers a be tte r deal. 
(d) TI1c annual percentage rate (A PR) for Bank 8 is 8.5% . 

3s.3. You are making semiannual deposits into a fund tha t pays interest at a nue o f 
9% compounded con1i1111011sly. What is the e ffective semiannual inte rest rate? 

(a) 4.000% 
(b) 4.708% 

(c) 4.1 64% 

(c1)4.175 % 

3s.4. Calculate the future worth of 20 annual $4,000 deposits in a savings account 
that earns 8% compounded monthly. Assume all deposits are made a t the 
beginning of each year. 
(a) $196,010 
(b) $J88,196 
( c) $190,162 
(cl) $199.279 

3s.5. Yo u borrow $15,000 from a bank to be repaid in monthly installments for three 
years at 15% interest co mpounded mo nthly. Wh at is the portion of inte rest pay
rnc111 for the 15th payment? 
(a) $150 
(b) $188 

Self-Test Questions 141 
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(c) $180 
(d)$124 

3s.6. You borrowed $25,000 from a bank at an interest rate of 12%, compounded 
monthly. This loan will be repaid in 48 equal monthly installments over four 
years. Immediately after your 201h payment, if you want to pay off the remainder 
of the loan in a single payment, the amount is close to 
(a) $15,723 
(b) $15,447 
(c) $15,239 
(d) $16,017 

3s.7. You borrowed $120,000, agreeing to pay the balance in 12 equal annual install
ments at 9% annual interest. Determine the remaining loan balance right after 
the fifth payment. 
(a) $84,373 
(b)$68,894 
(c) $59,503 
(d)$49,360 

3s.8. Consider the following two cash flow transactions. If they are economically 
equivalent at 10% interest, find the value of C. 
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(b)C= $282 
(c) C= $455 
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3s.9 Compute the present worth (P) for the cash flows with the different periodic 
interest rates specified. The cash flows occur at the end of each year over six 
years. 
(a) P = $2,140 
(b) p = $2,154 
(c) P = $2,234 
( d) p = $2,249 
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3s.10 Suppose you purchased a corporate bond with a 10-year maturity, a $1,000 par 
value, a 9% coupon rate ($45 interest payment every six months), and semiannual 
interest payments. Five years after the bonds were purchased, the going rate of 
interest on new bonds fell to 6% (or 6% compounded semiannually). What is the 
current market value (P) of the bond (five years after the purchase)? 

(a) P = $890 
(b) p = $1,223 
(c) P = $1,090 
(d) p = $1,128 

3s.l 1. Your company borrowed $180,000, agreeing to pay the balance in 18 equal 
monthly installments at 8% compounded monthly. Determine the remaining 
loan balance right after the 12th payment. 
(a) $81,816 
(b) $90,751 
(c) $96,876 
(d)$95,928 

3s.12 You are considering either buying or leasing a vehicle. The following data have 
been compiled: 

Price of vehicle $22,000 

Down payment required at year 0 $2,000 

Value of vehicle at the end of S 
year 3 (unknown) 

36 Monthly payments 

Documentation fee (one time, 
nonrecurring expense, not 
refundable) 

$608 (end of each 
month) 

$22,000 

0 

$420 (beginning of 
each month) 

$400 (payable at the 
beginning of lease) 

If your interest rate is 6% compounded monthly, at what value of the vehicle at 
the end of 3 years (S) would make the both options economically equivalent? 
(a) $7,711 
{b) $8,980 
(c) $9,228 
(d) $9,310 
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PROBLEMS 
Market Interest Rates (Nominal versus Effective Interest Rates) 

3.1 A loan company offers money at 1.5% per month compounded monthly. 
(a) What is the nominal interest rate? 
(b) What is the effective annual interest rate? 

3.2 A department store has offered you a credit card that charges interest at 1.75% 
per month compounded monthly. What is the nominal interest (annual percent
age) rate for this credit card? What is the effective annual interest rate? 

3.3 A discount interest loan is a loan arrangement where the interest and any other 
related charges are calculated at the time the loan is closed. Suppose a one-year 
loan is stated as $10,000 and the interest rate is 14%. Then, the borrower pays 
$1,400 interest up front, thereby receiving net funds of $8,600 and repaying 
$10,000 in a year. What is the effective interest rate on this one-year loan? 

3.4 A California bank, Berkeley Savings and Loan, advertised the following infor
mation: 7% interest and effective annual yield 7.22%. No mention is made of 
the interest period in the advertisement. Can you figure out the compounding 
scheme used by the bank? 

3.5 American Eagle Financial Sources, which makes small loans to college students, 
offers to lend a student $600. The borrower is required to pay $4 at the end of 
each week for 13 weeks. Find the interest rate per week. What is the nominal 
interest rate per year? What is the effective interest rate per year? 

3.6 A financial institution is willing to lend you $800. However, you must repay 
$802 at the end of one week. 
(a) What is the nominal interest rate? 
(b) What is the effective annual interest rate'! 

3.7 A loan of $22,000 is to be financed to assist a person's college education. Based 
upon monthly compounding for 24 months, the end-of-the-month equal pay
ment is quoted as $250. What nominal interest rate is being charged'! 

3.8 You are purchasing a $18,000 used automobile, which is to be paid for in 36 
monthly installments of $525. What nominal interest rate are you paying on this 
financing arrangement? 

3.9 To finance your car, you have decided to take a car Joan in the amount of $20,000 
from your credit union. You will pay off this loan over 60 months. If the required 
monthly payment is $400, what is the effective annual interest rate on this car loan? 

3.10 You obtained a Joan of $25,000 to finance your home improvement project. 
Based on monthly compounding over 24 months, the end-of-the-month equal 
payment was figured to be $1200. What is the APR used for this loan? 

3.11 Bank A charges 12% compounded monthly on its business loan. Bank B charges 
11.8% compounded daily. If you want to borrow money, which bank would you 
choose? 

Calculating an Effective Interest Rate Based on a Payment Period 

3.12 Find the effective interest rate per payment period for an interest rate of 8% 
compounded monthly for each of the given payment schedule: 



(a) Monthly 
(b) Quarterly 
(c) Semiannually 
(d) Annually 

3.13 What is the effective interest rate per quarter if the interest rate is 10% compounded 
monthly? 

3.14 What is the effective interest rate per month if the interest rate is 9% compounded 
continuously? 

3.15 What is the effective interest rate per quarter if the interest rate is 8% compounded 
continuously? 

3.16 James Hogan is purchasing a $30,000 automobile, which is to be paid for in 48 
monthly installments of $650. What is the effective interest rate per month for 
this financing arrangement? 

3.17 Find the APY in each of the following cases: 
(a) 10% compounded annually. 
(b) 9% compounded semiannually. 
(c) 12% compounded quarterly. 
(d) 7% compounded daily. 

Equivalence Calculations Using Effective Interest Rates 

3.18 What will be the amount accumulated by each of the given present investments? 
(a) $6.000 in 12 years at 8% compounded semiannually. 
(b) $14,500 in 18 years at 6% compounded quarterly. 
(c) $12,500 in 7 years at 8% compounded monthly. 

3.19 What is the future worth of each of the given series of payments? 
(a) $12,000 at the end of each six-month period for 12 years at 8% compounded 

semiannually. 
(b) $8,000 at the end of each quarter for 6 years at 12% compounded quarterly. 
(c) $6,000 at the end of each month for 5 years at 6% compounded monthly. 

3.20 What equal series of payments must be paid into a sinking fund in order to 
accumulate each given amount? 
(a) $1,700 in 10 years at 8% compounded semiannually when payments are 

semiannual. 
(b) $9,000 in 6 years at 3% compounded quarterly when payments arc quarterly. 
(c) $4,000 in 2 years at 12% compounded monthly when payments are monthly. 

3.21 What is the present worth of each of the given series of payments? 
(a) $2.700 at the end of each six-month period for 10 years at 8% compounded 

semiannually. 
(b) $10,000 at the end of each quarter for five years at 12% compounded quarterly. 
(c) $14.000 at the end of each month for eight years at 6% compounded monthly. 

3.22 What is the amount C of quarterly deposits such that you will be able to with
draw the amounts shown in the accompanying cash flow diagram if the interest 
rate is 8% compounded quarterly? 
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3.23 A series of equal quarterly deposits of $8,000 extends over a period of three 
years. It is desired to compute the future worth of this quarterly deposit series 
at 8% compounded monthly. Which of the equations shown is correct for this 
operation? 
(a) F= $8,000 (FIA, 8%, 3). 
(b) F= $8,000 (FIA, 2.01%,12). 
(c) F= $8,000 (FIA, 1%,12). 
(d) F= $8,000 (FIA, 3.03%, 12). 

3.24 Suppose you deposit $4,000 at the end of each quarter for five years at an inter
est rate of 8% compounded monthly. Which of the formulas given next will 
determine the equal annual end-of-year deposit amount that would accumulate 
the same balance over five years, under the same interest compounding, as the 
$4,000 deposited quarterly? 
(a) A= ($4,000 (FIA, 2.01%,20)] x (AIF, 8%, 5). 
(b)A = $4,000 (FIA, 9%, 5). 
(c) A= $4,000 (FIA, 9%, 20) x (AIF, 9%, 5). 
(d) None of the above. 

3.25 Suppose a newlywed couple is planning lo buy a home two years from now. 
To save the down payment required al the time of purchasing a home worth 
$400,000 (let's assume this required down payment is 25% of the sales price, or 
$100,000), the couple has decided to set aside some money from their salaries 
at the end of each month. If the couple can earn 9% interest (compounded 
monthly) on their savings. determine the equal amount the couple must deposit 
each month so that they may buy the home at the end of two years. 

3.26 Georgi Rostov deposits $4,000 in a savings account that pays 8% interest com
pounded monthly. Three years later, he deposits $5,000. Two years after the 
$5,000 deposit, he makes another deposit in the amount of $7,000. Four years 
after the $7,000 deposit, half of the accumulated money is transferred to a fund 
that pays 9% interest compounded quarterly. How much money will be in each 
account six years after the transfer? 

3.27 A man is planning to retire in 25 years. He wishes to deposit a regular amount 
every three months until he retires so that, beginning one year following his 
retirement, he will receive annual payments of $50,000 for the next 10 years. 
How much must he deposit if the interest rate is 9% compounded quarterly? 



3.28 Consider the cash flow series shown below. Determine the required annual 
deposits (end of year) that will generate the cash flows from years 4 to 7. 
Assume the interest rate is 9%, compounded monthly. 
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3.29 You are in financial trouble and are delinquent on your mortgage payment. 
Your bank has agreed to a repayment schedule of $1,000 per month, and it will 
charge 0.5% per month interest on the outstanding balance. If the current out
standing balance is $300,000, how long will it take for you to pay off the loan? 

3.30 A building is priced at $300,000. If a buyer makes a down payment of $100,000 
and a payment of $2,000 every month thereafter, how many months will it take 
for the buyer to completely pay for the building? Interest is charged at a rate of 
8% compounded monthly. 

3.31 Today is your birthday and you decide to start saving for your retirement. You 
will retire on your 60th birthday and need $40,000 per year at the end of each 
of following 15 years. You will make a first deposit one year from today in an 
account paying 9% interest annually and continue to make an equal amount of 
deposit each year up to the year before you plan to retire. If an annual deposit 
of $967.28 will allow you to reach your goal, what birthday are you celebrating 
today'! 

3.32 A couple is planning to finance its three-year-old son's college education. The 
couple can deposit money at 12% compounded quarterly. What quarterly 
deposit must be made from the son's 3rd birthday to his 18th birthday in order 
to provide $30,000 on each birthday from the 18th to the 21st? (Note that the 
last deposit is made on the date of the first withdrawal.) 

3.33 Sam Musso is planning to retire in 20 years. He can deposit money at 12% com
pounded quarterly. What deposit must he make at the end of each quarter until 
he retires so that he can make a withdrawal of $55,000 semiannually over five 
years after his retirement? Assume that his first withdrawal occurs at the end of 
six months after his retirement. 

3.34 Suppose you borrowe9 $12,000 at an interest rate of 8%, compounded monthly 
over 36 months. At the end of the first year (after 12 payments), you want to 
negotiate with the bank to pay off the remainder of the Joan in eight equal quar
terly payments. Whal is the amount of this quarterly payment, if the interest rate 
and compounding frequency remain the same? 

3.35 Tamara Massey received $1,500,000 from an insurance company after her hus
band's death. She wants to deposit this amount in a savings account that earns 
interest at a rate of 8% compounded monthly. Then she would like to make 48 
equal monthly withdrawals over four years such that, when she makes the last 
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withdrawal, the savings account will have a balance of zero. How much should 
she withdraw each month? 

3.36 Anita Hayes, who owns a travel agency, bought an old house to use as her busi
ness office. She found that the ceiling was poorly insulated and that the heat loss 
could be cut significantly if 6 in. of foam insulation were installed. She estimated 
that, with the insulation, she could cut the heating bill by $160 per month and 
the air-conditioning cost by $100 per month. Assuming that the summer season 
is three months (June, July, and August) of the year and that the winter season is 
another three months (December, January, and February) of the year, what is the 
most that Anita can spend on insulation that would make installation worthwhile 
given that she expects to keep the property for five years? Assume that neither 
heating nor air conditioning would be required during the fall and spring sea
sons. If she decides to install the insulation, it will be done at the beginning of 
May. Anita's interest rate is 9% compounded monthly. 

3.37 You want to open a savings plan for your future retirement. You are considering 
the following two options: 
Iii Option 1: You deposit $1,000 at the end of each quarter for the first 10 years. 

At the end of 10 years, you make no further deposits, but you leave the 
amount accumulated at the end of 10 years for the next 15 years. 

II Option 2: You do nothing for the first 10 years. Then you deposit $6,000 at 
the end of each year for the next 15 years. 

If your deposits or investments earn an interest rate of 6% compounded quar
terly and you choose Option 2 over Option 1, then at the end of 25 years from 
now, you will have accumulated 
(a) $7,067 more. 
(b) $8,523 more. 
(c) $14,757 less. 
(d) $13,302 less. 

3.38 Maria Anguiano's current salary is $80,000 per year, and she is planning to 
retire 25 years from now. She anticipates that her annual salary will increase 
by 3% each year. (That is, in the first year she will earn $82,400, in the second 
year $84,872, in the third year $87,418.16, and so forth.) She plans to deposit 6% 
of her yearly salary into a retirement fund that earns 8% interest compounded 
monthly. What will be the amount accumulated at the time of her retirement? 

Equivalence Calculations with Continuous Compounding 
3.39 How many years will it take an investment to triple if the interest rate is 8% 

compounded 
(a) quarterly? 
(b) monthly? 
(c) continuously? 

3.40 A series of equal quarterly payments of $6,000 for IO years is equivalent to what 
present amount at an interest rate of 12% compounded 
(a) quarterly? 
(b) monthly? 
(c) continuously? 



3.41 What is the future worth of an equal-payment series of $5,000 per year for ten 
years if the interest rate is 8% compounded continuously? 

3.42 Suppose that $1,500 is placed in a bank account at the end of each quarter over 
the next 20 years. What is the account's future worth at the end of 20 years when 
the interest rate is 8% compounded 
(a) semiannually? 
(b) monthly? 
(c) continuously? 

3.43 If the interest rate is 7% compounded continuously, what is the required quar
terly payment to repay a loan of $20,000 in five years? 

3.44 What is the future worth of a series of equal monthly payments of $2,000 if the 
series extends over a period of six years at 9% interest compounded 
(a) quarterly? 
(b) monthly? 
(c) continuously? 

3.45 What is the required quarterly payment to repay a loan of $30,000 in six years? 
If the interest rate is 9% compounded continuously? 

3.46 A series of equal quarterly payments of $2,500 extends over a period of four 
years. What is the present worth of this quarterly-payment series at 8% interest 
compounded continuously? 

3.47 A series of equal quarterly payments of $5,000 for 10 years is equivalent to 
what future lump-sum amount at the end of 15 years at an interest rate of 6% 
compounded continuously? 

Borrowing with Credit Cards 
3.48 Your bank calculates the interest based on 15% APR on your credit card bal

ance (monthly compounding). Suppose that your current outstanding balance is 
$5,000 and you skip payments for two months. What would be the total balance 
two months from now? 

3.49 You have just received credit card applications from two banks, A and B. The 
interest terms on your unpaid balance are stated as fallows: 
1. Bank A: 20% compounded quarterly. 
2. Bank B: 19.5% compounded daily. 

Which of the following statements is incorrec1? 
(a) The effective annual interest rate for Bank A is 18.25%. 
(b)The nominal annual interest rate for Bank Bis 19.5%. 
(c) Bank B's term is a better deal, because you will pay less interest on your 

unpaid balance. 
(d) Bank A's term is a better deal, because you will pay less interest on your 

unpaid balance. 
3.50 You received a credit card application from Sun Bank offering an intro

ductory rate of 3% per year compounded monthly for the first six months, 
increasing thereafter to 18% compounded monthly. This offer is good as long 
as you transfer your current debt from your existing card. Assuming that you 
will transfer $5,000 balance, you will continue to make $150 monthly payment 
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(without making any subsequent purchases), what would be the credit card 
balance at the end of the first year? 

3.51 Jennifer Lee, an engineering major in her junior year, has received in the mail 
two guaranteed-line-of-credit applications from two different banks. Each bank 
offers a different annual fee and finance charge. Jennifer expects her average 
monthly balance after payment to be $500 and plans to keep the card she 
chooses for only 24 months. (After graduation, she will apply for a new card.) 
Jennifer's interest rate (on her savings account) is 8% compounded daily. 

$2S Free Annual fee 

Finance charge 1.65% monthly interest rate 20% annual percentage rate 

(a) Compute the effective annual interest rate for each card. 
(b) Which bank's credit card should Jennifer choose? 

Commercial Loans 
3.52 Suppose you take out a car loan of $15,000 with an interest rate of 15% com

pounded monthly. You will pay off the loan over 36 months with equal monthly 
payments. 
(a) What is the monthly interest rate? 
(b) What is the amount of the equal monthly payment? 
(c) What is the interest payment for the 15th payment? 
(d) What is the total interest paid over the life of the loan? 

3.53 An automobile loan of $15,000 at a nominal rate of 9% compounded monthly 
for 36 months requires equal end-of-month payments of $477. Complete the fol
lowing table for the first six payments as you would expect a bank to calculate 
the values: 

1 $14,635.50 

2 $367.23 

3 $369.99 

4 $104.24 

5 $101.44 

6 $12,771.58 

3.54 You borrow $200,000 with a 25-year payback term and a variable APR that 
starts at 8% and can be changed every five years. 
(a) What is the initial monthly payment? 
(b) If, at the end of five years, the lender's interest rate changes to 9% (APR), 

what will the new monthly payment be? 



3.55 Sarah Maddox wants to buy a new car that will cost $15,000. She will make a 
down payment in the amount of $3,000. She would like to borrow the remain
der from a bank at an interest rate of 8% compounded monthly. She agrees to 
make monthly payments for a period of two years in order to pay off the loan. 
Select the correct answer for each of the following questions: 
(a) What is the amount of the monthly payment (A)? 
1. A = $12,000 (A/P, 0.75%, 24). 
2. A = $12,000 (A/F, 0.66%, 24). 
3. A = $12,000 (A/P, 0.66%, 24). 
4. A = $12,000 (A/F, 9%, 2)/12. 
(b) Sarah has made 12 payments and wants to figure out the remaining balance 

immediately after the 12th payment. What is that remaining balance? 
1. 812 = 12A. 
2. 812 = A(PIA, 9%, 1)/12. 
3. 812 = A(PIA, 0.66%, 12). 
4. 812 = 10,000-12A. 

3.56 Taibi Hafid is considering the purchase of a used car. The price, including the title and 
taxes, is $10,500. Taibi is able to make a $2,500 down payment. The balance, $8,000, 
will be borrowed from his credit union at an interest rate of 10% compounded daily. 
The loan should be paid in 48 equal monthly payments. Compute the monthly pay
ment. What is the total amount of interest Taibi has to pay over the life of the loan? 

3.57 Janie Curtis borrowed $25,000 from a bank at an interest rate of 12% compound
ed monthly. This loan is to be repaid in 48 equal monthly installments over four 
years. Immediately after her 20th payment, Janie desires to pay the remainder of 
the loan in a single payment. Compute the total amounts she must pay at that time. 

3.58 You are buying a home for $500,000. If you make a down payment of $80,000 
and take out a mortgage on the rest at 10% compounded monthly, what will be 
your monthly payment if the mortgage is to be paid off in 12 years? 

3.59 For a $425,000 home mortgage loan with a 20-year term at 8% APR compounded 
monthly, compute the total payments on principal and interest over the first five 
years of ownership. 

3.60 A lender requires that monthly mortgage payments be no more than one third 
of gross monthly income, with a maximum term of 20 years. If you can make 
only a 20% down payment, what is the minimum monthly income you would 
need in order to purchase a $420,000 house when the interest rate is 12% com
pounded monthly? 

3.61 To buy an $180,000 condominium, you put down $30,000 and take out a mort
gage for $150,000 at an APR of 9% compounded monthly. Five years later, you 
sell the house for $205,000 (after all selling expenses are factored in). What 
equity (the amount that you can keep before any taxes are taken out) would 
you realize with a 30-year mortgage repayment term? (Assume that the loan is 
paid off when the condo is sold in lump sum.) 

3.62 Just before the 20th payment, 
l!ll Family A had a balance of $150,000 on a 9%, 30-year mortgage. 
m Family 8 had a balance of $150,000 on a 9%, 15-year mortgage. 
DI Family C had a balance of $150,000 on a 9%, 20-year mortgage. 
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All of the APRs are compounded monthly. How much interest did each family 
pay on its 20th payment? 

3.63 Home mortgage lenders often charge points on a loan in order to avoid exceeding 
a legal limit on interest rates or to make their rates appear competitive with those 
of other lenders. As an example, with a two-point loan, the lender would loan only 
$98 for each $100 borrowed. The borrower would receive only $98 but would have 
to make payments just as if he or she had received $100. In this way, the lender 
can make more money while keeping his or her interest rate lower. Suppose that 
you receive a loan of $260,000 payable at the end each month for 30 years with an 
interest rate of 9% compounded monthly, but you have been charged three points. 
What is the effective interest rate on this home mortgage loan? 

3.64 A restaurant is considering purchasing the lot adjacent to its business to provide 
adequate parking space for its customers. The restaurant needs to borrow $44,000 
to secure the lot. A deal has been made between a local bank and the restaurant 
such that the restaurant would pay the loan back over a five-year period with the 
following payment terms: 15%, 20%, 25%, 30%, and 35% of the initial loan at the 
end of the first, second, third, fourth, and fifth years, respectively. 
(a) What rate of interest is the bank earning from this loan transaction? 
(b) What would be the total interest paid by the restaurant over the five-year 

period? 

3.65 Alice Harzem wanted to purchase a new car for $18,400. A dealer offered 
her financing through a local bank at an interest rate of 13.5% compounded 
monthly. The dealer's financing required a 10% down payment and 48 equal 
monthly payments. Because the interest rate was rather high, Alice checked 
with her credit union for other possible financing options. The loan officer at 
the credit union quoted her 10.5% interest for a new-car loan and 12.25% for a 
used-car loan. But to be eligible for the loan, Alice had to have been a member 
of the credit union for at least six months. Since she joined the credit union 
two months ago, she has to wait four more months to apply for the loan. Alice 
decides to go ahead with the dealer's financing and, four months later, refi
nances the balance through the credit union at an interest rate of 12.25% over 
48 months (because the car is no longer new). 
(a) Compute the monthly payment to the dealer. 
(b) Compute the monthly payment to the credit union. 
(c) What is the total interest payment for each loan transaction? 

3.66 David Kapamagian borrowed money from a bank to finance a small fishing 
boat. The bank's loan terms allowed him to defer payments (interest is still being 
charged even though payment is deferred) for six months and then to make 36 
equal end-of-month payments thereafter. The original bank note was for $9,600 
with an interest rate of 12% compounded monthly. After 16 monthly payments, 
David found himself in a financial bind and went to a loan company for assistance 
in lowering his monthly payments. Fortunately, the loan company offered to pay 
his debts in one lump sum, provided that he pays the company $208 per month for 
the next 36 months. What monthly rate of interest is the loan company charging 
on this transaction? 

3.67 A loan of $18,000 is to be financed over a period of 24 wmonths. The agency 
quotes a nominal interest rate of 8% for the first 12 months and a nominal 



interest rate of 9% for any remaining unpaid balance after 12 months with both 
rates compounded monthly. At these rates, what equal end-of-the-month pay
ment for 24 months would be required in order to repay the loan? 

3.68 Robert Carre financed his office furniture through the furniture dealer from 
which he bought it. The dealer's terms allowed him to defer payments (with 
interest being charged) for six months and then to make 36 equal end-of-month 
payments thereafter. The original note was for $12,000 with interest at 12% 
compounded monthly. After 26 monthly payments, Robert found himself in a 
financial bind and went to a loan company for assistance. The loan company 
offered to pay his debts in one lump sum, provided that he will pay the company 
$204 per month for the next 30 months. 
(a) Determine the original monthly payment made to the furniture store. 
(b) Determine the lump-sum payoff amount the loan company will make. 
(c) What monthly rate of interest is the loan company charging on this loan? 

Comparing Different Financing Options 
3.69 Suppose you are in the market for a new car worth $18,000. You are offered a deal 

to make a $1,800 down payment now and to pay the balance in equal end-of-month 
payments of $421.85 over a 48-month period. Consider the following situations: 
(a) Instead of going through the dealer's financing, you want to make a down pay-

ment of $1,800 and take out an auto loan from a bank at 11.75% compounded 
monthly. What would be your monthly payment to pay off the loan in four years? 

(b) If you were to accept the dealer's offer, what would be the effective rate of 
interest per month charged by the dealer on your financing? 

3.70 A local dealer is advertising a 24-month lease of a sport utility vehicle for $520 
payable at the beginning of each month. The lease requires a $2,500 down pay
ment plus a $500 refundable security deposit. As an alternative, the company 
offers a 24-month lease with a single up-front payment of $12,780 plus a $500 
refundable security deposit. The security deposit will be refunded at the end of 
the 24-month lease. Assuming you have access to a deposit account that pays an 
interest rate of 6% compounded monthly, which lease is more favorable? 

3.71 You want to purchase a house for $85,000, and you have $17,000 cash available 
for a down payment. You are considering the following two financing options: 
llB Option 1: Get a new standard mortgage with 4.5% (APR) interest com

pounded monthly and a 30-year term. 
Im Option 2: Assume the seller's old mortgage (FHA loan) that has an interest 

rate of 4.0% {APR) compounded monthly, a remaining term of 25 years 
(from an original term of 30 years), a remaining balance of $45,578, and 
payments of $253.34 per month. You can obtain a second mortgage for the 
remaining balance, $22,422, from your credit union at 6.5% (APR) com
pounded monthly with a JO-year repayment period. 
(a) What is the effective interest rate for Option 2? 
(b) Compute the monthly payments for each option over the life of the 

mortgage. 
(c) Compute the total interest payment for each option. 
(d) What homeowner's interest rate (homeowner's time value of money) 

makes the two financing options equivalent? 
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Short Case Studies with Excel 
3.72 Kevin Moore received his monthly credit card statement from his bank. His 

current outstanding balance is $3,168.97. The minimum monthly payment due 
is 1 % of the outstanding balance or $20, whichever is higher. The bank uses the 
Average Daily Balance method to calculate the periodic interest charges. Show 
how the bank calculated the total estimated payments for the two scenarios: 
(a) the minimum payment only option and (b) $111 per month. 

New Balance ........................... . 

Minimum Payment Due (Current 
Month) 

Minimum Payment Due (Past Due) 

Total New Minimum Payment Due 

Payment Due Date ................. . 

$3,168.97 

$32.00 

$0.00 

$32.00 
Jun22,2011 

Late Payment Warning: If we do not receive your minimum payment by the 
date listed above, you may have to pay up to a $35.00 Late Fee. 

Minimum Payment Warning: If you make only the minimum payment each 
period, you will pay more in interest and it will take you longer to pay off your 
balance. For example: 

Only the minimum 
payment 

$111 

9years 

3 years 

$5,408 

$4,010 (Savings= 
$1,398) 

3.73 Suppose you purchased a corporate bond with a 10-year maturity. a $1,000 
par value, a 10% coupon rate, and semiannual interest payments. What all this 
means that you receive $50 interest payment at the end of each six-month 
period for 10 years (20 times). Then, when the bond matures, you will receive 
the principal amount (the face value) in a lump sum. Three years after the bonds 
were purchased, the going rate of interest (coupon rate) on new bonds fell to 
6% (or 6% compounded semiannually). What is the current market value (P) 
of the bond (3 years after the purchase)? 



3. 74 Consider Gizmo, a small manufacturing company whose management wishes 
to reduce overhead by installing a new, energy-efficient heating system. The 
new system costs $100,000. Due to the company's insufficient cash reserves, 
the management has decided that borrowing money is the only way to finance 
the desired improvement. A problem arises when Gizmo's accountant points 
out that a standard direct reduction loan would severely strain the firm's 
cash flow during the heating season. In order to overcome this difficulty, the 
accountant suggests a periodic linear gradient series repayment scheme with 
the gradient G = $75 in a skip payment loan. The accountant proposed the 
following repayment schedule: 

Length of Loan: Four Years 

1l:~K~' 
=== 

Jan-Aug Yes 

Sep-Apr Skip 

May-Sep Yes 

Oct-Mar Skip 

Apr-Oct Yes 

Nov-Feb Skip 

Mar-Dec Yes 

The lender has quoted an APR of 12%. Determine the repayment schedule 
over four years. 

(Source: R.A. Formato, "Generalized Formula for the Periodic Payment in a 
Skip Payment Loan with Arbitrary Skips," The Engineering Economist, 37(4), 
Summer 1992.) 

3.75 You are considering buying a new car worth $I5,000. You can finance the car 
either by withdrawing cash from your savings account, which earns 8% interest 
compounded monthly, or by borrowing $I5,000 from your dealer for four years 
at I I% interest compounded monthly. You could earn $5,635 in interest from 
your savings account in four years if you leave the money in the account. If 
you borrow $15,000 from your dealer, you pay only $3,609 in interest over four 
years, so it makes sense to borrow for your new car and keep your cash in your 
savings account. Do you agree or disagree with the foregoing statement? Justify 
your reasoning with a numerical calculation. 

3.76 Suppose you are going to buy a home worth $110,000, making a down pay
ment in the amount of $50,000. The balance will be borrowed from the Capital 
Savings and Loan Bank. The loan officer offers the following two financing 
plans for the property: 
m Option l:A conventional fixed loan at an interest rate of 13% compounded 

monthly over 30 years with 360 equal monthly payments. 
en Option 2: A graduated payment schedule (FHA 235 plan) at 11.5% interest 

compounded monthly with the following monthly payment schedule: 
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1 $497.76 $25.19 

2 $522.65 $25.56 

3 $548.78 $25.84 

4 $576.22 $26.01 

5 $605.03 $26.06 

6-30 $635.28 $25.96 

For the FHA 235 plan, mortgage insurance is a must. 
(a) Compute the monthly payment for Option 1. 
(b) What is the effective annual interest rate you would pay under Option 2? 
(c) Compute the outstanding balance for each option at the end of five years. 
(d) Compute the total interest payment for each option. 
(e) Assuming that your only investment alternative is a savings account that earns 

an interest rate of 6% compounded monthly, which option is a better deal? 

3.77 Ms. Kennedy borrowed $4,909 from a bank to finance a car at an add-on inter
est rate4 of 6.105%. The bank calculated the monthly payments as follows: 
II Contract amount = $4,909 and contract period = 42 months (or 3.5 years). 

Thus.add-on interest is= $4,909(0.06105)(3.5) = $1,048.90. 
EIDl Acquisition fee = $25; thus, total loan charge = $1,048 .90 + $25 = 

$1,073.90. 
Elli Total of payments = $4,909 + 1,073.90 = $5,982.90, and monthly 

installment = $5,982.90/42 = $142.45. 

After making the seventh payment, Ms. Kennedy wants to pay off the remaining 
balance just before making the eighth payment. The following is the letter from 
the bank explaining the net balance Ms. Kennedy owes: 

Dear Ms. Kennedy, 

The following is an explanation of how we arrived at the payoff amount on your 
loan account: 

Original note amount 

Less 7 payments@ $142.45 each 

Loan charge (interest) 

Less acquisition fee 

$5,982.90 

997.15 

4,985.75 

1,073.90 

25.00 

$1,048.90 

4 The add-on loan is totally different from the popular amortized loan. In this type of loan, the total 
interest to be paid is precalculated and added to the principal. The principal plus the precalculatcd 
interest amount is then paid in equal installments. In such a case, the interest rate quoted is not the 
effective interest rate but what is known as add-011 interest. 



Rebate factor from Rule of 78s chart is 0.6589. (Loan ran 8 months on a 
42-month term.) 

$1,048.90 multiplied by 0.6589 is $691.12. 

$691.12 represents the unearned interest rebate. 

Therefore, your payoff amount is computed as follows: 

Balance 

Less unearned interest rebate 

Payoff amount 

$4,985.75 

691.12 

$4,294.63 

If you have any further questions concerning these matters, please contact us. 

Sincerely, 
S.Govia 
Vice President 

Hint: The Rule of 78s is used by some financial institutions to determine the out
standing loan balance. According to the Rule of 78s, the interest charged during 
a given month is figured out by applying a changing fraction to the total inter
est over the loan period. For example, in the case of a one-year loan, the frac
tion used in determining the interest charge for the first month would be 12/78, 
12 being the number of remaining months of the loan and 78 being the sum 
of 1 + 2 + · · · + 11 + 12. For the second month, the fraction would be 11/78, 
and so on. In the case of a two-year loan, the fraction during the first month is 
24/300, because there are 24 remaining payment periods and the sum of the loan 
periods is 300 = 1 + 2 + · · · + 24. 
(a) Compute the effective annual interest rate for this loan. 
(b)Compute the annual percentage rate (APR) for this loan. 
(c) Show how would you derive the rebate factor (0.6589). 
(d) Verify the payoff amount by using the Rule of 78s formula. 
(e) Compute the payoff amount by using the interest factor (PIA, i, N). 

Problems 157 



_CH_ A_PT_E_R FOUR~~~~~~~~-

Equivalence 
Calculations under 
Inflation 
How Much Will It Cost to Buy Football Tickets in 20 11? 
When was the last time you bought a ticket for a professional 
football game? With almost everything going up in price due to 
inflation, football tickets are no exception. In 2005, it cost about 
$66.20 to purchase a ticket for a Dallas Cowboys game. In 2011, it 
cost $1 I 0.20, representing an almost 166% increase in price. TM R's 
(Team Marketing Report, Inc.) exclusive Fan Cost Index™ 1 (FCI) 
survey tracks the cost of attendance for a family of four. The FCI 
comprises the prices of four (4) adult average-price tickers, two (2) 
small draft beers, four (4) small soft drinks, four (4) regular size hot 
dogs, parking for one (I) car, two (2) game programs, and two (2) 
least expensive, adult-size caps. 

1 Team Marke ting Report. Inc. Chicago. Illi nois. ©2011. 



In developing the average ticket price,TMR uses a weighted average of season 

ticket prices for general seating categories determined by factoring the tickets in 

each price range as a percentage of the total number of seats in each ballpark. 
The 20 I I FCls for both Dallas Cowboys and league average were as follows: 

Avg. 
Avg. Premium 

Team Tick cl 'llckel Beer Soda llol Dog ParkinA Program Cap 

Dallai. $110.20 $3-W $8.00 $6.00 $5.50 $75.00 Sl0.00 $10.00 
Cowboys 

NFL 77.3-t 2-t2.3-t 7.20 -t.36 4.77 25.77 4.03 16.55 
Average 

The NFL average price increase over 2008 is just 7.78%. Essentially, fans 

would buy 7. 78% less with the same amount of dollars in 20 I I. If this trend 

continues, the purchasing power of future dollars will also continue to de
cline. Here the purchasing power reflects the va lue of a currency expressed 

in terms of the amount of goods or services that one unit of money can buy. 
Purchasing power is important because, all else being equal, inflation decreas

es the amount of goods or services that the same amount of money can 
normally purchase. Our interest in this case is how we may incorporate this 

loss of purchasing power into our dollar comparison from Chapters 2 and 3. 

U 
p to this point. we have demonstrated how to compute equivalence values 
under constant conditions in the genera l economy. We have assumed thaL 
prices re main relatively unchanged over lo ng periods. As you know from 
personal experience. this is not a rea listic assumption. In this chap ter. we 

define and quantify the loss of purchasing power. or inllalion. and then go on to apply 
it in several equiva lence analyses. 

m Measure of Inflation 
I listorica lly. the general economy has usually nuctuatcd in such a way as to experie nce 
inllalion . a loss in the purchasing power o f money over time. Inflation means that the 
cost of an it em te nds to increase over time; or, to put it another way, the same dollar 
amount buys less of an item over time. Deflation is the opposit e of inflation, in that 

11 11 11 

Perccnl 
ChonAc 

FCI over 2008 

$613.80 -t0.94% 

427.21 7.78% 

159 
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prices decrease over time, and hence a specified dollar amount gains purchasing power. 
Inflation is far more common than deflation in the real world. so our consideration in 
this chapter will be restricted to accounting for inflation in economic analyses. 

4.1.1 Consumer Price Index 
Before we can introduce inflation into an equivalence calculation, we need a means 
of isolating and measuring its effect. Consumers usually have a relative and imprecise 
sense of how their purchasing power is declining based on their experience of shop
ping for food, clothing, transportation, and housing over the years. Economists have 
developed a measure called the consumer price index (CPI), which is based on a typi
cal market basket of goods and services required by the average consumer. This mar
ket basket normally consists of items from eight major groups: (1) food and alcoholic 
beverages, (2) housing, (3) apparel, (4) transportation, (5) medical care, (6) entertain
ment, (7) personal care, and (8) other goods and services. 

The CPI compares the cost of the typical market basket of goods and services in a 
current month with its cost at a previous time, such as one month ago, one year ago, or 10 
years ago. The point in the past with which current prices are compared is called the ba'ie 
period. The index value for this base period is set at $100. There arc two different types of 
CPis kept by the Bureau of Labor and Statistics (BLS) of the U.S. Department of Labor: 

• Original Measure (Base Period = 1967): The original base period used by the 
BLS for the CPI index is 1967. For example, let us say that, in 1967, the prescribed 
market basket could have been purchased for $100. Suppose the same combina
tion of goods and services costs $669.41in2011. We can then compute the CPI for 
2011 by multiplying the ratio of the current price to the base-period price by 100. 
In our example, the price index is ($669.41/$100)100 = 669.41, which means that 
the 2011 price of the contents of the market basket is 669.41 % of its base-period 
price. (See Figure 4.1.) 

• Revised Measure (Base Period = 1982-1984): The revised CPI introduced by the 
BLS in 1987 includes indices for two populations: (1) urban wage earners and cleri
cal workers (CW) and (2) all urban consumers (CU). This change reflected the fact 
that differing populations had differing needs and thus differing market baskets. 
Both the CW and the CU indices use updated expenditure weights based upon 
data tabulated from the three years of the Consumer Expenditure Survey ( 1982, 
1983, and 1984) and incorporate a number of technical improvements. As shown in 
Figure 4.1, the new CPI measure for 2011 is 223.47. 

Basically, these two indices measure the same degree of changes in purchasing power 
as long as we use them consistently in any economic study. For example, the CPls for 
2001and2011 are 176.2 and 223.47, respectively. For the same period, the original CPis 
are 528.0 and 669.41, respectively. So, the price change over a 10-year period is 26.78% 
and 26.83%, which is basically the same value. 

However, the BLS method of assessing inflation does not imply that consumers ac
tually purchase the same goods and services year after year. Consumers tend to adjust 
their shopping practices to changes in relative prices and to substitute other items for 
those whose prices have greatly increased in relative terms. We must understand that the 
CPI does not take into account this sort of consumer behavior because it is predicated on 
the purchase of a fixed market basket of the same goods and services in the same pro
portions, month after month. For this reason, the CPI is called a price index rather than a 
cost-of-living index, although the general public often refers to it as a cost-of-living index. 



---
--

---
--

Figure 4.1 Compa rison be tween old CPI 
and new CPI measures 

4. 1.2 Producer Price Index 
The consumer price index is a good measure of the general price increase of consumer 
products. but it is not a good measure of industria l price increases. When perfo rming 
engineering economic analysis, the appropriate price indices must be selected to accu
rately estimate the price increases o f raw mate ria ls. fini shed products. and operating 
costs. For example, the cost to produce and deli ver gasoline to consumers includes the 
cost of crude oil to refiners, refinery processing costs, marketing and distribution costs, 
and firrnlly. the re tail s tation costs and taxes. As shown in Figure 4.2, the prices paid by 
consumers al the pump reflect these costs as well as the profits (and sometimes losses) 
of refiners. marke ters. distributors, and re ta il sta tion owners. 

In 20I1, the price of crude oil averaged$ I 09.92 per barre l. and crude oil accounted 
for abou t 69% of the cost of a gallo n of regula r-grade gasoline. In comparison, the av
e rage price for crude oil in 2005 was $50.23 per barrel, and it composed 53% of the cost 
of a ga llon of regular gasoline. 

T he producer price index is calculated to capl ure this type of price changes over 
lime for a specific commodity or industry. The Survey of Current Business, a mon thly 
publication prepared by the BLS, provides the industrial-product price index for vari
ous industrial goods. Table 4.1 lis ts the C PI together wi th several price indexes over a 
numbe r of years.2 

From Table 4.1. we can easily calculate th e price index (or inflation rate) of gasoline 
from 20 I 0 to 20 11 as follows: 

303.6 - 244.8 = () 2 ()? = 2 02 
8 

. 4 - 4. %. 
244. 

1 Mosr up-to-date CPI da ta are available at hup://stats.hls.gov. 
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2005 A\erage 
Re tail Price: $2.27/gallon 

19% 

9% 

19% 

53% 

2011 ~\\ erill\C 

Retail Price: $3.80/!!allon 

Taxes I 
Distribution & !\lnrketing :=, ==;s"';;:,"=~ 

1 0~ 

Refining 16% 

Crude Oil 69% 

Figure 4.2 Various cost components that affect the retail 
gasoline price in the United States (Source: Energy Informat ion 
Adminis trat ion, Washington, DC.) 

TABLE 4.1 Selected Price Indices between 2002 uncl 201 1 

Year New CPI Old C PI Gasoline Steel 
(Ba.'ie Period) (1982-84) (1967) (1982) (1982) 

2002 178.9 535.8 89.0 114.I 

2003 183.8 550.5 100. l 121.5 

2004 188.0 563.2 126. 1 162.4 

2005 194.6 582.9 162.5 171.1 

2006 20 1.5 600.9 2 17.7 186.6 

2007 206.7 619. l 232.7 193.4 

2008 2 14.8 643.5 294.3 207.5 

2009 2 13.2 638.8 177.3 156.5 

20 10 218.0 653. 1 244.8 195.8 

2011 223.5 669.4 303.6 216.0 
Source: U.S. Bureau o f Labor Sta tistics. 

Automobile 
(1982) 

13-t 9 

135.l 

136.5 

135.l 

130.6 

136.6 

135.2 

134.9 

138.2 

140.9 

Since the price index calculated is positive, the price of gasoline actually increased at 
an annual rate of 2-l.02% over the year 20 10. which was one of the worst years fo r 
consumers who drive. However, in 20 I I. the price of automobiles increased barely ar 
an annual rate o f 1.95% over the price in 20 I 0. 
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4.1.3 Average Inflation Rate 
To account for the effect of varying yearly inflation rates over a period of several years, 
we can compute a single rate that represents an average inflation rate. Since each year's 
inflation rate is based on the previous year's rate, these rates have a compounding effect. 
Suppose we want to calculate the average inflation rate for a two-year period. The first 
year's inflation rate is 4 %, and the second year's rate is 8%, with a base price of $100. To 
calculate the average inflation rate for the two years, we employ the following procedure: 

• Step 1: To find the price at the end of the second year, we use the process of com
pounding: 

First year 
~ 
$100(1 + 0.04)(1 + 0.08) = $112.32. 

Second year 

• Step 2: To find the average inflation rate f, we establish the following equivalence 
equation: 

$100(1 + f)2 = $112.32,or $100(F/ P, f, 2) = $112.32. 

Solving for f yields 

f = 5.98%. 

Thus, we can say that the price increases in the last two years are equivalent to an 
average rate of 5.98% per year. Note that the average is a geometric average, not an 
arithmetic average, over a several-year period. Why do we need to calculate this aver
age inflation rate? If we want to estimate the future prices on the basis of the historical 
data, it simplifies our economic analysis to have a single average rate such as this rather 
than a different rate for each year's price. 

EXAMPLE 4.1 Calculating an Average Inflation Rate 

Consider the price increases for the) 1 items in the following table over the last 
11 years: 

Postage $0.44 $0.33 
Homeowners insurance (per year) $674.00 $500.00 
Auto insurance (per year) $872.00 $687.00 
Private college tuition and fees $27,293.00 $15,518.00 
Gasoline (per gallon) $3.64 $1.56 
Haircut $21.00 $10.50 
Car (Toyota Camry) $22,590.00 $21,000.00 
Natural gas (per million BTUs) $11.99 $3.17 
Baseball tickets (family of four) $197.35 $131.88 
Movies (average ticket) $7.50 $5.39 
Health care (per year) $3,365.08 $1,656.00 
Consumer price index (CPI) 223.47 171.20 
Base period: 1982-84 = 100 

2.65% 
2.75% 
2.19% 
5.27% 
8.01% 
6.50% 
0.67% 

12.86% 
3.73% 
3.05% 
6.66% 
2.45% 
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Explain how the average inflation rates are calculated in the table. 

DISSECTING THE PROBLEM 

Let's take the fourth item, the cost of 
private college tuition, for a sample 
calculation. Since we know the prices 
during both 2000 and 2011, we can use the 
appropriate equivalence formula (single
payment compound amount factor or 

Given: P = $15,518, F = $27,293, and N = 2011 - 2000 = 11. 
Find:[. 

growth formula). 
-------!----------------------- ------------------

METHODOLOGY ! SOLUTION 

Compute for average inflation rate. I We use the equation F = P(l + f)N: 

$27,293 = $15,518(1 + /)11• 

Solving for /yields 

11~ f = V l./.)ISIS - 1 

= 0.05267 = 5.27%. 

This 5.27% means that the private college tuition has 
outpaced the overall inflation (2.45%) by 215% over the last 
11 years. If the past trend continues into the future, the private 
college tuition in 2020 may be estimated as follows: 

Private tuition in year 2020 = $27,293(1 + 0.05267)9 

= $43,319. 

In a similar fashion, we can obtain the average inflation rates for 
the remaining items as shown in the table. Clearly, the cost of 
natural gas increased the most among the items listed in the table. 

4.1.4 General Inflation Rate (r) versus Specific Inflation Rate (~) 
When we use the CPI as a base to determine the average inflation rate, we obtain the 
general inflation rate. We need to distinguish carefully between the general inflation 
rate and the average inflation rate for specific goods: 

• General inflation rate (f): This average inflation rate is calculated on the basis of 
the CPI for all items in the market basket. The market interest rate is expected to 
respond to this general inflation rate. 

In terms of CPI, we define the general inflation rate as 

CPI,,= CPio(l + /)", (4.1) 

or 
__ [CPI,,]'/11 

f - CPio - l, (4.2) 

where/ = the general inflation rate, 



CPI,, = the consumer price index at the end period 11,and 

CPl0 = the consumer price index for the base period. 

If we know the CPI values for two consecutive years, we can calculate the annual gen
eral innation rate as 

_ CPI,, - CPI,,_ 1 

fu = CPI ' 
11-I 

(4.3) 

where /,, = the general inflation rate for period n. 
As an example, let us calculate the general innation rate for the year 2011, where 

CPl2010 = 218.0 and CPl2011 = 223.5: 

223.5 - 218.0 = 0252 = 2 52 
218.0 o. . %. 

This calculation demonstrates that 2011 was an unusually good year for the U.S. con
sumers. as its 2.52% general inflation rate is slightly lower than the average general 
innation rate of 2.94% over the last 29 years.3 

• Specific inflation rate (Jj): This rate is based on a price index (other than the CPI) 
specific to segment j of the economy. For example, we often must estimate the fu
ture cost for an item such as labor, material, housing, or gasoline. (When we refer 
to the average inflation rate for just one item, we will drop the subscript j for sim
plicity.) All average inflation rates calculated in Example 4.1 are specific inflation 
rates for each individual price item. 

EXAMPLE 4.2 Developing Specific Inflation Rate for Baseball 
Tickets 

The accompanying table shows the average cost since 2005 for a family of four 
to attend a Boston Red Sox game. Determine the specific inflation rate for each 
period, and calculate the average inflation rate over the six years. 

2005 $276.24 

2006 $287.84 4.20% 

2007 $313.83 9.03% 

2008 $320.71 2.19% 

2009 $326.45 l.79% 

2010 $334.78 2.55% 

2011 $339.01 1.26% 

-'To calculalc lhc average general inflation rate from the base period (1982) to 2011. we need to know 
lhe CPI for year 1982. which is 96.5. 

[
n35)t/2<1 

f = ~-6.~ - I = 2.94%. 

4.1 Measure of Inflation 165 



166 CHAPTER 4 Equivalence Calculations under Inflation 

DISSECTING THE PROBLEM 

METHODOLOGY 

Given: History of baseball ticket prices. 

Find: The yearly inflation rate (Jj) and the average inflation 
i rate over the six-year time period (/). 

-----·-·-r-
SOLUTION 

Calculate the inflation rate for each year and 
the average inflation rate over the six-year 
period. 

The inflation rate between year 2005 and year 2006 (/1) is 

($287.84 - $276.24)/$276.24 = 4.20%. 

The inflation rate during year 2006 and year 2007 ('2) is 

($313.83 - $287.84)/$287.84 = 9.03%. 

The inflation rate during year 2007 and year 2008 (/3) is 

($320.71 - $313.83)/$313.83 = 2.19%. 

Continue these calculations through 2009-2011. The 
average inflation rate over the six years is 

( 
$339.01 ) l/

6 

f = $276.24 - 1 = 0.0347 = 3.47%. 

Note that, although the average inflation rate is 3.47% for 
the period taken as a whole, none of the years within the 
period had this rate:' 

COMMENTS: Let's see how FCI works out for National Football League. The average 
FCI was $420.54 for 2010 and $329.91 for 2005, respectively. The average inflation rate 
is 4.97% over five-year period. 

~ Actual Versus Constant Dollars 
Due to inflation, the purchasing power of the dollar changes over time. To compare 
dollar values of different purchasing power from one period to another, they need to 
be converted to dollar values of common purchasing power-converting from actual to 
constant dollars or from constant to actual dollars. To introduce the effect of inflation 
into our economic analysis, we need to define the following two inflation-related terms:5 

• Actual (current) dollars (An): Actual dollars are estimates of future cash flows for 
year 11 that take into account any anticipated changes in amount caused by infla
tionary or deflationary effects. Actual dollars are the number of dollars that will 
be paid or received, regardless of how much these dollars are worth. Usually, these 
numbers are determined by applying an inflation rate to base-year dollar estimates. 

• Constant (real) dollars (A'n): Constant dollars reflect constant purchasing power 
independent of the passage of time. Constant dollars are a measure of worth, not 
an indicator of the number of dollars paid or received. In situations where infla
tionary effects were assumed when cash flows were estimated, we can convert 
these estimates to constant dollars (base-year dollars) by adjustment, using some 

4 Since we obtained this average rate on the basis of costs that are specific to the baseball industry. this 
rate is not the general inflation rate. It is a specific inflation rate for the Boston Red Sox. 
5 Based on the ANSI Z94 Standard Committee on Industrial Engineering Terminology, The Engineering 
Economist, 33(2). 1988, pp.145-171. 
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readily accepted general inflation rate. Unless specified otherwise, we will always 
assume that the base year is at time zero. 

4.2.1 Conversion from Constant to Actual Dollars 
Since constant dollars represent dollar amounts expressed in terms of the purchasing 
power of the base year (see Figure 4.3), we may find the equivalent dollars in yearn by 
using the general inflation rate J in the equation 

An= A~1(l + f)n = A~(F/P,f. n), (4.4) 

where A~ = the constant-dollar expression for the cash flow occurring at the end of 
year n and A,. = the actual-dollar expression for the cash flow occurring at the end of 
year 11. 

If the future price of a specific cost element (j) is not expected to follow the gen
eral inflation rate, we will need to use the appropriate average inflation rate applicable 
to this cost element, fj instead off. 

A,,= A;, (I + f)" =A;, (FIP, f, 11) 

6 

$1,000 

I t 
3 

Constant 
Dollars 

nm~ 
uu~ 

$1,260 

~ 
0 3 

Actual 
Dollars 

Figure 4.3 Conversion from constant to actual dollars 

EXAMPLE 4.3 Conversion from Constant to Actual Dollars 

What would $30,000 earned in 1995 be equal to in 2011? The CPis for the two 
years are 152.4 and 223.47, respectively. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Compute the equivalent actual 
dollars. 

Given: $30,000 in 1995, CPI1995 = 152.4, and CPI2011 = 223.47. 
Find: The actual dollar amount in 2011. 

SOLUTION 

By Eq. (4.2), the general inflation rate is calculated as 

- = 2011 - 1 = __ . - - 1 = 2 4211 o/c [
CPI ] 1/16 [ 223 47] 1/16 

f CPl199s 152.40 . 
0

' 

and the equivalent actual dollars in 2011 is 

$30,000(1+0.024211)16 = $43,990.16. 
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4.2.2 Conversion from Actual to Constant Dollars 
As shown in Figure 4.4, this process is the reverse of converting from constant to ac
tual dollars. Instead of using the compounding formula, we use a discounting formula 
(single-payment present-worth factor): 

. An ( ,1 - ) 
An= ( _)11 =An P,F,f ,n . 

1 + f 
(4.5) 

Once again, we may substitute Jj for J if future prices are not expected to follow the 
general inflation rate. 

The constant dollar is often used by companies to compare the performance of 
recent years with past performance. Governments also use the constant dollar to track 
changes in economic indicators, such as wages, over time. Any kind of financial data 
that is represented in dollar terms can be converted into constant dollars based on the 
CPis of various years. As an example, consider Figure 4.5, which tracks U.S. gasoline 
prices between 1960 and 2010. Since the actual prices and the consumer price indices 

A~= A,, (1 + J)-11 = (PIF, f. n) 
$1,260 

$1,000 

t 
Figure 4.4 Conversion from actual to con
stant dollars: $1,260 three years from now will 
have a purchasing power of $1,000 in terms of 
base dollars (year 0) 

0 3 
Constant 
Dollars 

0 3 
Actual 
Dollars 

Figure 4.5 U.S. 
gasoline prices, 1960 
to 2010, in actual and 
constant (year 2005) 
cents per gallon 
(Source: http:// 
oregonstate.edu/Dept/ 
pol_sci/fac/sahr/ 
GASoline.xls) 
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are available over this period, we can develop a chart in which the gasoline prices 
are expressed in both actual dollars and constant dollars (expressed in terms of 2005 
dollars) from 1960 to 2010. Even though consumers experienced a sharp price increase 
in 2010, the price, in fact, closely matches the 1981 price, which rose sharply due to an oil 
embargo imposed by some Middle Eastern countries. 

In Examples 4.4 and 4.5, we will illustrate how we may convert actual dollars into 
constant dollars of the base year or vice versa. 

EXAMPLE 4.4 Comparing Prize Monies Earned at Different 
Points in Time 

The next table lists the winners and their prize monies in actual dollars from the 
Masters Golf Championship from 2006 to 2011. Convert the prize monies into 
equivalent dollars of 2011. 

2006 Phil Mickelson 

2007 Zach Johnson $1,305.000 

2008 Trevor Immelman $1,350,000 

2009 Angel Cabrera $1,350,000 

2010 Phil Mickelson $1,350,000 

2011 Chari Schwartze) $1,440,000 

In doing so, 

(a) Determine the growth rate of the prize money in actual dollars over the five-
year period. 

(b) Find the equivalent prize money for each, stated in terms of year 2011 dollars. 

(c) Determine the growth rate of the prize money in constant (real) dollars. 

(d) If the current trend continues, what would the expected prize money be in 
actual dollars for the winner in 2015? 

- --------- - - . -- - --------,---

DISSECTING THE PROBLEM 

You need to find out the specific Given: Prize history. 
inflation rate for each past year to Find: Growth rate of the prize monies in actual as well as constant 
determine the loss of purchasing power .. 

1 

dollars and projection of the prize money for year 2015. 
This requires the CPI information from 
2006 to 201 i. I 
--- - j--- -·-·---- -·---~-----

METHODOLOGY 

Calculate the growth rate of prize 
monies in actual and constant dollars 
and project the 2015 prize money value. 

SOLUTION 

(a) Growth of the prize money in actual dollars: 

$1,440,000 = $1,260,000(1 + f)5 

f = 2.7066%. 
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(b) Prize money, stated in terms of 2011 dollars. In doing so, you 
need to calculate the general inflation rate for each year: 
•Phil Mickelson (2010): 

$1,350,000(1 + 0.0252) = $1,384,060. 

• Angel Cabrera (2009): 

$1,350,000(1 + 0.0225)(1 + 0.0252) = $1,415,220. 

Other Masters Champions' prize monies can be converted 
into the base year dollars of 2011 as shown in the table below. 

2006 Phil Mickelson 

2007 Zach Johnson 

2008 Trevor Immelman 

2009 Angel Cabrera 

2010 Phil Mickelson 

2011 Chari Schwartze! 

(c) Real growth of the prize money: 

$1,440,000 = $1,397,568(1 + g)5 

g = 0.60%. 

(d) Anticipated 2015 prize money in actual dollars: 

$1,260,000 

$1,305,000 

$1,350,000 

$1,350,000 

$1,350,000 

$1,440,000 

F201s = $1,440,000(1 + 0.027066)4 

= $1,602,345. 

201.5 

206.7 2.58% 

214.8 3.92% 

213.2 -0.74% 

218.0 2.25% 

223.5 2.52% 

$1,397,568 

$1,411,067 

$1,404,679 

$1,415,220 

$1,384,060 

$1,440,000 

---------- -~- ---- ·---~---- -

COMMENTS: The annual growth rate of the prize monies between 2006 and 2011 is 
merely 2.7066%. However, if you look at the entire history of the prize monies over 
77 years and know that the prize money for the first winner in 1934 was $1,500, the 
growth rate is 9.33%. 

EXAMPLE 4.5 How Much Does It Cost to Go to College? 

Tuition and fees for colleges and universities across the United States have consist
ently risen higher per year than inflation over the same period of time. The follow
ing table summarizes tuition and fees for four-year public institutions for the last 
10 years. Cost is the value in actual dollars. With 2000 as the base year, adjust the 
college cost in actual dollars to the college cost in constant dollars of 2000 (2000$). 
--------------- -~-·-···········-·-········---···-····-·-·---·-··········----· 

DISSECTING THE PROBLEM 
The first task is to determine the 
general inflation <f) between each 
period. Then we convert the actual 
dollars in each period into the 
respective constant 2000$ using this 
periodic general inflation rate. 

Given: College costs in actual dollars. 
Find: Equivalent constant dollars in year 2000. 
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7 00-01 $ 3,508 171.2 

8 01-02 $ 3,766 7.35% 176.6 3.15% 

9 02-03 $ 4,098 8.82% 178.9 1.30% 

10 03-04 $ 4,645 13.35% 183.8 2.74% 

11 04-05 $ 5,126 10.36% 188.0 2.29% 

12 05-06 $ 5,492 7.14% 194.6 3.51% 

13 06-07 $ 5,904 7.50% 201.5 3.55% 

14 07-08 $ 6,191 4.86% 206.7 2.58% 

15 08-09 $ 6,591 6.46% 214.8 3.92% 

16 09-10 $ 7,020 6.51% 213.2 -0.75% 

17 10-11 $ 7,605 8.33% 218.0 2.25% 

::~:::~~::ivalent college .. -,i-~:~~!~4.5), we d~te=~n:he equivalent college tuition and lees in 
cost in constant 2000$ for each constant dollars as follows: 
year. 

3 Base Year (1982-84) Four-Year 

4 General 

5 Actual Constant 

6 Year 

7 

8 00-01 171.2 1.0000 3,508 3,508 

9 01-02 176.6 3.15% 0.9694 3,766 3,651 

10 02-03 178.9 1.30% 0.9570 4,098 3,922 

11 03-04 183.8 2.74% 0.9314 4,645 4,327 

12 04-05 188.0 2.29% 0.9106 5,126 4,668 

13 05-06 194.6 3.51% 0.8798 5,492 4,832 
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G II I J K L 

14 06-07 20 1.5 3.55% 0.8496 $ 5.904 $ 5,0l6 
15 07-08 206.7 2.58% 0.8283 s 6.191 s 5.l28 
16 08-09 2 14 .8 3.92% 0.7970 $ 6.591 s 5.253 
17 09-10 213.2 -0.75% 0.8030 s 7.020 s 5.637 
18 10-11 218.0 2.25% 0.7853 s 7,605 s 5.972 
19 

For example. public four-year colleges charged. on average. $7.605 in 
tuition and fees in actual dollars for rhe 2010-201 l year. To dctem1inc 
its equivalent constant dollars in the year 2000. we need to discount the 
actua l dollars using the multiple inflation rates. as fo llows: 

. $7.605 
/\ woo = ( I + 0.0252)( I - 0.0075)(1 + 0.0392) · · · (1 + 0.0315) 

$7,605 
= 

1.2735 
= $7,605(0.7853) 
= $5,972. 

The average gene ral inflation rate over a 10-year period is 

- [CPI ]1110 [218 0]1
/ JU 

f = cr1::~~ - i = 17J :1 - i = 2.446%. 

The average price index fo r publ ic fo ur-year colleges over the same 
period is 

[ 
7 605 ] l/ lO f = -'- - l = 8.0445%. 
3,508 

This indicates tha t the average price of public college tu ition and fees 
has been increasing at a much fas ter rate than the general inflation in 
the economy. 

COMMENTS: In determining the equiva lent college cost in constant dollars, we used the 
periodic annual general inflation rares, instead of the average genera l inflation rare of 
2.446%. ·n1is is possible only because we know precisely the actual costs in each year. 
However, if our task is to estimate the fuwre college costs in, say, 2015, rhen we need ro 
use the average inflation rate of 8.0445o/. .. f o r example, the projected public fo ur-year 
college tuition and fees in year 20 15 is $7.605( I + 0.080445)5 = $11.197 in acwal dollars. 
If we wam to use the price of 2000 as a base ($3.508), the projected price in year 2015 is 
$3,508(1 + 0.080445) 15 = $11 , 197. which is the same value we obtained previously. 

~ Equivalence Calculations under Inflation 
In previous chapte rs, our equiva lence analyses took changes in the earning power of 
money into consideration. To factor in changes in purchasing power- that is. inna1ion
wc may use either ( I) constam-dollar analysis or (2) actual-dollar analysis. Ei ther method 
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produces the same solution; however, each method requires the use of a different inter
est rate and procedure. Before presenting the two procedures for integrating earning and 
purchasing power, we will give a precise definition of the two interest rates used in them. 

4.3.1 Market and Inflation-Free Interest Rates 
Two types of interest rates are used in equivalence calculations: (1) the market interest 
rate and (2) the inflation-free interest rate. The difference between the two is analo
gous to the relationship between actual and constant dollars. 

• Market interest rate (i): This rate, commonly known as the nominal interest rate, 
takes into account the combined effects of the earning value of capital (earning 
power) and any anticipated inflation or deflation (purchasing power). Virtually all in
terest rates stated by financial institutions for loans and savings accounts are market 
interest rates. Most firms use a market interest rate (also known as inflation-adjusted 
required rate of return) in evaluating their investment projects, as well. 

• Inflation-free interest rate (i'): This rate is an estimate of the true earning power of 
money when the effects of inflation have been removed. Commonly known as the 
real interest rate, it can be computed if the market interest rate and the inflation 
rate are known. In fact, all the interest rates mentioned in previous chapters are 
market interest rates. As you will see later in this chapter, in the absence of infla
tion. the market interest rate is the same as the inflation-free interest rate. 

In calculating any cash flow equivalence, we need to identify the nature of the cash 
flows. The three common cases are as follows: 

Case 1: All cash flow elements are estimated in constant dollars. 

Case 2: All cash flow elements are estimated in actual dollars. 

Case 3: Some of the cash flow elements are estimated in constant dollars, and others 
are estimated in actual dollars. 

For Case 3, we simply convert all cash flow elements into one type-either constant or 
actual dollars. Then we proceed with either constant-dollar analysis, as for Case 1, or 
actual-dollar analysis, as for Case 2. Constant-dollar analysis is common in the evalua
tion of many long-term public projects because governments do not pay income taxes. 
l)'pically, income taxes are levied on the basis of taxable incomes in actual dollars, so 
actual-dollar analysis is more common in the private sector. 

4.3.2 Constant-Dollar Analysis 
Suppose that all cash flow elements are already given in constant dollars and that we 
want to compute the equivalent present worth of the constant dollars (A 'n) in year n. 
In the absence of any inflationary effect, we should use i' to account for only the earn
ing power of the money. To find the present-worth equivalent of this constant-dollar 
amount at;: we use 

A',, 
P,, = (1 + i')n (4.6) 
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4.3.3 Actual-Dollar Analysis 
Now let us assume that all cash flow elements are estimated in actual dollars. To find 
the equivalent present worth of this actual-dollar amount (An) in year 11, we may use 
two steps to convert actual dollars into equivalent present-worth dollars. First, we con
vert actual dollars into equivalent constant dollars by discounting with the general in
flation rate, a step that removes the inflationary effect. Now we can use i' to find the 
equivalent present worth. However, the two-step process can be greatly streamlined by 
the efficiency of the market interest rate, which performs deflation and discounting in 
one step. Mathematically, the two steps can be expressed as 

Con\cn tociomunt S 

P11 = An(l + Jf" (l+i')-n 

Discount 1be constant S 

(4.7) 

~ )

-11 

= A 1 + i' + J + i'f 11 

ma~ate 
= A 11(1 + i)-". 

This equation leads to the following relationship among f, i', and i: 

i = i' + 1 + i'f. (4.8) 

This equation also implies that the market interest rate is a function of two terms, i' and f. 
Note that, without an inflationary effect, the two interest rates are the same. (If 

f = 0, then i = i'.) As either i' or 1 increases, i also increases. When prices increase 
due to inflation, bond rates climb because promises of future payments from debtors 
are worth relatively less to lenders (i.e., banks, bondholders, money market investors, 
CD holders, etc.). Thus, lenders demand and set higher interest rates. Similarly, if infla
tion were to remain at 3%, we might be satisfied with an interest rate of 7% on a bond 
because our return would more than beat inflation. If inflation were running at 10%, 
however, we would not buy a 7% bond; we might insist instead on a return of at least 
14%. On the other hand, when prices are coming down or at least are stable, lenders 
do not fear the loss of purchasing power with the loans they make, so they arc satisfied 
to lend at lower interest rates. 

In practice, we often approximate the market interest rate i by simply adding the 
inflation rate 1 to the real interest rate i' and ignoring the product term(i'/). This prac
tice is okay as long as either i' or J is relatively small. With continuous compounding, 
however, the relationship among i, i', and 1 becomes precisely 

i' = i - J. (4.9) 

So, if we assume a nominal annual percentage rate (APR) (market interest rate) 
of 6% per year compounded continuously and an inflation rate of 4% per year 
compounded continuously, the inflation-free interest rate is exactly 2% per year com
pounded continuously. 
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EXAMPLE 4.6 Equivalence Calculations under Inflation
Constant- and Actual-Dollar Analysis 

Chena Hot Springs Resort built the very first ice museum in the United States. 
Chcna is located 60 miles (100 km) northeast of Fairbanks, Alaska, which is the 
traditional world capital of ice art. To save the cooling cost for the ice museum in 
2011, Chena installed an absorption chiller, which requires 148 HP (horsepower) 
to operate. This saves $244,560 in fuel costs per year at the 2011 diesel fuel price 
of $4.11 per gallon. The expected life of the plant is 15 years, and the diesel price is 
expected to increase at an annual rate of 5% during the life of operation of the 
absorption chiller. If Chena's market interest rate is 12%, which would account 
for the expected general inflation rate of 3% during this project period, what 
is the value of installing the absorption chiller in 2011 dollars? In solving this 
problem, we demonstrate that we will obtain the same result whether we use the 
constant-dollar analysis or the actual-dollar analysis. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Method I: Constant-Dollar Analysis 

Given: Cash flows stated in constant dollars, i = 12% per year. 
Find: Equivalent present worth of the cash flow series. 

SOLUTION 

Since the diesel fuel price increases at a different rate (5%) from 
the general inflation rate (3%), we first need to find the fuel sav
ings in actual dollars at each period. For example, equivalent fuel 
savings in actual dollars are determined by 

A 1 = $244,560(1 + 0.05) = $$256,788 

A2 = $244,560(1 + 0.05)2 = $269,627 

Ais = $244,560(1 + 0.05) 15 = $508,423. 

Then we convert these fuel savings in actual dollars into equiva
lent constant dollars. 

A'i = $256,788(1 + 0.03f1 = $249,309 

A2 = $269,627(1 + 0.03)-2 = $254,150 

A'is = $508,423(1 + 0.03)-15 = $326,337. 

We may attempt to find the equivalent fuel savings in 2011 dol
lars by first finding the inflation-free interest rate and then apply
ing this inflation-free rate to obtain the present values of the fuel 
savings in constant dollars. Using Eq. ( 4.8), we find i' as follows: 

0.12 = i' + 0.03 + 0.03i' 

i' = 8.74%. 
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METHODOLOGY SOLUTION 
Then, the total present equivalent fuel savings in 2011 can be 
calculated using the geometric series present-worth factor with 
g calculated as 

- 1 + 0.05 - 0 

g - 1 + 0.03 - 1 - 1.94 Mi, 

P = $249,309 (P/Ai. 1.94%, 8.74%, 15) 
= $2,275,096. 

Table 4.2 illustrates the process of computing the equivalent pre
sent worth when all cash flows are given in actual dollars. Once 
the fuel savings figures in actual dollars are entered in cells B12 
through B27, we need to convert them into equivalent constant 
dollars as shown in cells C12 through C27. Once the cash flow 
series is expressed in constant dollars, we use the inflation-free 
(real) interest rate to find the equivalent present worth. This is 
shown in column D, or cells D12 through D27. We can also eas-

1 ily plot the expected fuel savings in terms of both constant and 
I actual dollars. 

·-----·-1 ·--·-·---·----·-··-··-----------·---·-
Method 2: Actual-Dollar Analysis 1 Since fuel savings are given in actual dollars of 2011, we need 

I to convert them into equivalent present worth using the market 
I interest rate. Since the fuel savings arc growing at the annual rate 
I of 5%, the fuel savings series in actual dollars forms a geomet
i ric gradient series. To find the equivalent total savings in 2011 

I
. dollars, v:e us~ the market interest rate of 12% to discount this 

gcometnc senes: 

I p = $256,788(P/Ai. 5%, 12%, 15) 

= $2,275,096 (in year 2011 dollars). 

Note that the result is essentially the same as before. (We might 
observe some slight discrepancy due to rounding errors intro
duced when we apply the different interest factors.) Table 4.3 
illustrates the tabular approach to obtaining the equivalent 
present worth in Excel. We first enter the fuel savings in actual 
dollars in cells 812 through 827. We could calculate the present 
worth of the cash flow series in actual dollars, using the market 
interest rate. This is shown in cells C12 through C27. We may also 
display the cumulative PW of fuel savings as a function of oper
ating year as shown in cells D12 through D27. So, the figure in 
cell D27 represents the total fuel savings in present worth over 
15 years. 



TABLE 4.2 A n Excel Worksheet lo Perform a Constant-Dollar Annlysis 

>-
A J__B _L c l D E F I G I H I I I J I K I L 

1 
>-

2 Input j_ Output 
T 
4 (1) Market interest rate (%) 

- -
12~~ I (fl Inflation-free interest ra te (%) I 8.738% 

5 (fl General inflation rate (%) 3% (P) Present worth (S) is 2,275,096 
6 (Ii) Inflation rate for diesel fuel (%) 5% 
7 (A 1) Fuel savings in year 1 (constant S) 

8 
$ 244,560 ,_ 

-+- Actual $ --- Constant S ........ Equ. PW 
- l Fuel savinos ] I 

,_ 
9 Fuel savlnos Present $600,000 

__!Q_ Period J in Actual S I in Constant $ I worth 
11 

,_ 
- e- ,_ 

$500,000 ... 
12 0 

~ 13 1 s 256,788 s 249,309 s 229.275 
14 2 s 269,627 s 254,150 s 2 14,945 

$400,000 
15 3 s 283.109 s 259.085 s 201.511 

~ 16 4 s 297,264 s 264, 115 s 188.917 
17 5 s 312.127 s 269,244 s 177.109 - -

$300.000 
~ - - -

18 6 s 327,734 s 274,472 $ 166.040 -
19 7 s 344,120 s 279,80 1 $ 155,663 :::::: 
20 8 s 361,327 s 285,234 s 145.934 $200,000 

~ 2 1 9 s 379.393 s 290,773 s 136,813 
22 10 s 398.362 s 296.419 s 128.262 

$ 100.000 
23 11 s 418.281 s 302.175 $ 120,246 - ..,.. 
24 12 s 439,195 s 308,042 s 112,730 
25 13 s 461 ,154 s 3 14,024 s 105.685 $-
26 14 s 484,2 12 s 320, 12 1 s 99,079 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
27 15 s _ 508,423 s 326.337 s 9~,887 - .---- - ~ 28 

I :$0 $7'(1+SOS6)" A27 I I =B27'(1+$0 $5)"(-A27) I y :C27'(1+$LS4)" (·A27) I 

TABLE 4.3 A n Excel Worksheet lo Pcrl'or111 an Actual-Dollar Analysis 

A I 8 1 c I D E F .l G l H I I 1 J K I L - >--
~ 

1 
=(0 4-0 5)/(1+05) T Input - Output 

-
- >-
3 -

(11 Market interest rate (%) - 12% - Ill Inflation-free interest rate(%) r 8.738% 4 
5 (f) General inflation rate (%) 30· (P) Present worth (S) is 2.275.096 ,. 
6 (fj) lnftatlon rate for diesel fuel (0 o) 5•· .. 
7 (A 1) Fuel savings in year 1 (constant Sl S 244,560_ - • Actuals Equ. PW • Cum. PW _!. 

! Fuel savingsT Equivalent T -9 Cum. $2.500,000 

10 Period J in Actual S J Present Worth I PW - -11 -12 0 $2,000,000 -
13 1 s 256,788 s 229,275 s 229,275 
14 2 s 269,627 s 2 14,945 s 444,220 
15 3 s 283.109 s 201.511 s 645,732 

$ 1,500.000 
16 4 s 297,264 s 188,9 17 s 834,648 
17 5 $ 3 12,127 s 177.109 s 1,011,758 
18 6 s 327,734 $ 166,040 $ 1, 177,798 
19 7 s 344, 120 $ 155,663 $ 1.333,461 $ 1,000.000 

20 B s 361.327 s 145,934 $ 1,479,394 
2 1 9 s 379,393 s 136,813 $ 1,616.207 

22 10 s 398.362 s 128.262 $1,744,469 $500,000 

n 111 I I 23 11 s 418,281 s 120,246 $ 1,846,715 

I I J I I I J t 24 12 s 439.195 s 112,730 s 1,977,445 
25 13 s 461 . 154 s 105,685 $2,083,130 $-
26 14 s 484,212 s 99,079 s 2, 182,209 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

E 15 s _ 508.423 s ~887 s 2,275,096 

28 ......-- ' =SDS7' {1 +SOS6)"A27 I =827'( 1+SDS4)"(-A27) I~ =D26+C27 I 
177 
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4.3.4 Mixed-Dollar Analysis 
Let's examine a situation in which some cash flow elements are expressed in constant 
(or today's) dollars and other elements in actual dollars. In this situation, we convert all 
cash flow elements into the same dollar units (either constant or actual). If the cash flow 
elements are all converted into actual dollars, we can use the market interest rate i in cal
culating the equivalence value. If the cash flow elements are alt converted into constant 
dollars, we use the inflation-free interest rate i'. Example 4.7 illustrates this situation. 

EXAMPLE 4.7 Equivalence Calculations with Composite 
Cash Flow Elements 

A couple wishes to establish a college fund at a bank for their five-year-old child. 
The college fund will earn an 8% interest compounded quarterly. Assuming that the 
child enters college at age 18, the couple estimates that an amount of $30,000 per 
year. in terms of today's dollars (dollars at child's age of five), will be required to 
support the child's college expenses for four years. College expenses are estimated to 
increase at an annual rate of 6%. Determine the equal quarterly deposits the couple 
must make until they send their child to college. Assume that the first deposit will 
be made at the end of the first quarter and that deposits will continue until the child 
reaches age 17. The child will enter college at age 18, and the annual college expense 
will be paid at the beginning of each college year. In other words, the first withdrawal 
will be made when the child is 18. 

DISSECTING THE PROBLEM 

In this problem, future college ex
penses are expressed in terms of 
today's dollars whereas the quar
terly deposits are in actual dollars. 
Since the interest rate quoted for 
the college fund is a market inter
est rate, we may convert the fu
ture college expenses into actual 
dollars. 

Given: A college savings plan, i = 2% per quarter, f = 6%, and 
N = 12 years. 
Find: Amount of quarterly deposit in actual dollars. 

Equivalence Calculation with Composite Cash Flow Elements 
=== 

$30,000 $30,000(F/ P,6%, 13) = $63,988 

$30,000 $30,000(F/ P,6%, 14) = $67,827 

20 (junior) $30,000 $30,ClOO(F/ P,6%, 15) = $71,897 

21 (senior) $30,000 $30,000(F/ P,6%, 16) = $76,211 
1~~~~~~~~~~~~~~~~~---~~~~~~~ 

~~~~~~~~~~~~--+-~~~ 

METHODOLOGY 

Convert any cash flow elements 
in constant dollars into actual dol
lars. Then use the market interest 
rate to find the equivalent present 
value. 

1 SOLUTION 
The college expenses as well as the quarterly deposit series in actual 
dollars are shown in Figure 4.6. We first select 11 = 12, or age 17. as 
the base period for our equivalence calculation. (Note: Inflation is 
compounded annually; thus, the n we use here differs from the quarterly 
11 we use next.) Then we calculate the accumulated total amount at the 
base period at 2% interest per quarter (8% APR/4 = 2% per quarter). 
Since the deposit period is 12 years and the first deposit is made at the 
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end of the first quarter. we have a 48-quartcr deposit period. TI1erefore. 
the total ba lance or the deposits when the child is 17 would be 

Vi= C(F/ A,2%,48) 

= 79.3535C. 
' l11e equivalent lump-sum wortb of the total college expenditure at the 
base period would be 

V2 = $63,988(?/ F. 2%, 4) + $67,827(P/ F. 2%,8) 

+ $71,897(P/ F, 2%, 12) + $76.211(P/ F, 2%. 16) 

= $229,211. 
By sell ing \11 = \12 and solving for C, we obtain C = $2.888.48. 

COMM ENTS: TI1is is a good example for which Excel would help us understand the ef
fects of variations in the circumstances of the situation. For example. how does changing 
the innaiion rate affect the required quarterly savings plan? To begin. we must set up 
an Excel spreadsheet and uti lize the Goal Seek function. Table 4.-t is a sample spread
sheet that shows the deposit and withdrawal schedule for this scenario. After specifying 
the interest rate in E6 and using Excel functions to calculate equivalent total deposits 
and withdrawals in present-worth terms, we designate cell E58 as the di fference between 
E56 and E57 (i.e., E56- E57). To ensure that the accumulated balance of deposi ts is 
exactly sufficient to meet projected withdrawals, we speci fy that this target cell be zero 
(i.e., E56- E57 = 0) and command Goal Seek lo adjust the quarterly deposit (E55) 
accordingly. Note that the quarterly deposit is linked lo the schedule of deposits in 
column B. TI1e Goal Seek function finds the requi red quarterly deposit amount to be 
$2,888.47, in Cell E55. 

Sensitivity Analysis: Using the spreadsheet displayed in Table 4.4. we can 
then adjust the interest rate and sec the change in quarterly deposits required. If 
we adjust annual inflation from 6% to -t%. we will fi nd that the required quar
te rly deposit amount is $2,192.96. which is $695.51 less than in the 6% case. ll1c 
result is shown in Table 4.5. 

11
1 C{FIA. 2".l. 48) 

1 ·~ SWJ.21 1 

I el 11
1 I'~ and soh·e 

(urC 

I c S2,888.4S I 

112 ft $229.211 ,. 
I 
I 
I 

Marl.el inlere,1 rule • 11% rom11011111ted 1111or1erl) : 

: ~ ~ ~ 
:~ ~ ~ 

(5- -c; --1- -ii--.,-- 10- 11 -12-13- 14--,5 - 1(>--,;;, 
1 •IS 19 20 21 
I I 
: ) A ge (JC9rS) 

' ------------c-----------------r 
: 13ase period 
I Ouarrerl} deposi1s 

C(/'IA. 2'<. 411) - 1'1 

Figure 4.6 Establishing a college fund under an inOationary economy for a 
five-year-old child by making 48 quarterly deposits 



TABLE 4.4 Excel Solution for Finding the Required Quarterly Deposits (Example 4.7) 

A B c D E 

~ Quarter Deposits Withdrawals lntput 
3 
4 
5 
6 
7 
8 
9 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 

0 
1 
2 
3 
4 
5 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 

($2,888.47) 
(S2,888.47) 
(S2,888.47) 
(S2,888.4r) 
($2,888.47) ' 
($2,888.47) 
($2,888.47) 
($2,888.47) 
($2,888.47) 
($2,888.47)1 

($2,888.47)1 
(S2,888.47) 
($2,888.47), 
($2,888.47) 

($2,888.4711 
iS2~888.47lL 

College Expense in Constant S $30,000.00 1 
Inflation Rate 6.00% 
Interest Rate oer Quarter 2.00% 

College Expense in Actual S 
18 (Freshman)-
19 (Sophomore)_ 
20 (Junior) 
21 (Senior) 

=FV(E5,16,,-E4) "'-- • 

$63,988 
567,827 
571 ,897 
$76,211 

Out~;;;_;u;.;..;t ____ _ 

Required Quar!er]y_ Q_~posit 

53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 

49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 

$63,988_l~qu. Total Deposit 
Equ. Total Withdrawals 

~2,888.47 
.$22~,210.02 

$229,210.02 
. $0.00 T~rget cell 

l --r $67,827 · /- I 

$71,897 

- •· 

~ $76,211 
69 
DU Note: Row 10 through Row 40 are hidden. 
71 

=FV($ES6.48,·1 'E55) 

=PV(SES6.4 .. ·C56} 
+PV(SES6.8,,-C60) 
+PV($E$6, 12,,-C64) 
+PV(SE$6, 16.,-C68) 

=E56-E57 '------1 

TABLE 4.5 Required Quarterly Savings at Varying Interest Rates and lnllafion Rates 

Varying the a nnual inflation rate when fhe 
!lavingi. rate is fixed at 2% per quarter 

Annual lnnation Rate 

180 

2% 

4% 

6% 

8% 

10°1<. 

Required 
Deposit 
Amount 

$1.657 

$2, 193 

$2,888 

$3,787 

$4,942 

Varying the quarferly savings rate when the 
inOafioo rate is fixed at 6% per year 

Quarterly Savings Rate 

1% 

1.5% 

2.0% 

2.5% 

3.0% 

Required 
Deposit 
Amount 

$4J3 1 

$3,459 

$2.888 

$2.404 

$J .995 



SUMMARY 
DB The Consumer Price Index (CPI) is a statistical measure of change, over time, of the 

prices of goods and services in major expenditure groups-such as food, housing, 
apparel, transportation, and medical care-typically purchased by urban consum
ers. The CPI compares the cost of a sample "market basket" of goods and services 
in a specific period with the cost of the same market basket in an earlier reference 
period. This reference period is designated as the base period. 

11.lil Inflation is the term used to describe a decline in purchasing power evidenced in an 
economic environment of rising prices. 

l1lil Deflation is the opposite of inflation: It is an increase in purchasing power evidenced 
by falling prices. 

RI The general inflation rate J is an average inflation rate based on the CPI. An annual 
general inflation rate f,, can be calculated by the following equation: 

- CPin - CPin-1 
fn = 

CPI,.-1 

Dll The price changes of specific, individual commodities do not always reflect the general 
inflation rate. We can calculate an average inflation rate J for a specific commodity (j) 
if we have an index (i.e., a record of historical costs) for that commodity. 

lli1 Project cash flows may be stated in one of two forms: 
1. Actual dollars (An): Dollar amounts that reflect the inflation or deflation rate. 
2. Constant dollars (A'n): Dollar amounts that reflect the purchasing power of year 

zero dollars. 

l!lll Interest rates for the evaluation of cash flows may be stated in one of two forms: 
1. Market interest rate (i): A rate that combines the effects of interest and inflation; 

this rate is used with actual-dollar analysis. Unless otherwise mentioned, the in
terest rates used in the remainder of this text are the market interest rates. 

2. Inflation-free interest rate (i'): A rate from which the effects of inflation have 
been removed; this rate is used with constant-dollar analysis. 

RB To calculate the present worth of actual dollars, we can use either a two-step or a 
one-step process: 

lil!I Deflation method-two steps: 

1. Convert actual dollars to constant dollars by deflating with the general infla
tion rate of J. 

2. Calculate the present worth of constant dollars by discounting at i'. 

rm Adjusted-discount method-one step (use the market interest rate): 
A,. p =------

n [{1 + /)(1 + i')]" 

An 
(1 + i)" 

where 

i = i' + f + i'f. 
Alternatively, just use the market interest rate to find the net present worth. 
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TABLE 4.6 Summary of Inflation Terminologies 

Dollars Actual dollars Current dollars 

Constant dollars Real dollars 

Cash Dow Cash flow in actual dollars Nominal cash flow 

Cash flow in constant dollars Real cash flow 

Interest rate Market interest rate Nominal interest rate 

Inflation-free interest rate Real interest rate 

lnDation rate General inflation rate Average rate of inflation, 
annual rate of inflation 

Average inflation rate Escalation rate, growth rate 

Fi In this chapter we have introduced many inflation-related terminologies. Since 
some of them are different from those commonly found in other publications, 
Table 4.6 summarizes other terms used in other publications or business. 

SELF-TEST QUESTIONS 
4s. l How many years will it take for the dollar's purchasing power to be one-third 

what it is now, if the general inflation rate is expected to continue at the rate of 
7% for an indefinite period? 
(a) About IO years 
(b) About 12 years 
(c) About 13 years 
(d) About 16 years 

4s.2 An engineer's salary was $50,000 in 2006. The same engineer's salary in 2011 
is $80,000. If the company's salary policy dictates that a yearly raise in salaries 
reflect the cost of living increase due to inflation, what is the average inflation 
rate for the period 2002-2011? 
(a) 7.45% 
(b)B.94% 
(c) 9.80% 
(d) 10.95% 

4s.3 Suppose that you borrow $60,000 at 9% compounded monthly over five years. 
Knowing that the 9% represents the market interest rate, you compute the 
monthly payment in actual dollars as $1245.51. If the average monthly general 
inflation rate is expected to be 0.25%, determine the equivalent equal monthly 
payment series in constant dollars. 
(a) $1159 
(b) $1375 
(c) $1405 
(d) $1415 



4s.4 A couple wants to save for their daughter's college expense. The daughter will 
enter college eight years from now, and she will need $50,000, $51,000, $52,000, 
and $53,000 in ac111al dollars over four school years. Assume that these college 
payments will be made at the beginning of each school year. The future general 
inflation rate is estimated to be 7% per year, and the annual inflation-free inter
est rate is 6%. What is the equal amount, in actual dollars, the couple must save 
each year until their daughter goes to college? 
(a) $21,838 
(b) $21,945 
(c) $22,323 
(d) $22,538 

4s.5 You just signed a business consulting contract with one of your clients. The cli
ent will pay you $80,000 a year for five years for the service you will provide 
over this period. You anticipate the general inflation rate over this period to be 
5%. If your desired inflation-free interest rate (real interest rate) is to be 3%, 
what is the worth of the fifth payment in present dollars? The client will pay the 
consulting fee at the end of each year. 
(a) $53,506 
(b) $54,070 
(c) $59,498 
(d)$59,320 

4s.6 The annual fuel costs to operate a small solid-waste treatment plant are pro
jected to be $1.8 million, without consideration for any future inflation. The best 
estimates indicate that the annual inflation-free interest rate (i') will be 7% and 
the general inflation rate f = 4%. If the plant has a remaining useful life of five 
years, what is the present equivalent value of its fuel costs, using actual-dollar 
analysis? 
(a)$ 6.606 million 
(b) $ 3.567 million 
(c) $10.095 million 
(d) $ 8.317 million 

4s.7 A series of five constant-dollar (or real-dollar) payments, beginning with $8,000 
at the end of the first year, are increasing at the rate of 5% per year. Assume 
that the average general inflation rate is 5% and the market interest rate is 
12% during this inflationary period. What is the equivalent present worth of the 
series? 
(a) $24,259 
(b) $25,892 
(c) $36,413 
(d) $29,406 

4s.8 "At a market interest rate of 7% per year and an inflation rate of 5% per year, 
a series of three equal annual receipts of $100 in constant dollars is equivalent to 
a series of three annual receipts of $108 in actual dollars." Which of the following 
statements is correct? 
(a) The amount of actual dollars is overstated. 
(b) The amount of actual dollars is understated. 
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(c) The amount of actual dollars is about right. 
(d) Sufficient information is not available to make a comparison. 

4s.9 A father wants to save in advance for his eight-year-old daughter's college 
expenses. The daughter will enter the college 10 years from now. An annual 
amount of $20,000 in today's dollars (constant dollars) will be required to sup
port her college expenses for four years. Assume that these college payments will 
be made at the beginning of each school year. (The first payment occurs at the 
end of 10 years.) The future general inflation rate is estimated to be 5% per year, 
and the interest rate on the savings account will be 8% compounded quarterly 
(market interest rate) during this period. If the father has decided to save only 
$500 (actual dollars) each quarter, how much will the daughter have to borrow 
to cover her freshman expenses? 
(a) $1,920 
(b)$2,114 
(c) $2,210 
(d)$2,377 

PROBLEMS 
Note: In these problems, the term "market interest rate" represents the inflation
adjusted interest rate for equivalence calculations or the APR quoted by a financial 
institution for commercial loans. Unless otherwise mentioned, all stated interest 
rates will be compounded annually. 

Measure of Inflation 
4.1 The average unleaded-gasoline price for residents of a city on May 30, 2011, was 

$5.20 per gallon. Assuming that the base period (price index=lOO) is 1996 and 
that the unleaded-gasoline price for that year was $2.10 per gallon, compute the 
average price index for the unleaded-gasoline price for the year 2011. 

4.2 The average cost of a gallon of gas was $0.80 per gallon in 1995. In 2011, the 
average cost of a gallon of gas is $3.50. What is the average inflation rate for the 
period 1998-2011? 

4.3 The following data indicate the price indices of lumber (price index for the base 
period (1982-1984 = 100) during the last 10 years: 

164.5 

185.1 

(a) If the base period (price index= 100) is reset to the year 2001, compute the 
inflation rate for lumber between 2001 and 2009. 

(b) If the past trend is expected to continue, how would you estimate the price 
of lumber in 2014? 

4.4 Prices are increasing at an annual rate of 6% the first year and 10% the second 
year. Determine the average inflation rate (f) over these two years. 



4.5 The accompanying table shows a utility company's cost to supply a fixed 
amount of power to a new housing development; the indices are specific to the 
utility industry. Assume that year 0 is the base period. Determine the specific 
inflation for each period and calculate the average inflation rate over the three
year period. 

0 $624,000 

1 $638,400 

2 $677,000 

3 $729,500 

4.6 Because of general price inflation in our economy, the purchasing power of the 
dollar shrinks with the passage of time. If the average general inflation rate is 
expected to be 8% per year for the foreseeable future, how many years will it 
take for the dollar's purchasing power to be one-third of what it is now? 

4.7 An engineer's salary was $40,000 in 2004. The same engineer's salary in 2011 
is $75,000. If the company's salary policy dictates that a yearly raise in salaries 
reflect the cost of Jiving increase due to inflation, what is the average inflation 
rate for the period 2004-2012? 

4.8 The average starting salary for engineers was $8,000 a year in 1985. John, a 
mechanical engineer, got an offer for $48,000 a year in 2012. Knowing that the 
CPis for 1985 and 2012 are 36.87 and 205.43, respectively, what is John's real 
salary in terms of constant 1985 dollars? 

4.9 If you are looking for a 4% real return (inflation-free interest) on your invest
ment, would you be interested in an investment opportunity that produce a 9% 
return on investment (market interest rate) if the inflation rate is 5%? 

4.10 If you deposit $12,000 in a bank account that pays a 4% interest compounded 
monthly for five years, what would be your economic loss if the general inflation 
rate is 5% during that period? 

4.11 An annuity provides for 10 consecutive end-of-year payments of $15,000. The 
average general inflation rate is estimated to be 6% annually, and the market 
interest rate is 8% annually. What is the annuity worth in terms of a single 
equivalent amount of today's dollars? 

4.12 A company is considering buying workstation computers to support its engi
neering staff. In today's dollars, it is estimated that the maintenance costs for 
the computers (paid at the end of each year) will be $20,000, $26,000, $34,000, 
$38,000, and $42,000 for years one through five, respectively. The general infla
tion rate (f) is estimated to be 10% per year, and the company will receive 
16% per year on its invested funds during the inflationary period. The company 
wants to pay for maintenance expenses in equivalent equal payments (in actual 
dollars) at the end of each of the five years. Find the amount of the company's 
annual payment. 

4.13 Given the cash flows in actual dollars provided in the following table, convert 
the cash flows to equivalent cash flows in constant dollars if the base year is 
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2004 685,000 

2005 711,000 

2006 672,000 

2007 588,000 

2008 521,000 
2009 493,000 

2010 508,000 

time 0. Assume that the market interest rate is 16% and that the general infla
tion rate(/) is estimated at 4% per year. 

4 

5 
7 

$41,500 

$36,500 

$55,500 

4.14 The purchase of a car requires a $15,000 loan to be repaid in monthly install
ments for four years at 10% interest compounded monthly. If the general infla
tion rate is 6% compounded monthly, find the actual and constant dollar value 
of the 151h payment of this loan. 

4.15 A series of four annual constant-dollar payments beginning with $50,000 at the 
end of the first year is growing at the rate of 8% per year. Assume that the base 
year is the current year (n = 0). If the market interest rate is 16% per year and 
the general inflation rate (f) is 10% per year, find the present worth of this 
series of payments, based on 
(a) constant-dollar analysis. 
(b) actual-dollar analysis. 

4.16 Consider a situation, where (a) the equal-payment cash flow of $1,500 in con
stant dollars over three years is converted from the (b) equal-payment cash flow 
in actual dollars over three years. at an annual general inflation rate off= 4%. 
Also, i = 8.5%. What is the amount A in actual dollars equivalent A' = $1,500 in 
constant dollars? 

4.17 A 10-year $2,000 bond pays a nominal rate of 8% compounded semiannually. If 
the market interest rate is 9% compounded annually and the general inflation 
rate is 5% per year, find the actual and constant dollar amount (time= year zero 
dollars) of the 14th interest payment on the bond. 

4.18 The following table represents the thallium production and apparent consump
tion in the United States for the years 2004 through 2010. Unit value is the value 
in actual dollars of one metric ton (t) of thallium apparent consumption. With 
2004 as the base year, adjust the unit value in actual U.S. dollars to the unit value 
in constant 2004 U.S. dollars (2004$). 

150,000 42,000 793,000 31.90 $25,296,700 
144,000 47,000 808,000 33.40 $26,987,200 
180,000 43,000 809,000 33.80 $27,344,200 
175,000 43,000 720,000 36.30 $26,136,000 
224,000 42,000 703,000 36.50 $25,659,500 
245,000 37,000 701,000 38.00 $26,638,000 
238,000 37,000 709,000 41.00 $29,069,000 



Equivalence Calculation under Inflation 

..J.1 9 You will receive $60 interest every six months from your investment in a corpo
ra te bond. The bond will mature in five years from now and i t has a face va lue of 
$2,000. l11is means that if you hold the bond until its maturity, you will continue 
to receive $150 interest semiannually and $2,000 face va lue at the end of fi ve 
years. 

(a) What is the present va lue of the bond in the nbsence of inflation i f the mar
ket interest rate is 9% '? 

(b) What would happen 10 the value of the bond if the infla tion rate over the 
next five years is expected to be 4%? 

4.20 You just signed a business consult ing con tract with one of your cl ients. 1l1e cli
ent wi ll pay you $80.000 a year for five years for the service you will provide 
over this period. You anticipate the genera l inflation rate over this period to be 
5%. I f your desired inflation-free interest rate ( real interest rate) is to be 3% , 
what is the worth of the fifth payment in present dollars? The clienr will pay the 
consulting fee at the end of each year . 

..J.21 Suppose that you borrow $60,000 at 9% compounded monthly over five years. 
Knowing that the 9% represents the market interest ra te. you compute the 
monthly payment in actual dollars as $1,245.5 1. If the average monthly general 
inflat ion ra te is expected to be 0.25%, determine the equivalent equal monthly 
payment series in constant dollnrs. 

4.22 The annual fuel costs to operlllc a small solid-waste treMment plant arc pro
j ected lo be $1.8 mi ll ion. without considera ti on for any future inflation. The best 
estimates indicate that the annual inflation-free interest rate (i ' ) will be 7% and 
the general inflation rate/= 4%. I f the plant ha~ a remaining useful li fe of five 
years. what is the present equivalent value of its fuel costs. using actual-dollar 
analysis? 

4.23 Suppose that you j ust purchased a used car worth $14.000 in today's dollars. 
Assume also that. to finance the purchase. you borrowed $12,000 from a local 
bank at 8% compounded monthly over two years. ·n1e bank calculated your 
monthly payment at $542.36. A ssume that average general inflation will run at 
I% per month over the next two years. 

(a ) Determine the annual inflation-free interest rate (i') for the bank. 
(b) What equal monthly payments, in terms of constant dollars over the next 

two years, arc equiva lent to the ser ies of actual payments to be made over 
the li fe of the loan? 

4.24 A man is planning to retire in 20 years. He can deposit money for his retirement 
at 8% compounded monthly. It is estimated that the fu ture general innation (J) 
rate will be 3% compounded annually. What deposit must be made each month 
until the man retires so that he can make annual wi thdrawals of $20,000. in terms 
of today's dollars. over the 15 years following his reti rement? (Assume th at his 
fir:-.t wi thdrawal occurs at the end of the first six months after his retirement.) 

4.25 On her 23rd birthday. an engineer decides to start saving toward building up a 
retirement fund that pays 9% interest compounded quarterly (market interest 
rate). She feels that $800.000 worth of purchasing power in today's dollars will 
be adequate to see her through her sunset years after her 63rd birthday. A ssume 
a general infla tion rate of 5% per yea r. 
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(a) If she plans to save by making 160 equal quarterly deposits, what should be 
the amount of each quarterly deposit in actual dollars? 

(b) If she plans to save by making end-of-the-year deposits, increasing by $1,000 
over each subsequent year, how much would her first deposit be. in actual 
dollars? 

4.26 A couple wants to save for their daughter's college expense. The daughter will 
enter college eight years from now, and she will need $50,000, $51,000, $52,000, 
and $53,000 in actual dollars for four school years. Assume that these college 
payments will be made at the beginning of each school year. The future general 
inflation rate is estimated to be 7% per year, and the annual inflation-free inter
est rate is 6%. 
(a) What is the market interest rate to use in the analysis? 
(b) What is the equal amount, in actual dollars, the couple must save each year 

until their daughter goes to college? 

4.27 A father wants to save for his eight-year-old son's college expenses. The son 
will enter college 10 years from now. An annual amount of $40,000 in constant 
dollars will be required to support the son's college expenses for four years. 
Assume that these college payments will be made at the beginning of each 
school year. The future general inflation rate is estimated to be 6% per year, and 
the market interest rate on the savings account will average 8% compounded 
annually. 
(a) What is the amount of the son's freshman-year expense in terms of actual 

dollars? 
(b) What is the equivalent single-sum amount at the present time for these col

lege expenses? 
(c) What is the equal amount, in actual dollars, the father must save each year 

until his son goes to college? 

4.28 Consider the following project's after-tax cash flow and the expected annual 
general inflation rate during the project period: 

0 

1 
2 

3 

-$45,000 

$36,000 

$46,000 

$26,000 

6.5% 

7.7% 

8.1% 

(a) Determine the average annual general inflation rate over the project period. 
{b) Convert the cash flows in actual dollars into equivalent constant dollars 

with year 0 as the base year. 
(c) If the annual inflation-free interest rate is 5%, what is the present worth of 

the cash flow? 

Short Case Studies with Excel 
4.29 Suppose you have three goals in your financial planning for saving money. 

First, you would like lo be able to retire 25 years from now with a retirement 
income of $10,000 (today's dollar) per month for 20 years. Second, you would 



like to purchase a vacation home in Sedona in 10 years at an estimated cost 
of $500,000 (today's dollars). Third, assuming that you will live until your life 
expectancy, say 20 years after your retirement, you would like to leave a cash 
contribution to your college in the amount of $1,000,000 (actual dollars). You 
can afford to save $2,000 (actual dollars) per month for the next 10 years. 
Assume that the general inflation rate is 4% and the property value in Sedona 
increases at an annual rate of 5%. Your first retirement withdrawal will be made 
25 years and 1 month from now. Before retirement, you would be able to invest 
your money at an annual rate of 10%. But after retirement, you will invest your 
assets in more conservative financial assets at an annual rate of 6%. What is the 
required savings in each month in years 11 through 25? 

4.30 If we were to invest $10,000 in an S&P 500 index fund, pay 0.2% annual fees, 
and add $100 a month to it for 40 years, receiving 10.4% annual returns, what, 
theoretically. would happen to our investment with 3.43% annual inflation? 
What would it be worth in terms of today's dollars? That's 10.4% - 0.2% -
3.43% = 6.77% over 40 years. 

4.31 You have $10,000 cash that you want to invest. Normally, you would deposit the 
money in a savings account that pays an annual interest rate of 6%. However, 
you are now considering the possibility of investing in a bond. Your alterna
tives are either a nontaxable municipal bond paying 9% or a taxable corporate 
bond paying 12%. Your marginal tax rate is 30% for both ordinary income and 
capital gains. (The marginal tax rate of 30% means that you will keep only 70% 
of your bond interest income.) You expect the general inflation rate to be 3% 
during the investment period. You can buy a high-grade municipal bond cost
ing $10,000 that pays interest of 9% ($900) per year. This interest is not taxable. 
A comparable high-grade corporate bond for the same price is also available. 
This bond is just as safe as the municipal bond but pays an interest rate of 12% 
($1,200) per year. The interest for this bond is taxable as ordinary income. Both 
bonds mature at the end of year 5. 
(a) Determine the real (inflation-free) rate of return for each bond. 
(b) Without knowing your earning-interest rate, what choice would you make 

between these two bonds? 

4.32 Businessweek magazine currently offers the following subscription options: one 
year for $39; two years for $72; three years for $103. These rates are expected 
to increase at the general inflation rate. You may expect the general inflation 
rate to be between 3% and 7%. What is your optimal strategy for subscribing at 
the lowest possible cost, assuming you intend to be a lifetime subscriber? What 
other assumptions are required in order to make your purchase? 

Problems 189 
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China Market Presents Large Opportunity for Corning' 
Corning® Incorporated announced that its board of directors has 

approved a capital expenditure plan to expand the company's LCD 

glass and Gorilla® glass manufacturing in China. In response to strong 

demand. Corning's $1 billion in new investments includes a plan to 
build the company's first LCD glass melting facility and expand its 
light-duty substrate manufacturing operation. "Our total China sales 

exceeded $800 million in 20 I 0. We are forecasting sales of at least 
$1.2 billion in 20 I I. and we could reach $2 billion in revenue by 2014," 
Eric Musser. chief executive officer of Corning Greater China, said. 

China's market trends are creating growth opportunities across 
Corning's diverse businesses, he said. "We believe that China's LCD TV 

1 Corning Nc11:. Rclca~c,. ··China ~larkct Presents Large Opportunity for Corning:· f-chruary 
04. 201 1. www.corni11g.comfncws_cc11tcrfnews_rclcascs/20 I 1/20 I 1020-102.aspx. 



end market represents more than 20% of the worldwide total. Consequently, 

LCD panel manufacturers have been investing in China-based production for 

the past several years. Corning is making significant investments in its LCD 

glass manufacturing capabilities co meet this increasing market demand." 
China has been Corning's largest market for optical fiber in recent years. 

Corning expects China co continue making significant investments in building 
out the nation's wireless, FTTH, and enterprise networks for several addi

tional years. "We anticipate China's fiber-co-the-home subscriber base could 
grow at a compound annual race of more than 150% and optical solutions in 

the data center space may continue at a 20% compound growth rate, both 

through 2014," Musser said. 

C 
orning·s decision to expand in China is primarily based on an improved out
look (continued higher-than-expected retail demand) for LCD televisions. 
laptops. and desktop computers. 111en our immediate question is: Would 
there be enough annual demand from Chinese con umers to recoup the ini

tial invl.!stment? Even if Corning believes that annual LCD glass demand could be at 
the higher end of its forecasted range or 2.9 billion square feet to 3.1 billion square feet 
this year. we can also pose the following questions: 

• I l ow long would it take to recover the initial investment? 
• I f the projected glass demand never materializes. what is the extent of financial risk? 
• I f a new competitor enters into the Chinese market in the near future that could 

bring more intense price pressure, how would that affect the future investment 
decisions? 

These arc the essential types of questions to address in evaluating any business invest
ment decision. where financial risk is by far the most critical c lement to consider. 

111c investments a company chooses today determines its future success. Pro
ject ideas can originate from many different levels in an organization: procedures for 
scrc1.:ning projects to ensure that the right investments are made. need to be estab
lished. As mentioned in Chapter I. many large companies have a specialized project 
ana lysis division that actively searches for new ideas. projects, and ventures. The gener
ation and evaluation of creative investment proposals is far too importan t a task to be 
left 10 just this project analysis group; instead. the task is the ongoing responsibility of 
all managers and engineers throughout the organization. A key aspect of the process is 
the financin l evaluation of investment proposa ls. 

Our treatment of measures of investment worth is divided into four chaptcrs. l l1is 
chapter begins with a consideration of the payback period. a project-screening tool that 
was the first formal method used to evaluate investment projccts.111en we introduce two 

11 11 11 
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measures based on the basic cash flow equivalence technique of present-worth (PW) 
analysis or commonly known as discounted cash flow techniques. Since the annual-worth 
approach has many useful engineering applications related to estimating the unit cost, 
Chapter 6 is devoted to annual cash flow analysis. Chapter 7 presents measures of invest
ment worth based on yield; these measures are known as rate-of-return analysis. Chapter 
8 presents another measure based on index, known as benefit-cost ratio. 

m:I Loan versus Project Cash Flows 
An investment made in a fixed asset is similar to an investment made by a bank when 
it lends money. The essential characteristic of both transactions is that funds are com
mitted today in the expectation of their earning a return in the future. In the case of the 
bank loan, the future return takes the form of interest plus repayment of the principal. 
This return is known as the loan cash flow. In the case of the fixed asset, the future 
return takes the form of cash generated by productive use of the asset. The representa
tion of these future earnings, along with the capital expenditures and annual expenses 
(such as wages, raw materials, operating costs, maintenance costs, and income taxes). is 
the project cash flow. The similarity between the loan cash flow and the project cash 
flow (see Figure 5.1) brings us to an important conclusion-that is, we can use the same 
equivalence techniques developed in earlier chapters to measure economic worth. 

In Chapters 2 through 4, we presented the concept of the time value of money and 
developed techniques for establishing cash flow equivalence with compound-interest 
factors. This background provides the foundation for accepting or rejecting a capital 
investment-that is, for economically evaluating a project's desirability. The coverage 
of investment worthiness discussed in this chapter will allow us to step beyond accept
ing or rejecting an investment to making comparisons of alternative investments. We 
will determine how to compare alternatives on an equal basis and select the alternative 
that is wisest from an economic standpoint. 

Loan 

mm~ 

~GIGI 
Repayment cash flow 

Bank Customer 

Investment 

rnm~ 

~lllllil 
Return cash flow 

Company Project 

Figure 5.1 Loan versus project cash flows 
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We must also recognize that one of the most important parts of this capital-budgeting 
process is the estimation of relevant cash flows. For all examples in this chapter, as well as 
those in Chapters 6 and 7, net cash flows can be viewed as before-tax values or after
tax values for which tax effects have been recalculated. Since some organizations (e.g., 
governments and nonprofit organizations) are not subject to tax, the before-tax situ
ation provides a valid base for this type of economic evaluation. Taking this view will 
allow us to focus on our main area of concern, the economic evaluation of investment 
projects. The procedures for determining after-tax net cash flows in taxable situations 
are developed in Part III. We will also assume that all cash flows are estimated in actual 
dollars unless otherwise mentioned. Also, all interest rates used in project evaluation 
are assumed to be market interest rates where any future inflationary effect has been 
reflected in this interest rate. 

l0E Initial Project Screening Methods 
Before studying the four measures of investment attractiveness, we will introduce a 
simple method that is commonly used to screen capital investments. One of the pri
mary concerns of most businesspeople is whether, and when, the money invested in 
a project can be recovered. The payback method screens projects on the basis of how 
long it takes for net receipts to equal investment outlays: 

• The payback period is calculated by adding the expected cash flows for each year 
until the sum is equal to or greater than zero. The cumulative cash flow equals zero 
at the point where cash inflows exactly match, or pay back, the cash outflows~ thus, 
the project has reached the payback point. Once the cumulative cash flows exceed 
zero, the project has begun to generate a profit. 

• This calculation can take one of two forms by either ignoring time-value-of
money considerations or including them. The former case is usually designated 
as the conventional-payback method, whereas the latter case is known as the 
discounted-payback method. 

• A project does not merit consideration unless its payback period is shorter than 
some specified period of time. (This time limit is largely determined by manage
ment policy.) 

For example, a high-tech firm, such as a computer chip manufacturer, would set a 
short time limit for any new investment because high-tech products rapidly become 
obsolete. If the payback period is within the acceptable range, a formal project evalua
tion (such as a present-worth analysis, which is the subject of this chapter) may begin. 
It is important to remember that payback screening is not an end in itself but a meth
od of screening out certain obviously unacceptable investment alternatives before 
progressing to an analysis of potentially acceptable ones. 

EXAMPLE 5.1 Conventional-Payback Period 

A machine shop is considering combining machining and turning centers into a 
single Mazak Multi-Tasking® machine center. Multitasking in the machine world is 
the combining of processes that were traditionally processed on multiple machines 
onto one machine. The ultimate goal is to turn, mill, drill, tap, bore, and finish the 
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part in a single setup. The total investment cost is $1.8M with following anticipated 
cost savings: 

Setup $335,000 (70%) $234,500 

Scrap/Rework 58,530 (85%) 49,750 

Operators 220,000 (100%) 220,000 

Fixturing 185,000 (85%) 157,250 

Programming lime 80,000 ( 60%) 48,000 

Floor Space 35,000 (65%) 22,750 

Maintenance 45,000 (60%) 27,000 

Coolant 15,000 (50%) 7,500 

Inspection 120,000 (100%) 120,000 

Documentation 5,000 (50%) 2,500 

Expediting 25,000 (75%) 18,750 

Total Annual Savings $908,000 

Determine how long it would take to recover the initial investment. 

-·· ~~--~-·---------

DISSECTING THE PROBLEM 

It is necessary to determine how long 
you can expect to reap benefit from the 
investment. Most machine shops typi
cally use seven years and assume a 20% 
residual value at the end of the project 
life. It is also very common for a learn
ing curve to take place in operating a 
complex new machine. To allow for the 
learning curve, assume that only 50% 
of the full potential savings of $908,000 
occur during the first year and 75% oc
cur during the second year. With these 
assumptions, the project cash flows are 
summarized in the table at the right. 

Given: Initial cost= $1,800,000; cash flow series as shown in the 
table below. 

Find: Conventional-payback period. 

---~--··----------

METHODOLOGY 
! 

w~~~~-\ 
0 

1 

2 
3 

4 

5 

6 

7 

'==~~:~:":\:.=::·::=::. 

SOLUTION 

Create a chart reflecting the convention- 'I See Figure 5.2. 
al payback period. 

-------····--·· L __ _ 

-$1,800,000 

454,000 

681,000 

908,000 

908,000 

908,000 

908,000 

1,268,000 

.... ·.·::··'@1.~y~\~~\!i~~':'-i, 
-$1,800,000 

-1,346,000 

--665,000 

243,000 

1,151,000 

2,059,000 

2,967,000 

4,235,000 
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; 
u 

s () 
Figure 5.2 Illustration of conventional -$2M 

0 

$681,000 
$454,000 

I 2 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
y s 1.800.000 

payback period-(a) annual project cash flow o 2 
over the life of the project and (b) cumulative 
project cash flows over time 

$908,000 

3 4 
Years (n) 

(a) 

3 4 
Years (n) 

(b) 

5 

5 

Sl.268,000 

6 7 

6 7 

- i 
As we sec from the cumulative cash flow series in Figure 5.2{b ), 
the total investment is recovered at the end of year 3. If the 
firm's stated maximum payback period is two years, the project 

i would not pass the initial screening stage. 
L 

COMMENTS: In this example, we assumed that cash flows occur only in discrete lumps 
at the end of years. If cash flows occur continuously throughout the year, our calcu
lation of the payback period needs adjustment. A negative balance of $665,000 re
mains at the end of year 2. If the $908,000 is reasonably expected to be a continuous 
flow during year 3, then the total investment will be recovered about three-quarters 
($665,000/$908,000) of the way through the third year. In this situation, the prorated 
payback period is thus 2.73 years. 

5.2.1 Benefits and Flaws of Payback Screening 
The simplicity of the payback method is one of its most appealing qualities. Initial pro
ject screening by the payback method reduces the information search by focusing on 
that time at which the firm expects to recover the initial investment. The method may 
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also eliminate some alternatives, thus reducing a firm's need to make further analy
sis efforts on those alternatives. But the much-used payback method of investment 
screening has a number of serious drawbacks as well: 

• The principal objection to the payback method is that it fails to measure profitabil
ity; it assumes that no profit is made during the payback period. Simply measuring 
how long it will take to recover the initial investment outlay contributes little to 
gauging the earning power of a project. (For instance, if you know that the money 
you borrowed for the multitasking machine center is costing you 15% per year, the 
payback method will not tell you how much your invested money is contributing 
toward your interest expense.) 

• Because payback-period analysis ignores differences in the timing of cash flows, 
it fails to recognize the difference between the present and future value of money. 
By way of illustration, consider two investment projects: 

0 -$10,000 -$10,000 

1 $1,000 $9,000 

2 $9,000 $1,000 

3 $1,000 $2,000 

Payback period: 2years 2 years 

Although the payback periods for both investments can be the same in terms of num
bers of years, Project 2 is better because most investment recovered at the end of year 
1 is worth more than that to be gained later. Because payback screening also ignores 
all proceeds after the payback period, it docs not allow for the possible advantages of 
a project with a longer economic life. 

5.2.2 Discounted-Payback Period 
To remedy one of the shortcomings of the payback period described previously, we 
modify the procedure to consider the time value of money-that is, the cost of funds 
(interest) used to support the project. This modified payback period is often referred 
to as the discounted-payback period. In other words, we may define the discounted
payback period as the number of years required to recover the investment from dis
coumed cash flows. 

EXAMPLE 5.2 Discounted-Payback Periods 

Consider the cash flow data given in Example 5.1. Assuming the firm's cost of 
funds to be 15%, compute the discounted-payback period. 

----------~~ ·--- -- ------ ------------

DISSECTING THE PROBLEM 
Given: i = 15% per year; cash flow data in Example 5.1. 

Find: Discounted-payback period. 
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METHODOLOGY SOLUTION 
Construct a table. To determine the period necessary to recover both the capital 

investment and the cost of funds required to support the invest
ment, we construct Table 5.1, which shows the cash flows and 
costs of funds to be recovered over the project's life. The cost 
of funds shown can be thought of as interest payments if the 
initial investment is financed by loan or as the opportunity cost 
of committing capital (commonly known as the cost of capital). 

To illustrate, let's consider the cost off unds during the first 
year. With $1,800,000 committed at the beginning of the year, 
the interest in year 1 would be $270,000($1,800,000 x 0.15). 
Therefore, the total commitment grows to $2,070,000, but 
the $454,000 cash flow in year 1 leaves a net commitment of 
$1,616,000. The cost of funds during the second year would 
be $242,400($1,616,000 x 0.15). But with the $681,000 receipt 
from the project, the net commitment reduces to $1,177,400. 
When this process repeats for the remaining project years, we 
find that the net commitment to the project ends during year 4. 
Depending on the cash flow assumption, the project must re
main in use for about 3.56 years (continuous cash flows) or 
four years (year-end cash flows) in order for the company to 
cover its cost of capital and recover the funds invested in the 
project. 

TABLE 5.1 Payback Period Calculation Considering the Cost of Funds at 15% 

0 -$1,800,000 0 

1 454,000 -1,800,000(0.15) = -270,000 

2 681,000 -1,616,000(0.15) = -242,400 

3 908,000 -1,177,400(0.15) = -176,610 

4 908,000 -446,010(0.15) = -66,902 

5 908,000 395,089 ( 0.15) = 59,263 

6 908,000 1,362,352(0.15) = 204,353 

7 1,268,000 2,474,705(0.15) = 371,206 

COMMENTS: Inclusion of time-value-of-money effects has increased the payback 
period calculated for this example by 9.96 months (0.83 years) compared with the con
ventional payback period. Certainly, this modified measure is an improved one, but it, 
too, does not show the complete picture of the project's profitability. 

-$1,800,000 

-1,616,000 

-1,177,400 

-446,010 

395,089 

1.362,352 

2,474,705 

4,113,911 
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HI] Present-Worth Analysis 
Until the 1950s, the payback method was widely used for making investment decisions. 
As flaws in this method were recognized, however, businesspeople began to search for 
methods to improve project evaluations. The result was the development of discounted 
cash Dow techniques (DCFs), which take into account the time value of money. One 
of the DCFs is the net-present-worth (or net-present-value) (NPW or NPV) method. 

A capital-investment problem is essentially a matter of determining whether the 
anticipated cash inflows from a proposed project are sufficiently attractive to invest 
funds in the project. In developing the NPW criterion, we will use the concept of cash 
flow equivalence discussed in Chapter 2. As we observed there, the most convenient 
point al which to calculate the equivalent values is often at time zero. Under the PW 
criterion, the present worth of all cash inflows associated with an investment project is 
compared with the present worth of all cash outflows associated with that project. The 
difference between the two of these cash flows, referred to as the net present worth 
(NPW), determines whether the project is an acceptable investment. When two or 
more projects are under consideration, NPW analysis further allows us to select the 
best project by comparing their NPW figures directly. 

5.3.1 Net-Present-Worth Criterion 
We will first summarize the basic procedure for applying the net-present-worth crite
rion to a typical investment project, as well as for comparing alternative projects. 

• Evaluating a Single Project 

Step 1: Determine the interest rate that the firm wishes to earn on its investments. 
The interest rate you determine represents the rate at which the firm can always 
invest the money in its investment pool, the value of capital available for lend
ing and investing. This interest rate is often referred to as either a required rate of 
return or a minimum attractive rate of rewm (MARR). Usually, this selection is a 
policy decision made by top management. It is possible for the MARR to change 
over the life of a project, but for now we will use a single rate of interest when 
calculating PW. 

Step 2: Estimate the service life of the project. 

Step 3: Estimate the cash inflow for each period over the service life. 

Step 4: Estimate the cash outflow for each period over the service life. 

Step 5: Determine the net cash flows for each period (Net cash flow= Cash inflow -
Cash outflow). 
Step 6: Find the present worth of each net cash flow at the MARR. Add up these 
present-worth figures; their sum is defined as the project's NPW. That is, 

PW(i) = Ao + A1 + A2 + . . . + AN 
(l+i)O (l+i) 1 (l+i)2 (l+i)N 

N 
= L A,, 

11=0 ( 1 + i)" 
N 

= LA,,(P/F,i,n), (5.1) 
11=0 



where 

Principle: Compute the equivalent net surplus at " = 0 for a 
given interest rate of i. 

Decision Rule: Accept the project if the net surplus is 
positive . 

. If . 't \ t t t t Inflow . i .. · ¥:: 2 3 4 s 
Outflo~ ··~. ~ .·· M~ 

~ '-...< 
\:'\. PW(i)innow 
lJ 0 ID.-----J\.. 

I PW(i)outnow "'"--Y' 
t 

Net surplus 

t PW(i) > 0 

Figure 5.3 Illustration of how NPW decision rules work 

PW(i) = NPW calculated ali, 

An = net cash flow at the end of period n, 

i = MARR (or cost of capital), and 

11 = service life of the project. 
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A 11 will be positive if the corresponding period has a net cash inflow and negative 
if the period has a net cash outflow. 

Step 7: In this context, a positive NPW means that the equivalent worth of the in
flows is more than the equivalent worth of the outflows so that the project makes 
a profit. Therefore, if the PW(i) is positive for a single project, the project should 
be accepted: if it is negative, the project should be rejected. The process of applying 
the NPW measure is shown in Figure 5.3 and is implemented with the following 
decision rule: 

If PW (i) > 0, accept the investment. 

If PW (i) = 0, remain indifferent. 

If PW (i) < 0, reject the investment. 

• Comparing More than One Alternative 

Note that the foregoing decision rule is for evaluation of a single project for which 
you can estimate the revenues as well as the costs.2The following guidelines should 
be used for evaluating and comparing more than one project: 

1. If you need to select the best alternative, based on the net-present-worth cri
terion. select the one with the highest NPW, as long as all the alternatives have 
the same service lives. Comparison of alternatives with unequal service lives 
requires special assumptions as will be detailed in Section 5.4. 

2. As you will find in Section 5.4, comparison of mutually exclusive alternatives with 
the same revenues is performed on a c:ost-011/y basis. In this situation, you should 

2 Some projects cannot be avoided-e.g., the installation of pollution-control equipment to comply 
with government regulations. In such a case, the project would be accepted even though its PW ( i) < 0. 
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accept the project that results in the smallest PW of costs, or the least negative 
PW (because you are minimizing costs rather than maximizing profits). 

For now, we will focus on evaluating a single project. Techniques on how to 
compare multiple alternatives will be addressed in more detail in Section 5.4. 

EXAMPLE 5.3 Net Present Worth-Uneven Flows 

Consider the Multi-Tasking® machine center investment project in Example 5.1. 
Recall that the required initial investment of $1,800,000 and the projected cash 
savings over a seven-year project life are as follows:3 

0 -$1,800,000 

454,000 

2 681,000 

3 908,000 

4 908,000 

5 908,000 

6 908,000 

7 1,268,000 

You have been asked by the president of the company to evaluate the economic 
merit of the acquisition. The firm's MARR is known to be 15% per year. 

DISSECTING THE PROBLEM 

Given: Cash flows as tabulated; MARR = 15% per year. 

Find:NPW. 
------------~~---~-~- --<--------------------

METHODOLOGY SOLUTION 
Calculate the present value of the Multi
Tasking® machine center. 

If we bring each flow to its equivalent at time zero as shown 
in Figure 5.4, we find that 

---------------

PW(15%) = -$1,800,000+$454,000(P/F,15%, 1) 

+ $681,000 (PI F, 15%, 2) 

+ $908,000(P/A, 15%,4)(P/F, 15%,2) 

+ $1,268,000(P/F, 15%, 7) 

= $1,546,571. 

Since the project results in a surplus of $1,546,571, the pro
ject is acceptable. It is returning a profit greater than 15%. 

3 As we stated at the beginning of this chapter. we treat net cash flows in actual dollars as before-tax val
ues or as having their tax effecLo; precalculated. Explaining the process of obtaining cash Oows requires 
an understanding of income taxes and the role of depreciation, which are discussed in Chapters 9 and I 0. 
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$908,000 $1,268,000 

$681,000 
$454,000 

0 

I 
I 
I 
I 
I 
I 
I 
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I 
I 
T 

$1.800.000 

2 3 4 5 6 7 
Yeur (n) 

PW(l5%)mings = $454,()(Kl(P/F, 15%, l) + $681,000(P/F, 15%,2) 
+ $908,000(PIA. 15%, 4)(PIF. 15%, 2) 
+ $1.268,000(PIF. 15%, 7) 

= $3.346.571 

PW( 15% )1nves1men1 = $1,800,000 

PW(l5%) = $3,346,571 - Sl.800,000 
= $1,546,571 > 0, Accept 

Figure S.4 Calculating the net present value of the Multi-Tasking® machine 
center project 

TABLE 5.2 An Excel Worksheet to Illustrate the Process of Computing the NPW 

A B c D E F G H J 

4 (I) MARR(%) 15% (P) Net Present Worth 
(F) Net Future Worth 
; ·.-;-::·~,·-· :·: ~:;vy}/i//ffl)tf./i:i::::-:;·\===:::/;!:·~~·<::"'.::·;_; ;:·:·.'.:;;::=\:·;::.;,:_:1;;:;-.:::": :::::·::::>::::-:.-:: 

7 Cash Interest Cash 
8 Period Flow Earned/Charged Balance Cash (Project) Balance 

10 0 $ (1,800,000) $ (1,800,000) • Projecl Balance 

1 $ 454,000 $ (270,000) $ (1,616,000) 
2 $ 681,000 $ (242,400) s (1,1n.4oo) 

3 $ 908,000 s (176,610) s (466,010) 
4 s 908,000 s (66,902) s 395,089 
5 908,000 59,263 s 1,362,352 

6 908,000 204,353 $ 2,474,705 
7 371,206 $ 4, 113,910 

L 
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COMMENTS: We could easily automate the process of computing the net present worth 
of any project cash flow series by using Excel. As shown in Table 5.2, we create two 
areas: one for inputs and the other for outputs. We can start to enter the periodic cash 
flows in cell B 10. With Excel, we can easily enter some cash flow series with a spe
cific pattern, such as equal payment, gradient, or geometric. In most cases, we assume 
a constant interest rate (MARR) in our NPW calculations. If more than one interest 
rate may apply to properly account for the time value of money, we simply enter these 
changing interest rates by creating a new column next to "Cash Flow" and compute the 
"Interest Earned" as a function of these interest rates. The project balance indicates a 
periodic cash (or project) balance at the end of each period. In the output area. we find 
the net present-worth figure along with the net future worth (which will be explained 
in Section 5.3.4). We can also observe a plot for a cash balance chart. 

In Example 5.3. we computed the NPW of the project at a fixed interest rate of 
15%. If we compute the NPW at varying interest rates, we obtain the data shown in 
Table 5.3. Plotting the NPW as a function of interest rate gives the graph in Figure 5.5, 
the present-worth profile. 

Figure 5.5 indicates that the investment project has a positive NPW if the interest 
rate is below 36.32% and a negative PW if the interest rate is above 36.32%. As we will 
see in Chapter 7, this break-even interest rate is known as the internal rate of return. If 
the firm's MARR is 15%, the project's NPW is $1,546,571,so the $1.SM capital expendi
ture may be easily justified. The figure of$1,546.57 I measures the equivalent immediate 
gain in present worth to the firm following the acceptance of the project. On the other 
hand, at i = 40%, PW ( 40%) = -$151.293, the firm should reject the project in this 
case (even though it is highly unlikely that a firm's MARR will be this high). Note that 
the decision to accept or reject an investment is influenced by the choice of a MARR, 

TABLE S.3 Net Present-Worth Amounts at Varying Interest Rates 

7 Cash Interest Project 2 $3,726,686 28 $437,522 
8 Period Flow Earned Balance 4 $3,277,023 30 $318,140 
9 ii;'!/!.!i:F\\\\&::U::'.D\·:i'.:):::it.'·;.,:\·::'::'i\}'·:.\·!'':D'.:;F:/:\T-71.':::,:\: ?'·:,~,/o:·i r· ..• : 6 s2.011.092 32 s208,47o 
10 0 $(1,800,000) s (1,800,000) 8 $2,522,454 34 $107,518 
11 $ 454,000 $ (270,000) $ (1,616,000) 10 $2,204,931 36 $14,407 
12 2 $ 681,000 $ (242,400) $ (1,177,400) 12 $1,920,417 38 ($71,636' 
13 3 $ 908,000 $ (176,610) $ (466,010) 14 $1,664,735 40 ($151,293 
14 4 $ 908,000 $ (66,902) $ 395,089 16 $1,434,319 42 ($225,170' 
15 5 $ 908,000 $ 59,263 $ 1,362,352 18 $1,226,106 44 ($293,803 
16 6 $ 908,000 $ 204,353 $ 2.474,705 20 $1,037,466 46 ($357,671) 
17 7 $ 1,268,0001$ 371,206 $ 4,113,910 22 $866,128 48 ($417,201 
18 / I =016+C17+B17 L_)"' 24 ,.$710.125 50 ($472,772) 

I =01s·1soS41 V , / I =NPV(F18%,$6$11 :SB$17)+$B$10 f-/ 
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Figure 5.5 Net present-worth profile described in Example 5.3 
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so it is crucial to estimate the MARR correctly. We will briefly describe the elements to 
consider when setting this interest rate for project evaluation. 

5.3.2 Guidelines for Selecting a MARR 
Return is what you get back in relation to the amount you invested. Return is one way 
to evaluate how your investments in financial assets or projects do in relation to each 
other and in relation to the performance of investments in general. Let us look first at 
how we may derive rates of return. Conceptually, the rate of return that we realistically 
expect to earn on any investment is a function of three components: 

• Risk-free real return 
• Inflation factor 
• Risk premium(s) 

Suppose you want to invest in a stock. First, you would expect to be compensated in 
some way for not being able to use your money while you hold the stock. Second, you 
would expect to be compensated for decreases in purchasing power between the time 
you invest and the time your investment is returned to you. Finally, you would demand 
additional rewards for having taken the risk of losing your money if the stock did 
poorly. If you did not expect your investment to compensate you for these factors, why 
would you tie up your money in this investment in the first place? 

For example, if you were to invest $1,000 in risk-free U.S. Treasury bills for a 
year. you would expect a real rate of return of about 2%. Your risk premium would 
be zero. You probably think that this does not sound like much. However, to that you 
have to add an allowance for inflation. If you expect inflation to be about 4% during 
the investment period, you should realistically expect to earn 6% during that interval 
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Figure 5.6 Elements of req uired re turn - establishing a MARR 

Risk-free re tur n 

Inn::uion 

Risk premium 

(2% rea l re turn + 4% infla1ion factor + 0% for risk premium). This concept is illus
trated in Figure 5.6. 

How would it work out for n riskier investment, say, an Inte rne t s tock? As you 
would consider the investment to be a very volat il e one, you would increase the risk 
premium Lo, say, 20%. So, you will not invest your money in such a s tock unless you a re 
reasonably confident of having it grow a t an annual rate of2% real return + 4% infla
tion factor + 20% risk premium = 26%. Again, the risk premium of 20% is a pe rceived 
value tha t ca n vary from one investor to another. 

We use the same concept in selecting the interest rate for a project eva luati on. 
If you cons ider a routine proj ect where you can reasonably pred ict the fut ure cash 
flows with a great dea l of con fidence, a lower inte rest (discount ) wi ll be prevailed. 
In Section 11.4. we will co nsider this specia l issue in more de tail. For now. we wi ll 
assume that the firm has established a single inte rest rate for project eva lua tion. con
sidering a ll re levant risk inherent in the project, nncl we will use this rate ro measure 
the project's wort.b . 

5.3.3 Meaning of Net Present Worth 
ln prese nt-worth analysis. we assume that all the funds in a firm ·s treasury can be 
placed in inves tments tha t yie ld a re turn equa l to the MARR. We may view these 
funds as an i11 11est111eJ11 pool. Alternalively, if no funds a re available fo r investment. we 
assume tha t the firm can borrow the m at the MA RR from the capita l markets. 1 n this 
section, we will examin e these two views when explain ing th e mea ning of MARR in 
PW cn lcul ations. 
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Investment-Pool Concept 
An investment pool is equivalent to a firm's treasury. It is where all fund transactions 
are administered and managed by the firm's comptroller. The firm may withdraw funds 
from this investment pool for other investment purposes, but if left in the pool, the 
funds will earn interest at the MARR. Thus, in investment analysis, net cash flows will 
be those that are relative to this investment pool. To illustrate the investment-pool con
cept, we consider again the project in Example 5.3, which required an investment of 
$1,800,000. 

If the firm did not invest in the project and instead left the $1,800,000 in the invest
ment pool for seven years. these funds would have grown as follows: 

$1,800,000(F/ P, 15%, 7) = $4,788,036. 

Suppose the company did decide to invest $1,800,000 in the project described in 
Example 5.3. Then the firm would receive a stream of cash inflows during the project 
life of seven years in the following amounts: 

1 $454,000 

2 681,000 

3 908,000 

4 908,000 

5 908,000 

6 908,000 

7 1,268,000 

Since the funds that return to the investment pool earn interest at a rate of 15%, 
it would be helpful to sec how much the firm would benefit from this investment. 
For this alternative, the returns after reinvestment are as follows: 

$454,000(F/P, 15%,6) = $1,050,130 

$681,000(F/ P. 15%, 5) = $1,369,734 

$908,000(F/A, 15%,4)(F/P, 15%, 1) = $5,214,082 

$1,268,000(F/ P, 15%, 0) = $1,268,000 

$8,901,946 

These returns total $8,901,946. The additional cash accumulation at the end of seven 
years from investing in the project is 

$8,901,946 -$4,788,036 = $4,113,910. 

This $4,113,910 surplus is also known as net fwure worth of the project at the project 
termination. If we compute the equivalent present worth of this net cash surplus at 
time 0, we obtain 

$4,113,910{P/F, 15%, 7) = $1,546,571, 



208 CHAPTERS Present-Worth Analysis 

How much money would you have 
if the investment was made? 

$454,000(FIP, 15%, 6) = $1,050,130 
$681,000(F/P, 15%, 5) = $1,369,734 

$908,000(F/A, 15%,4)(F/P, 15%, 1) = $5,214,082 
$1,268,000(F/P, 15%, 0) = $1,268,000 

.,.----~c-,-__ $8,901,946 

How much money would you have 
if the investment was not made'! 

$1,800,000(F/P, 15%, 7) = $4,788,036 

What is the net gain from the 
investment at the end of project life? 

the investment pool and _,;:.:c.>~- \~\~\e. 11.., \e\: \~cf.' 
invest in the projec(lt(f!J !'-\\ \ece'~ .,\~e:\\ 

Multi-Tasking® .,-J\ 
machine center u.__y 
project 

~.,~ ':\\-ie 
c \~e~ 

\O $908,000 

$681,000 

$454.000 ·~ 

t 
() 2 3 4 5 

Years (n) 

$1.268.000 

6 7 

Figure 5.7 The concept of the investment pool with the company as a lender and the project 
as a borrower 

which is exactly the same as the NPW of the project as computed by Eq. (5.1 ). Clearly, 
on the basis of its positive NPW, the alternative of purchasing the multitasking 
machine should be preferred to that of simply leaving the funds in the investment 
pool at the MARR. Thus, in NPW analysis, any investment is assumed to be returned 
at the MARR. If a surplus exists at the end of the project life, then we know that 
PW(MARR) > 0. Figure 5.7 summarizes the reinvestment concept as it relates to the 
firm's investment pool. 

Borrowed-Funds Concept 

Suppose that the firm does not have $1,800,000 at the outset. In fact, the firm docs not 
have to maintain an investment pool at all. Let's further assume that the firm borrows 
all its capital from a bank at an interest rate of 15% per year, invests in the project, and 
uses the proceeds from the investment to pay off the principal and interest on the bank 
loan. How much is left over for the firm at the end of the project period? 

At the end of the first year, the interest on the bank loan would be $1.800.000 
(0.15) = $270,000. Therefore, the total loan balance grows to $1,800,000( 1.15) = 
$2,070,000. Then the firm receives $454,000 from the project and applies the entire 
amount to repay the loan portion. This repayment leaves a balance due of 

PB(l5%)1 = -$1,800,000(1+0.15) + $454,000 = -$1,616,000. 
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TABLE 5.4 Tah11l11r Approach to Determining the Project Balances 
A B c I D I E F I G H 

1 
~,. ._ 

2 End of Year Cn) 0 1 I 2 I 3 4 I 5 6 
3 
4 Beqannina Pro1ec1 Balance SI - )() .Oi l Sl.616 00011151 1~7 ~,... _ll_ 1 I. $395.089 St.362,352 
5 Interest Charaed (15~o) $270 O~l()l l S2~2 :0011 St76.61L I! · . 'l \ $59.263 
6 Pavment RocoM!d tS l 800.0001 S454.000 I S681.ooo I $908.000 $908.000 I \ ~ Ull,000 
7 ' 8 Pro1ect Balance ($1.800.000) (Sl.616.00011 SI 717.4UOll ($446.010) $395.089 I Sl.ll b<!..352 
9 \ '\ 

10 ~-PV( t 5%,7,0,·18,0) I I \ \ 
11 Nol Present Worth (15% ) Sl.546.57 1 I \ 
12 Not Future Worth 115% ) $4. 113.910 =181 I I =SUM(F4:F6) I '-
13 I I 
14 

ll1is amount is also known as the project balance. We will use Pl3(i),, to denote the 
cash balance at the end of period 11. As summarized in Table SA, this amount becomes 
the ne t amount the project is borrowing at the beginning of year 2. 

At the end of yea r 2, the debt to the bank grows to $1.616,000( 1.15 ) = $ 1.858,400. 
But with the receipt of $681.000. the project balance reduces to 

PB ( 15% h = -S l.616.000(1 + 0.15) + $681.000 = -SJ,177.400. 

The proce continue . and eventually. at the end of year -1. the debt 10 1hc bank 
becomes $-1-16.0 10 ( 1.15 ) = $512.912. With the rece ipt of $908.000 from the project, 
however. the firm should be able to pay off the remaining debt and come out with a 
surplus in the amount of $395.089. 

- $446,000(1 + 0.15) + $908.000 = $395.089. 

Once the firm pays off the bank loan, we will assume that any surplus generated 
from the projec1 will go into its investmen t pool and earn interest at the same rate of 
15%. llicreforc. the project balance at the end of year 5 will be calcula1cd as 

II = 5. 

II = 6. 

II = 7. 

$395.089 ( l + 0.15) + $908,000 = $ 1,362,352 

$ 1.362.352 ( J + 0. 15) + $908.000 = $2,474,705 

$2.474,705 {l + 0.15) + $1.268,000 = $4,11 3,9 10. 

otc that the amount of the terminal project balance is S-1.11 3.910. which is posi
tive. indicating that the firm fully repays its initial bank loan and inte rest at the end 
of year -1. with a resulting profit of $-1.113.910. Finally. if we compute the eq uivalent 
present worth of this net surplus at time 0, we obtain 

PW ( 15%) = $4.113,910(?/ F. 15%. 7) = $1.546.571. 

·nic result is identical to the case where we directly computed the PW of Jhe project at 
i = l5%. shown in Example 5.3. 

$204,353 
$908,000 

$2.474.705 

I Ea l 
~ 

=F4"0. tSI 

I 

7 

$2.474,705 
$371.206 

Sl .268,000 

$4.113.910 



210 CHAPTER 5 Present-Worth Analysis 

5.3.4 Net Future Worth and Project Balance Diagram 
The terminal project balance in Table 5.4 ($4,113,910) is also known as the net future 
worth of the project, and we can use this number as a figure of investment worth to 
make an accept-reject decision on the project. In other words, if the net future worth 
is positive, indicating a surplus, we should accept the investment. Otherwise, we may 
reject the project. This decision rule will be consistent with the net present worth criter
ion, as we obtain the NPW of the project from its net future worth simply by applying 
the discounting factor, which is always nonnegative. Alternatively, we can show why the 
terminal project balance is equivalent to the net future worth of the project as follows: 

n: 0 - PB ( i) 0 = Ao 

11: t - PB(i)i = PB(i) 0 (1 + i) +Ai 

= Ao(1 + i) +Ai 

11: 2-PB(i)i = PB(i)1(l + i) + A2 

=Ao(l +i)2 +A1(l +i) +A2 

n:N-PB(i)N = PB(i)N-1(1 + i) +AN 

= A0(1 + i)N + A 1(1 + i)N-l + · · · +AN 

= FW(i). (5.2) 

Therefore, in our example we can calculate the net future of the project by using Eq. (5.2): 

FW( 15%) = -$1,800,000( 1 + 0.15) 7 + $454,000( I + 0.15)6 

+ $681,000( I + 0.15)5 + · .. + $1,268,000 

= $4,113,910. 

Figure 5.8 illustrates the project balance as a function of time. In this diagram. we can 
observe four important investment characteristics of the project: 

• The exposure to financial risk: A negative project balance indicates the amount of 
investment to be recovered or exposed to risk of loss if the project is terminated at 
this point. The negative project balance area will increase if the cash received from 
the project is less than the interest owed for the period. If the other situation pre
vails, the negative area will decrease. Therefore, if other things are equal. we pref er 
a smaller area of negative project balance. 

• The discounted payback period: This indicates how long it will be before the pro· 
ject breaks even. This condition occurs when the project balance becomes nonneg
ative. (In our example, this occurs at 11 = 4.) If the project is terminated after this 
payback period, no economic Joss is anticipated if there is no additional investment 
required to close the project. Clearly, we prefer a shorter payback period if other 
things are equal. 

• The profit potential: The area in light green represents the area of positive project 
balance. Since the initial investment plus interest has been fully recovered at this 
phase of the project, any cash generated during this period directly contributes 
toward the final profitability of the project. Therefore, we prefer a larger area of 
positive project balance (if other things are equal) as this area indicates the mag
nitude of profits expected and the rate at which they will be accumulated. This 
information will be useful when we must decide on the right time to phase out the 
investment. (This decision is called the abandonment decision.) 
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Figure 5.8 Project balance d iagrnm as a function of investment period - (1) area of 
nega tive project balance, (2) discounlcd payback period, (3) a rea or positi ve project 
balance, and (4) te rmina l project ba lanc<.: (o r net future worth or the investment) 
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• T he ne t future worth (surplus): The te rminal project ba lance indica tes the s urplus 
of the project a t the e nd o f the project li fe. If we borrowed money to finance the 
project, this figure would represent any additional cash generated from the project 
as well as re investment of the cash le ft over a fl e r we paid back the amount bor
rowed with a ll in te rest. 

Clearly, a project ba lance diagram provides important ins ights into the desirability of 
the investment and the ultima te profit abilit y of the project (ne t present va lue). This 
addi tional informa ti on wi ll be even more impor tant whe n we need to com pare various 
projects having simila r profit ability. 

5.3.5 Capital ized-Equivalent Method 
Le t's conside r a situa tion where the life o f n proposed project is perpetual o r the planning 
horizon is extremely long (say, 40 years o r more). Many public projects such as bridge 
and wate rway construc tion, irriga tion systems. and hydroe leclric dams are expected to 
gene rate bene fi ts ove r an ex tended pe riod of time (or fo reve r). I low do we calculate the 
PW for these projects? In this section, we examine the c11pitalizcd·cquivalcnt [CE(i) I 
method. a specia l case of the NPW crite rio n. for evaluating such projects. 

Pe rpetua l Se r vice Life 

Conside r the cash now series shown in Figure 5.9. How clo we de te rmine the PW for an 
infinite (o~ almost infinite) uni fo rm series of cash nows or a repeated cycle of cash nows'? 
Tiie procds of computing the PW for this infin ite series is re fe rred to as the capitalization 
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Principle: PW for a project with an annual 
receipt of A over an infinite service life 

Equation: 
CE(i) = A(PIA, i, :c) =Ali 

0 t t t t A 

i P = CE(i) 

t t t t 

Figure S. 9 Capitalized-equivalent worth- a 
project with a perpetual service life 

of project cost. The cost is known as the capitalized cost. The capitalized cost represents 
the amount of money that must be invested today in order to yield a certain return A at 
the end of each and every period, forever, assuming an interest rate of i. Observe the limit 
of the uniform-series present-worth factor as N approaches infinity: 

[( l+i)N-1] 1 
lim (Pf A,;, N) = lim . . = -;. 

N-+x N-+x 1(1 + t)N I 

Thus, it follows that 

PW(i) = A(P/A, i, N-.ryj) = ~. 
I 

(5.3) 

This is the same result shown in Section 2.5.5. Another way of looking at this concept 
is to ask what constant income stream could be generated by PW(i) dollars today in 
perpetuity. Clearly, the answer is A = iPW ( i). If withdrawals were higher than A, you 
would be eating into the principal, which would eventually reduce it to zero. 

EXAMPLE 5.4 Capitalized-Equivalent Cost 

An engineering school has just completed a new engineering complex worth $50 mil
lion. A campaign targeting alumni is planned to raise funds for future maintenance 
costs. which are estimated at $2 million per year. Any unforeseen costs above $2 mil
lion per year would be obtained by raising tuition. Assuming that the school can cre
ate a trust fund that earns 8% interest annually. how much has to be raised now to 
cover the perpetual string of $2 million annual costs? 

DISSECTING THE PROBLEM 

Given: A = $2million, i = 8% per year, and N = oo. 

Find: CE(8% ). 
--~---------+------

METHODOLOGY SOLUTION 

Calculate capitalized cost. The capitalized-cost equation is 

CE(i) = ~. 
I 
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Substituting in our given values, we obtain 

CE(8%) = $2,000,000/0.08 

= $25,000,000. 

COMMENTS: It is easy to see that this lump-sum amount should be sufficient to 
pay maintenance expenses for the school forever. Suppose the school deposited 
$25 million at a bank that paid 8% interest annually. At the end of the first year, the 
$25 million would earn 8% ( $25 million) = $2 million interest. If this interest were 
withdrawn, the $25 million would remain in the account. At the end of the second 
year, the $25 million balance would again earn 8%($25million) = $2million. The 
annual withdrawal could be continued forever, and the endowment (gift funds) 
would always remain at $25 million. 

HI] Methods to Compare Mutually Exclusive 
Alternatives 

Until now, we have considered situations involving only a single project or projects 
that were independent of each other. In both cases, we made the decision to accept or 
reject each project individually according to whether it met the MARR requirements, 
evaluated by using the PW. 

In the real world of engineering practice, however, it is typical for us to have two or 
more choices of projects for accomplishing a business objective. (As we shall see, even 
when it appears that we have only one project to consider, the implicit "do-nothing" 
alternative must be factored into the decision-making process.) 

In this section, we extend our evaluation techniques to consider multiple projects 
that are mutually exclusive. Often, various projects or investments under consideration 
do not have the same duration or do not match the desired study period. Adjustments 
must be made when we compare multiple options in order to properly account for 
such differences. We also explain the concepts of an analysis period and the process of 
accommodating for different lifetimes as important considerations in selecting among 
several alternatives. In the first few subsections of this section, all available options in a 
decision problem are assumed to have equal lifetimes. In Section 5.4.4, this restriction 
is relaxed. 

When alternatives are mutually exclusive, any one of them will fulfill the same 
need, and the selection of one alternative implies that the others will be excluded. Take, 
for example, buying versus leasing an automobile for business use: When one alterna
tive is accepted. the other is excluded. We use the terms alternative and projed inter
changeably to mean decision option. One of the ftmdtm1ental principles in comparing 
mmually exclusive alternatives is that they must be compared over an equal time span 
(or analysis period). In this section, we will present some of the fundamental princi
ples that should be applied in comparing mutually exclusive investment alternatives. 
In doing so, we will consider two cases: (1) one where the analysis period equals the 
project lives and (2) the other where the analysis period differs from the project lives. 
In each case, the required assumption for analysis can be varied. First, we will define 
some of the relevant terminology, such as "do-nothing alternative," "revenue project," 
and "service project." 
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5.4 . 1 Doing Nothing Is a Decision Option 
Investment projects fa ll within two types.A project either is aimed at replacing (or im
proving) an existing asset or system or is a new endeavor. ln either case. a do-nothing 
alterna tive may exist. If a process or system already in place to accomplish our business 
objectives is still adequate. then we must determine which, if any. new proposals are 
economical replacements. If none are feasible. then we do nothing. On the other hand, 
if the existing system has terminally failed, the choice nrnong proposed alternatives is 
mandaLOry (i.e., doing nothing is nol an option). 

New endeavors occur as alternatives to the do-nothing situation, which has 
zero revenues and zero costs. For most new endeavors. doing nothing is generally an 
alternative because we will not proceed unless at least one of the proposed alternatives 
is economically sound. In fact, unde rtaking even a single project entails making a deci
sion between two alternat ives when the project is optional because the do-nothing al
ternative is implicitly included. Occasiona lly, a new init iative musr be un cl<.:rtaken, cost 
notwithstanding. and in this case. the goal is to choose the most economical alternative 
since doing nothing is not an option. 

When the option of retaining an ex isting asset or system is available. there arc two 
ways to incorpora te it into the evaluation of the new proposals. One way is to treat the 
do-nothing option as a distinct alternative: this approach will be covered primarily in 
Chapte r 12, where methodologies specific to replacement analysis arc prcscntecl.111c 
second approach, used in this chapter, is to generate the incremental cash flows of the 
new proposa ls relative to thost: of the do-nothing alternative - what additional costs 
and benefits can we expect from the new proposa ls? 11iat is, for each new alternative. 
the incrcmcntul cosli; (and incremental savings or revenues if applicable) relative to 
those of the do-nothing alternative arc used for the economic evaluation. 

For a replacement-type problem. we calculate the incremental cash no" by ub
tracting the do-nothing cash nows from those of each new alternative. For new endcnv
ors, the incremental cnsh nows arc the sn me as the absolute amounts associated with 
each alternat ive since the do-nothing values arc all zero. 

5.4.2 Service Projects versus Revenue Projects 
When comparing mutually exclusive nltcrnatives, we need to classify investment pro
jects as eitlwr service or revenue projects. 

Se r vice Projects 

Suppose an electric utility company is considering building a new power plant to meet 
the peak-load demand during either hot summer or cold winter clays. ' l\vo a lte rnative 
service projects could meet this penk-load demand: a combustion turbine plant or a 
fuel-cell power plant. No matter which type of plant is selected. the firm will generate 
the same amount of revenue from its customers. 111c only difference is how much it 
will cost to generate electricity from each planl. H we were to compare these service 
projects, we wou ld be in teres1cd in knowing which plant could provide cheaper power 
(lower product ion cost).111crcfon:, service proj ects arc projects that genera te revenues 
that do not depend on the choice of project but 11111sr produce rhe same m1101111t of 0111-
pw (reve1111e). In this situation. we certainly want to choose an a lternative with 1hc 
least input (or cost). Further. if we were to use the PW criterion to compare th ese 
alternatives to minimize expenditures, ll'e ll'011ld c/100.\·e the nlremnrive with the l o wer 
prese11t-11a/ 11e production cosr m•er rlic serl'ice life. 
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Revenue Projects 

Suppose that a computer-monitor manufacturer is considering marketing two types 
of high-resolution monitors. With its present production capacity, the firm can mar
ket only one of them. Distinct production processes for the two models could incur 
very different manufacturing costs, and the revenues from each model would be 
expected to differ, due to divergent market prices and potentially different sales 
volumes. Clearly, these projects' revenues depend on the choice of alternative. For 
such revenue projects, we are not limiting the amount of input to the project or the 
amount of output that the project would generate. Therefore, we want to select the 
alternative with the largest net gains (output - input). In this situation, if we were 
lo use the PW criterion, we would select the model that promises to bring in the largest 
net present worth. 

5.4.3 Analysis Period Equals Project Lives 
Let us begin our analysis with the simplest situation in which the project lives equal the 
analysis period. In this case, we compute the PW for each project and select the one 
with the highest PW. Example 5.5 illustrates this point. 

EXAMPLE 5.5 A Service Project with a "Do-Nothing" 
Alternative 

Ansell, Inc., a medical-device manufacturer, uses compressed air in solenoids 
and pressure switches in its machines to control various mechanical movements. 
Over the years, the manufacturing floor layout has changed numerous times. 
With each new layout, more piping was added to the compressed-air delivery 
system in order to accommodate new locations of manufacturing machines. 
None of the extra, unused old piping was capped or removed; thus, the current 
compressed-air delivery system is inefficient and fraught with leaks. Because of 
the leaks in the current system, the compressor is expected to run 70% of the 
time that the plant will be in operation during the upcoming year. The com
pressor will require 260 kW of electricity at a rate of $0.05/kWh. The plant runs 
250 days a year, 24 hours per day. Ansell may address this issue in one of two ways: 

• Option 1: Continue current operation. If Ansell continues to operate the cur
rent air delivery system, the compressor's run time will increase by 7% per 
year for the next five years because of ever-worsening leaks. (After five years, 
the current system will not be able to meet the plant's compressed-air require
ment, so it will have to be replaced.) 

• Option 2: Replace old piping now. If Ansell decides to replace all of the 
old piping now, new piping will cost $28,570. The compressor will still run 
for the same number of days; however, it will run 23% less (or will incur 
70% ( 1 - 0.23) = 53.9% usage per day) because of the reduced air-pressure 
loss. 
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If Ansell's interest rate is 12% compounded annually, is it worth fixing the air 
delivery system now? 
-- --~- ----------- ------ ---···-----

DISSECTING THE PROBLEM 
! Given: Current power consumption, g = 7%, i = 12% per year, and 

N= 5years. 

Find: A 1 and P. 
---- ------------ ---~--~------+---~---------------- ----------·------ ---------- ----·---

METHODOLOGY 

Construct a chart comparing the 
options. In doing so, first determine 
the required annual power con
sumption with the current system. 
Then, calculate the estimated en- ' 
ergy loss due to leaks from old the 
piping system. 

SOLUTION 

• Step 1: We need to calculate the cost of power consumption of 
the current piping system during the first year. The power con
sumption is determined as follows: 

Annual power cost = % of day operating x days operating per year 

x hoursperday x kW x $/kWh 

= (70%) X {250days/year) x (24hours/day) 

x (260kW) x ($0.05/kWh) 

= $54,600. 

• Step 2: Each year, if the current piping system is left in place, the 
annual power cost will increase at the rate of 7% over the previous 
year's cost. The anticipated power cost over the five-year period is 
summarized in Figure 5.10. The equivalent present lump-sum cost 
at 12% interest for this geometric gradient series is 

Poptionl = $54,600(P/A1. 7%, 12%,5) 

- [ l - (l + 0.07) 5 (1 + 0.12)-5
] 

- $
54

•
600 

0.12 - 0.07 

= $222,937. 

• Step 3: If Ansell replaces the current compressed-air delivery sys
tem with the new one, the annual power cost will be 23% less dur
ing the first year and will remain at that level over the next five 
years. The equivalent present lump-sum cost at 12% interest is 

Poption2=$54,600(1 - 0.23)(P/A, 12%, 5) 

= $42,042 ( 3.6048) 

= $151,553. 

• Step 4: The net cost of not replacing the old system now is 
$71 ,384 ( = $222,937 - $151,553 ). Since the new system costs 
only $28.570, the replacement should be made now. 
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• Option I: 
g = 7% 
i= lick· 

() 

Years 

2 3 4 5 

$54600'-- --- --
' $58,422$62,512-- -- ... 

N = 5 years 
A 1 = $54,600 

$66,887 ... 
g = 7% $71.569 

[ 
I - (1 +0.07)5 (I +o.12)-!i J 

Pop1ion 1 = $54.600 
0.12 - 0.07 

= $222,937 

• Option 2: 

Pop1ion 2 = $54,600(1 - 0.23)(P/A, 12%, 5) Years 

() 1 2 3 = $42,042(P/A, 12%,5) 
= $151.553 l l l 

$42.042 

Figure 5.10 Comparing two mutually exclusive options 

EXAMPLE 5.6 Comparing Two Mutually Exclusive Revenue 
Projects 

Monroe Manufacturing owns a warehouse that has been used for storing finished 
goods for electro-pump products. As the company is phasing out the electro-pump 
product line, the company is considering modifying the existing structure to use 
for manufacturing a new product line. Monroe's production engineer feels that the 
warehouse could be modified to handle one of two new product lines. The cost and 
revenue data for the two product alternatives arc as follows: 

Initial cash expenditure: 

• Warehouse modification 
• Equipment 

Annual revenues 

Annual O&M costs 

Product life 

Salvage value (equipment) 

$115,000 

$250,000 

$215,000 

$126,000 

8 years 

$25,000 

$189,000 

$315,000 

$289,000 

$168,000 

8 years 

$35,000 

After eight years, the converted building will be too small for efficient produc
tion of either product line. At that time, Monroe plans to use it as a warehouse for 
storing raw materials as before. Monroe's required return on investment is 15%. 
Which product should be manufactured? 

4 5 

l l 
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DISSECTING THE PROBLEM 

Note that these are revenue proj
ects, so we need to estimate the 
revenue streams for both product 
lines. Since the converted building 
will be used as a warehouse by the 
firm, there will be no salvage value 
associated with the building. 

METHODOLOGY 

Construct a chart comparing 
the two products and compute the 
NPW for each product over the 
analysis period. (See Figure 5.11.) 

0 

$365,000 

0 

$504,000 

Given: Cash flows for the two products as shown in the proceeding 
table, analysis period = 8 years, and i = 15% per year. 
Find: PW for each product; the preferred alternative. 

SOLUTION 

PW(15%)A = -$365,000+$89,000(P/A,15%,8) 

+ $25,000(P/F, 15%,8) 

= $42,544. 

PW( 15% )8 = -$504,000+$121,000(P/A,15%, 8) 

+ $35,000(P/F, 15%,8) 

= $50,407. 

For revenue projects, we select the one with the largest NPW, so 
producing product B is more economical. 

A =$89,000 $25.000 

$89.000 

2 3 4 5 6 7 8 

Product A 

A =$121.000 $35,000 

$121,000 

2 3 4 5 6 7 8 

Product B 

Figure 5.11 Cash flows associated with producing products 
A and B (revenue projects) 
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5.4.4 Analysis Period Differs from Project Lives 
In Example 5.6. we assumed the simplest scenario possible when analyzing mutually 
exclusive projects. The projects had useful Jives equal to each other and to the required 
service period. In practice, this is seldom the case. Often project lives do not match the 
required analysis period or do not match each other. For example, two machines may 
perform exactly the same function, but one lasts longer than the other, and both of 
them last longer than the analysis period for which they are being considered. In the 
upcoming sections and examples, we will develop some techniques for dealing with 
these complications. 

Case I: Project's Life Is Longer than Analysis Period 
Consider the case of a firm that undertakes a five-year production project (or plans to 
phase out the production at the end of five years) when all of the alternative equip
ment choices have useful lives of seven years. In such a case, we analyze each project 
only for as long as the required service period (in this case, five years). We are then 
left with some unused portion of the equipment (in this case, two years' worth), which 
we include as salvage value in our analysis. Salvage value is the amount of money for 
which the equipment could be sold after its service to the project has been rendered or 
the dollar measure of its remaining usefulness. 

We often find this scenario (project lives that are longer than the analysis period) in 
the construction industry, where a building project may have a relatively short comple
tion time, but the equipment purchased (power tools, tractors, etc.) has a much longer 
useful life. 

EXAMPLE 5.7 Present-Worth Comparison: Project Lives 
Longer than the Analysis Period 

Allan Company got permission to harvest southern pines from one of its timber
land tracts. It is considering purchasing a feller-buncher, which has the ability to 
hold, saw, and place trees in bunches to be skidded to the log landing. The logging 
operation on this timberland tract must be completed in three years. Allan could 
speed up the logging operation, but doing so is not desirable because the market 
demand of the timber does not warrant such haste. Because the logging operation 
is to be done in wet conditions, this task requires a specially made feller-buncher 
with high-flotation tires and other devices designed to reduce site impact. There 
are two possible models of feller-buncher that Allan could purchase for this job: 
Model A is a two-year old used piece of equipment whereas Model B is a brand
new machine. 

• Model A costs $205,000 and has a life of 10,000 hours before it will require any 
major overhaul. The operating cost will run $50,000 per year for 2,000 hours of 
operation. At this operational rate, the unit will be operable for five years, and 
at the end of that time, it is estimated that the salvage value will be $75,000. 

• The more efficient Model B costs $275,000, has a life of 14,000 hours before 
requiring any major overhaul and costs $32,500 to operate for 2,000 hours per 
year in order to complete the job within three years. 1l1e estimated salvage 
value of Model B at the end of seven years is $95,000. 
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Since the lifetime of either model exceeds the required service period of three 
years, Allan Company has to assume some things about the used equipment at the 
end of that time. Therefore, the engineers at Allan estimate that, after three years, 
the Model A unit could be sold for $130,000 and the Model B unit for $180,000. 
After considering all tax effects, Allan summarized the resulting cash flows (in 
thousands of dollars) for the projects as follows: 

0 -$205,000 -$275,000 

-50,000 -32,500 

2 -50,000 -32,500 

3 1130,0001 -50,000 I 1so.oooj -32,500 

4 -50,000 -32,500 

5 75,000 -50,000 -32,500 

6 -32,500 

7 95,000 -32.500 

Here, the figures in the boxes represent the estimated salvage values at the 
end of the analysis period (end of year 3). Assuming that the firm's MARR is 15%, 
which option is more acceptable? 

DISSECTING THE PROBLEM 

First, note that these projects are 
service projects, so we can assume 
the same revenues for both con
figurations. Since the firm explicitly 
estimated the market values of 
the assets at the end of the analysis 
period (three years), we can com
pare the two models directly. Since 
the benefits (timber harvesting) are 
equal, we can concentrate on the 
costs. 

Given: Cash flows for the two alternatives as shown in the preceding 
table, i = 15% per year. 

METHODOLOGY 

Construct a chart comparing the 
options, and compute the NPW 
for each model over the analysis 
period (three years). 

Find: PW for each alternative and the pref erred alternative. 

--- ---· -------- --· - ---- -----~ ·---- ------

SOLUTION 

Concentrate the costs: 

PW(l5%)A = -$205,000 - $50,000(P/A, 15%,3) 

+ $130,000(P/ F, 15%, 3) 

= -$233,684; 

PW(l5%) 8 = -$275,000- $32,500(P/A,15%,3) 

+ $180,000(P/ F, 15%, 3) 

= -$230,852. 
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Model B is cheaper to operate and thus would be preferred. (See 
Figure 5.12.) 

0 

$205,000 

0 

$205,000 

Model A 

2 3 4 

$50,000 
(a) 

I 
I 
I 

$130,000 

~ ' 
I i I 
I 

2 

$50,000 
I .,_ 
I 
I 
I 
I 
I 

Required 
service 
period 

$75,000 

5 

J?~.000 

(c) 

0 2 

$275,000 

0 2 

$32,500 

ModelB 

3 4 

$32,500 
(b) 

I 
I 

$18Q,OOO / 
i 

Required 
service 

$275,000 period 

$95.000 

5 6 7 

.-.-
.. .· 

$9S,000· 

6 
,. 

/ 

.. __ .· 

Figure 5.12 (a), (b) If models are not sold after the required service period; (c) if mod
els are sold after the required service period 

COMMENTS: The decision heavily depends on the salvage value estimates at the 
end of the analysis period. Commonly, information about the salvage value of used 
equipment can be obtained from the equipment vendors because they are familiar 
with the secondary market for their equipment. 

Case II: Project's Life Is Shorter than Analysis Period 

When project lives are shorter than the required service period, we must consider how, 
at the end of a project's life, we will satisfy the rest of the required service period. 
Replacement projects-implemented when the initial project has reached the limits 
of its useful life-are needed in such a case. Sufficient replacement projects must be 
analyzed to match or exceed the required service period. 

To simplify our analysis, we could assume that the replacement project will be 
exactly the same as the initial project with the same corresponding costs and benefits. 
In the case of an indefinitely ongoing service project, we typically select a finite analy
sis period by using the lowest common multiple of the project's life. For example, if al
ternative A has a three-year useful life and alternative B has a four-year useful life, we 



222 CHAPTER S Present-Worth Analysis 

may select 12 years as the analysis period. Because this assumption is rather unrealistic 
in most real-world problems, we will not advocate the method in this book. However, if 
such an analysis is warranted, we will demonstrate how the annual-equivalent approach 
would simplify the mathematical aspect of the analysis in Example 6.7. 

The assumption of an identical future replacement project is not necessary, however. 
For example, depending on our forecasting skills, we may decide that a different kind of 
technology-in the form of equipment, materials, or processes-will be a preferable and 
potential replacement. Whether we select exactly the same alternative or a new tec/11101-
ogy as the replacemelll project, we are ultimately likely to have some unused portion of the 
equipmem to consider as salvage value.just as in the case when project lives are longer than 
the analysis period. On the other hand, we may decide to lease the necessary equipment 
or subcontract the remaining work for the duration of the analysis period. In this case, we 
can probably exactly match our analysis period and not worry about salvage values. 

In any event, we must make some initial guess at its outset concerning the method 
of completing the analysis period. Later, when the initial project life is closer to its expi
ration, we may revise our analysis with a different replacement project. This approach 
is quite reasonable, since economic analysis is an ongoing activity in the life of a com
pany and an investment project, and we should always use the most reliable, up-to-date 
data we can reasonably acquire. 

EXAMPLE 5.8 Present-Worth Comparison: Project Lives 
Shorter than the Analysis Period 

Phoenix Manufacturing Company is planning to modernize one of its distribution 
centers located outside Denver, Colorado. 1\vo options to move goods in the dis
tribution center have been under consideration: a conveyor system and forklift 
trucks. The firm expects that the distribution center will be operational for the next 
10 years, and then it will be converted into a factory outlet. The conveyor system 
would last eight years whereas the forklift trucks would last only six years. The two 
options will be designed differently but will have identical capacities and will do 
exactly the same job. The expected cash flows for the two options, including main
tenance costs, salvage values, and tax effects, are as follows: 

0 -$68,000 -$40,000 

1 -$13,000 -$15,000 

2 -$13,000 -$15,000 

3 -$13,000 -$15,000 

4 -$13,000 -$15,000 

5 -$13,000 -$15,000 

6 -$13,000 -$15,000 + $4,000 

7 -$13,000 

8 -$13,000 + $5,000 

With this scenario, which option should the firm select at MARR = 12%? 
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Given: Cash Hows for the two alternatives, analysis period of 10 years, 
and MARR = 12% per year. 
Fmd: PW for each alternative and the preferred alternative. 

----------------+----------------------------
METHODOLOGY 
Compute cash Hows for both mod
els and conduct PW analysis. 

SOLUTION 
Since each option has a shorter life than the required service period 
(10 years), we need to make an explicit assumption of how the ser
vice requirement is to be met. 

• If the company goes with the conveyor system, it will spend 
$18,000 to overhaul the system to extend its service life beyond 
eight years. The expected salvage value of the system at the end of 
the required service period (10 years) will be $6,000. The annual 
operating and maintenance costs will be $13,000. 

• If the company goes with the lift truck option, the company will 
consider leasing a comparable lift truck that has an annual lease 
payment of $8,000, payable at the beginning of each year, with 
an annual operating cost of $15,000 for the remaining required 
service period. 

The anticipated cash flows for both models under this scenario are 
as shown in Figure 5.13. Table 5.5 is an Excel solution to the decision 
problem. As shown in Table 5.5,note that both alternatives now have 
the same required service period of 10 years. 

Therefore, we can use PW analysis: 

PW(12%)conveyor = -$68,000 - $13,000(P/A, 12%, 10) 

-$18,000{P/F, 12%,8) 

+ $6,000(P/F, 12%, 10) 

= -$146,791; 

PW(12%)ur1Trucks = -$40,000 - $15,000(P/A, 12%, 10) 

- $8,000(P/A, 12%,4) (P/F, 12%,5) 

+ $4,000(P/ F, 12%, 6) 

= -$136,515. 

Since these projects are service projects, the lift truck option is the 
better choice. 
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Opt ion 1: Con,·cyor Sy~ 1 c111 

0 2 3 .j 5 6 7 

$13.000 

$68.000 

Option 2: Lift Trucks s.i.uoo 

8 9 

I 
I 
I 
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I 
I 
I 
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$18.000 : ~ 
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I 
I 
I 
I 
I 
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I 
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$15.000 t 
$8,000 

Lcnsc Ii ft trucks 

$40.()(XI 

Required service period 

Figure 5. 13 Comparison for mutually exclusi\'e service projects with unequal 
lives when the required service pcriod is longer than thc individua l project life 

TABLE 5.5 A n Excel Worksheet lo Compare Two Mutually Exclusi"c A lternati ves 

A B c D E F G H I J K 

2 Cash Flow -
3 Conveyor Lth Trucks Net Cash Flow -
4 Pe nod Investment O&M Overhaul Investment O&M Lease Pc nod Conveyor ult trucks 

5 0 s (66,000) s (40,000) 0 s (66,000) s (40,000) 

6 1 s (13,000) s (15,000) 1 s (13,000) s ( 15.000) 

7 2 s (13,000) s (15,000) 2 s (13,000) s ( 15,000) 

8 3 s (13,000) s (15,000) 3 s (13,000) s (15.000) 

9 4 s (13,000) s (15,000) 4 s (13,000) $ ( 15,000) 

10 5 s (13,000) $ (15,000) 5 s (13,000) $ (15.000) 

11 6 s (13,000) $ 4,000 s (15,000) s (6.000) 6 s (13,000) s (19,000) 

12 7 s (13,000) s (15,000) s (6.000) 7 s ( 13,000) s (23.000) 

13 8 s (13,000) s (18,000) s (15,000) s (6.000) 6 s (31,000) s (23,000) 

14 9 s (13,000) s (15,000) s (6.000) 9 s (13,000) s (23.000) 

15 10 s (6.000) s (13,000) s (15,000) 10 s (7,000) s (15.000) 

16 PW(12%) s ( 146,791) ~ (136.515) -17 _/ 

I :NPV(12%,J6:J 15)+J5 v =NPV( 12%.K6:K15)+KS j 



SUMMARY 
In this chapter, we presented the concept of present-worth analysis based on cash flow 
equivalence along with the payback period. We observed the following important results: 

II Present worth is an equivalence method of analysis in which a project's cash flows 
are discounted to a single present value. ll is perhaps the most efficient analysis 
method we can use for determining project acceptability on an economic basis. 
Other analysis methods, which we will study in Chapters 6 and 7, are built on a sound 
understanding of present worth. 

151 The MARR, or minimum attractive rate of return, is the interest rate at which a firm 
can always earn or borrow money. It is generally dictated by management and is the 
rate at which PW analysis should be conducted. 

Iii Revenue projects are projects for which the income generated depends on the 
choice of project. Service projects are projects for which income remains the same 
regardless of which project is selected. 

II The term mutually exclusive as applied to a set of alternatives that meet the same 
need means that when one of the alternatives is selected, the others will be rejected. 

II When not specified by management or company policy, the analysis period for use 
in a comparison of mutually exclusive projects may be chosen by an individual ana
lyst. Several efficiencies can be applied when we select an analysis period. In gen
eral, the analysis period should be chosen to cover the required service period. 

SELF-TEST QUESTIONS 
5s.1 An investment project costs $100,000. ll is expected to have an annual net cash 

flow of $40,000 for 5 years. What is the project's payback period? 
(a) 2.5 years 
(b)3.5 year 
(c) 4.5 years 
(d) 5 years 

5s.2 Find the net present worth of the following cash flow series at an interest rate 
of8%. 

(a) $4,067 
(b)$6,000 
(c) $4,394 
(d) $6,549 

0 

1 

2 

3 

4 

-$1,000 
-2,000 

3,000 

4,500 
1,500 

Self-Test Questions 225 
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5s.3 You are considering buying a CNC machine. This machine will have an esti
mated service life of 10 years with a salvage value of 5% of the investment cost. 
Its annual net revenues are estimated to be $40,000. To expect a 15% rate of 
return on investment, what would be the maximum amount that you are willing 
to pay for the machine? 
(a) $213,065 
(b) $203,240 
(c) $249,998 
(d) $276,860 

5s.4 What is the future worth in year 10 of $5,000 at n = 0, $10,000 at n = 3 years, and 
$8,000 at n = 5 years if the interest rate is 12% per year? 
(a) $16,657 
(b)$51,735 
(c) $71,435 
(d)$40,533 

5s.5 You invested $100,000 in a project and received $40,000 at n = 1, $40,000 at 
n = 2, and $30,000 at n = 3 years. You need to terminate the project at the end 
of year 3. Your interest rate is 10%; what is the project balance at the time of 
termination? 
(a) Gain of $10,000 
(b) Loss of $8,039 
(c) Loss of $10,700 
(d) Just break even 

5s.6 Find the capitalized equivalent worth for the project cash flow series with 
repeating cycles at an interest rate of 10%. 

' \ O: . 
... ,. 

f ·, 
I ' 
I 
I 
I 
I 
I 

T 
CE(10%)=? 

(a) $1,147 
(b) $1,679 
(c) $3,619 
(d) $6,381 

$500 

t 
5 

$400 

t 
$300 

t $200 

+ 
6 7 8 



5s.7 The following table contains a summary of expected changes to a project's bal
ance over its five-year service life at 10% interest. 

0 -$1,000 

1 -1,500 

2 600 

3 900 

4 1,500 

s 2,000 

Which of the following statements is incorrect? 
(a) The required additional investment at the end of period 1 is $500. 
(b) The net present worth of the project at 10% interest is $1,242. 
(c) The net future of the project at 10% interest is $2,000. 
(d) Within two years, the company will recover all its investments and the cost 

of funds (interest) from the project. 

5s.8 A&M Corporation purchased a vibratory finishing machine for $20,000 in year 0. 
The machine's useful life is 10 years at the end of which the machine is esti
mated to have a zero salvage value. The machine generates net annual revenues 
of $6,000. The annual operating and maintenance expenses are estimated to 
be $1,000. If A&M's MARR is 15%, how many years does it take before this 
machine becomes profitable? 
(a) 3 years <n:::; 4 years 
(b) 4 years <n :::; 5 years 
( c) 5 years <n :::; 6 years 
( d) 6 years <n :::; 7 years 

5s.9 You are considering buying an old warehouse that you will convert into an 
office building for rental. Assuming that you will own the property for 10 years, 
how much would you be willing to pay for the old house now given the follow
ing financial data? 

Im Remodeling cost at period 0 = $550,000; 

I.iii Annual rental income = $800,000; 

Ill Annual upkeep costs (including taxes)= $80,000; 
lllll Estimated net property value (after taxes) at the end of 10 years = 

$2,225,000; 

ll!il The time value of your money (interest rate)= 8% per year. 
(a) $4,445,770 
(b) $5,033,400 
(c) $5,311,865 
(d) $5,812,665 
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5s. l0 Alpha Company is planning to invest in a machine, the use of which will result 
in the following: 
• An nual revenues of $ l 0.000 in the first year and increases of $5,000 each 

year. up to year 9. From year IO. the revenues will remain constant ($52,000) 
for an indefinite period. 

• TI1c machine is to be overhauled every 10 years. TI1c expense for each over-
haul is $40.000. 

If Alpha expects a present worth of at least $100,000 at a MARR of 10% for 
this project. what is the maximum investment that Alpha should be prepared to 
make? 
(a) $250.140 
(b) $67..J.697 
(c) $350, 100 
(d) $509.600 

5s.11 Consider the following two mulually exclusive inves1mc n1 allernatives: 

Net Cush Flow 

End of Year Muchinc A Machine B 

0 -$2.000 -S l,000 

I -$600 -$900 
2 - $700 -$ 1,000 + $200 

3 - $800 + $500 

Suppose that your firm needs ci1hcr machine for on ly two yea rs. TI1e net proceeds 
from !he sale of machine B arc estimated to be $200. Whnt should be the required 
net proceed from the sale of machine A in two years so that both machines could 
be con~idercd economically indifferent at an interest rate of I 0%? 
(a) $750 
(b) $780 
( c) $800 
(d) $850 

PROBLEMS 
Nore: Unless otherwise stated. all cash nows are in ncrunl dollar.\ with tax effects con
sidered. TI1c interest rate (MA RR) is also given on an after-tax basis, considering the 
effects of in nation in the economy. This interest rate is equivalent to the market interest 
rate. Also, a ll interest rates are assumed 10 be compounded a11111lfllly . 

Identifying C ash Inflows and Outflows 

5.1 K&J Enterprise lnc. has purchased a small motor engine line to go in golf 
cart ·. TI1e total purchase cost was $1.5 million. which can generate revenues of 
$650.000 per year. Direct manufacturing costs are expected to run $220.000 a 
year and other fixed cost expenditures would be somewhere near $80.000 a 
year. The O&M cost would be around $45,000 a year. and K&J expects to pay 



various taxes including income taxes of $58,000. The project would last about 
10 years and at that time, the business could be sold for $1 million. Determine 
the project cash flows over a 10-year period. 

5.2 Delaware Chemicals is considering the installation of a computer process con
trol system in one of its processing plants. This plant is used about 40% of the 
time, or 3,500 operating hours per year, to produce a proprietary demulsifica
tion chemical; during the remaining 60% of the time, it is used to produce other 
specialty chemicals. The annual production of the demulsification chemical 
amounts to 30,000 kilograms per year, and it sells for $15 per kilogram. The 
proposed computer process control system will cost $65,000 and is expected to 
provide specific benefits in the production of the demulsification chemical as 
follows: 

mil First, the selling price of the product could be increased by $2 per kilogram 
because the product would be of higher purity, which translates into better 
demulsification performance. 

!iii Second, production volumes would increase by 4,000 kilograms per year as 
a result of higher reaction yields, without any increase in requirements for 
raw material quantities or production time. 

Iii Finally, the number of process operators could be reduced by one per shift, 
which represents a savings of $25 per hour. The new control system would 
result in additional maintenance costs of $53,000 per year and has an 
expected useful life of eight years. 

While the system is likely to provide similar benefits in the production of the 
other specialty chemicals manufactured in the process plant, these have not 
been quantified as yet. 
(a) Identify the cash inflows over the life of the project. 
(b) Identify the cash outflows over the life of the project. 
(c) Determine the net cash flows over the life of the project. 

5.3 As a chief engineer. you need to come up with the cash flow estimate for a 
newly proposed production line. Initially, the system is designed to have a 
maximum capacity (Cmax) of six million parts to produce per year, but the 
demand is expected to grow at an annual compound rate of 10%. Whenever 
the annual demand reaches 80% of the maximum designed capacity, the maxi
mum designed capacity must be doubled in the subsequent year. The cost of 
meeting these future demands, as well as other projected financial data, are as 
follows: 

1§1 Cost of building the production system as a function of maximum designed 
capacity: 

l!fl Initial demand = 3 million parts per year. 
BB Demand growth rate = 10% per year. 

fi!i Project life = 15 years. 
1§'1 Revenues per year = demand during year 11 x (5)1.os. 
ml Expenses per year= $120,000 +demand during year 11 x (2)1.os. 

Estimate the project cash flows over the project life. 
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Payback Period 
5.4 An investment project provides cash inflows of $3,000 per year for five years. 

What is the payback period if the project requires $5,000 at the beginning of the 
project? 

5.5 Consider a project with the following cash flows: 

0 -$22,400 

1 4.SOO 
2 12,670 

3 14,780 

4 13,650 

5 11,440 

6 7,800 

(a) At an interest rate of 18%, what is the discounted payback period? 
(b) What is the discounted payback period if the interest rate is 0%? 

5.6 Refer to Problem 5.2 in answering the following questions: 
(a) How long does it take to recover the investment? 
(b) If the firm's interest rate is 15%, what would be the discounted-payback 

period for this project? 

5.7 J&M Manufacturing plans on purchasing a new assembly machine for 
$32,000 to automate one of its current manufacturing operations. It will 
cost an additional $3,500 to have the new machine installed. With the new 
machine, J&M expects to save $12,000 in annual operating and mainten
ance costs. The machine will last five years with an expected salvage value of 
$5,000. 
(a) How long will it take to recover the investment (plus installation cost)? 
(b) If J&M's interest rate is known to be 17%, determine the discounted pay

back period. 

5.8 You are given the following financial data about a new system to be imple
mented at a company: 
Iii Investment cost at n = 0: $23,000 
l!l!I Investment cost at n = 1: $18,000 
lil Useful life: 10 years 
11!1 Salvage value (at the end of 11 years): $7,000 
Iii Annual revenues: $19,000 per year 
lil Annual expenses: $6,000 per year 
Iii MARR: 10% 

Note: The first revenues and expenses will occur at the end of year 2. 
(a) Determine the conventional-payback period. 
(b) Determine the discounted-payback period. 



5.9 Consider the fo llowing cash flows, for four d iffe rent projects: 

Project Cash Flows 

n A B c D 

0 - $2.500 - $6,000 - $13,000 - $ 14,500 

l $600 $2,500 $3.000 $6,000 

2 $500 $ l.OOO $4,000 $9,000 

3 $500 SJ .500 $5,000 -$4.000 

4 $700 $500 $6,000 $5.000 

5 $800 $500 $7,000 $ 1.000 

6 $400 $ 1,500 $2,000 

7 $400 $3,000 

8 $400 

(a) Calcula te the conventiona l payback pe riod fo r each project. 

(b) D etermine whethe r it is meaningful to caJcula te a payback period for Project D. 

(c) Assuming i = I 0 % ca lcula te the discounted-payback period for each project. 

NPW Criterion 

5.10 The Northern Investme nt Group is conside ring investing $2.5 million in a new 
shopping plaza in Atlanta. The company has estimated that the shopping plaza, 
once built, will gene ra te $500,000 per year for 10 yea rs. If the firm is looking 
for a return of 12% on its investment, is it worth unde rt aking? Assume that the 
shopping plaza wi ll re ta in a bout 60% of its initi a l investment as sa lvage value. 

5.1 1 Due to a high demand for corn as a source of e thanol fue l prod uction, a fanner 
is considering planting mo re corn. which requires the purchase of a new, la rger 
row crop plante r. 111c planter wiU cost $25,000 and has an expected service li fe 
of six years with sa lvage value of 10% of the initial purchase price. The new 
plante r allows the farmer to plant the crop in less time and lo increase average 
crop yie lds. 111e ne t cash flow from this more e ffi cient plante r is as fo llows: 

n An 

0 - $25,000 

$6,800 

2 $6.350 

3 $8,735 

4 $7,500 

5 $4,300 

6 $7.000 + $1,800 

What is the ne t present value fo r this purchase if the farmer's inte rest rate is 9%? 

5.12 You are considering producing a new golf ball for sa le in China to meet a 
gr~wing demand in the country. This golf ball is less expensive to manufacture 
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compared with a better known brand, but it meets all requirements set by the 
United States Golf Association (USGA) for play at any competitive event. 
Production will require an initial outlay for the purchase of equipment worth 
$1,500,000. The equipment has a six-year life with an expected salvage value of 
$100,000. You already own the land on which the project will be located. The 
land has a current market value of $100,000, and its price is expected to grow by 
5% per year. If you decide not to produce the golf balls, you will sell the land. 
You have also gathered the following information: 

lliil You expect revenue of $500,000 per year for each year of operation. Your 
direct cost of producing the golf ball is expected to be 30% of the revenue. 

ml The operating cost, including marketing, is another 15% of the revenue. 

ml You will need to pay a license fee in the amount of $25,000 plus 3% of rev
enue, to the company that originally came up with the special dimple design 
of the golf ball. 

(a) Is this project worthwhile at an interest rate of 15%? 
(b) How long will it take to recover the initial investment and cost of funds 

at 15%'? 

5.13 Consider the following set of investment projects, all of which have a three-year 
investment life: 

0 

1 

2 

3 

-$1.200 

$0 

$0 

$3,000 

Project Cash Flows 

-$1,800 

$600 

$900 

$1,700 

-$1,000 

-$1,200 

$900 

$3,500 

-$6,500 

$2,500 

$1,900 

$2,800 

(a) Compute the net present worth of each project at i = 10%. 
(b) Plot the present worth as a function of the interest rate (from 0% to 30%) 

for Project B. 

5.14 You have been asked to evaluate the profitability of building a new distribution 
center under the following conditions: 

Im The proposal is for a distribution center costing $1,500,000. The facility has 
an expected useful life of 35 years and a net salvage value (net proceeds 
from its sale after tax adjustments) of $225,000. 

llil Annual savings (due to a better strategic location) of $227,000 are expected, 
annual maintenance and administrative costs will be $114,000, and annual 
income taxes are $43,000. 

Suppose that the firm's MARR is 12%. Determine the net present worth of the 
investment. 

5.15 You are considering the purchase of a parking deck close to your office build
ing. The parking deck is a 15-year old structure with an estimated remaining 
service life of 25 years. The tenants have recently signed long-term leases, which 
leads you to believe that the current rental income of $250,000 per year will 
remain constant for the first five years. Then the rental income will increase 



by 10% for every five-year interval over the remaining asset life. Thus, the 
annual rental income would be $275,000 for years 6 through 10, $302,500 for 
years 11 through 15, $332,750 for years 16 through 20, and $366,025 for years 
21 through 25. You estimate that operating expenses, including income taxes, 
will be $65,000 for the first year and that they will increase by $6,000 each year 
thereafter. You estimate that razing the building and selling the lot on which it 
stands will realize a net amount of $200,000 at the end of the 25-year period. 
If you had the opportunity to invest your money elsewhere and thereby earn 
interest at the rate of 15% per annum, what would be the maximum amount you 
would be willing to pay for the parking deck and lot at the present time? 

5.16 Consider the following investment project: 

0 -$8,500 9% 

1 $4,400 12% 

2 $4,400 10% 

3 $1,500 13% 

4 $3,500 12% 

s $4,300 10% 

Suppose, as shown in the preceding table, that the company's reinvestment 
opportunities (that is, its MARR) change over the life of the project. For exam
ple, the company can invest funds available now at 9% for the first year, 12% 
for the second year, and so forth. Calculate the net present worth of this invest
ment, and determine its acceptability. 

5.17 You are in the mail-order business, selling computer peripherals, including 
high-speed Internet cables, various storage devices such as memory sticks, and 
wireless networking devices. You are considering upgrading your mail ordering 
system to make your operations more efficient and to increase sales. The com
puterized ordering system will cost $250,000 to install and $50,000 to operate 
each year. The system is expected to last eight years with no salvage value at the 
end of the service period. The new order system will save $120,000 in operating 
costs (mainly, reduction in inventory carrying cost) each year and bring in add
itional sales revenue in the amount of $40,000 per year for the next eight years. 
If your interest rate is 12%,justify your investment using the NPW method. 

5.18 A large food-processing corporation is considering using laser technology to speed 
up and eliminate waste in the potato-peeling process. To implement the system, 
the company anticipates needing $3 million to purchase the industrial-strength 
lasers. The system will save $1,200,000 per year in labor and materials. However, 
it will incur an additional operating and maintenance cost of $250,000 per year. 
Annual income taxes will also increase by $150,000. The system is expected to 
have a 10-year service life and a salvage value of about $200,000. If the company's 
MARR is 18%,justify the economics of the project using the PW method. 

5.19 A university is trying to determine how much it should charge for tickets to bas
ketball games to help offset the expenses of the new arena. The cost to build the 
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arena including labor, materials. e tc. was $92 million. Each year lhe mainte nance 
cost is expected to increase by 5% as the building gets older. 1l1e mainte na nce 
cost for the first year is $150.000. Utilit ies arc expected to average about $200.000 
per year and labor costs $300,000. l lte average a ttendance a t baske tball games 
over the year is expected to be J00.000 people (or 100.000 tickets sold to events). 
Assuming the arena has no other source of income besides regular ticket sales (not 
including student tickets) for basketball games, what should the university charge so 
that it can recover at least 6% cost of borrowing on its investme nt? ll1c university 
expects the nrcna to be used for 40 yea cs and 10 have no appreciable salvage value. 

Future Worth and Project Balance 
5.20 Consider the follo wing sets of inves tme nt projects, each of which has a three

year investme nt life: 

Period Proj ect Cush Flows 

n A B c D 

0 -$6,000 -$2,500 $4,800 -$4,100 

$5,800 -$4.400 -$6,000 $1,000 

2 $12.400 $7.000 $2,000 $5,000 

3 $8,200 $3.000 $4,000 $6.000 

Compute the net future worth of each project at i = 16%. 

5.21 Consider the following information for a typical investment project with a ser
vice life of five years: 

11 Cui.h Flow Project Bulunce 

0 -$1,000 -$1,000 

$200 -$900 

2 $490 -$500 

3 $550 $0 

4 -$100 -$ IOO 

5 $200 $90 

What inte rest rate is used in the proj ect-balance calculatio n? 

5.22 Consider the fo llowing project balances for a typical investme nt project with a 
service life of four years: 

n A,. Projccl Buluncc 

0 -$1.000 -Sl.000 

( ) -Sl.1 00 

2 ( ) -$800 

3 $460 $500 

4 ) $0 



(a) Construct the original cash flows of the project. 
(b) Determine the interest rate used in computing the project balance. 
(c) Would this project be acceptable at a MARR of 12%? 

5.23 Consider the following project-balance profiles for proposed investment projects: 

Project Balances 

0 -$600 -$500 -$200 

1 $200 $300 $0 

2 $300 $650 $150 

PW ? $416 ? 

Rate used 15% ? ? 

Now consider the following statements: 
Statement 1: For Project A, the cash flow at the end of year 2 is $100. 
Statement 2: The future value of Project C is $0. 
Statement 3: The interest rate used in the Project B balance calculations 
is 25%. 

Which of the preceding statements is (are) correct? 
(a) Just statement 1. 
(b) Just statement 2. 
(c) Just statement 3. 
( d) All of them. 

5.24 A project has a service of five years with the initial investment outlay of 
$180,000. If the discounted payback period occurs at the end of project service 
life (say five years) at an interest rate of 8%, what can you say about the NFW 
of the project? 

5.25 Consider the following cash flows and present-worth profiles on Page 218: 

Net Cash Flows 

0 -$100 -$100 

1 $40 $30 

2 $80 $Y 

3 $X $80 

(a) Determine the values for X and Y. 
(b) Calculate the terminal project balance of Project 1 at MARR = 24%. 
(c) Find the values for a, b, and c in the PW plot. 
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5.26 Consider the following project balances for a typical investment project with a 
service life of five years: 

0 -$1,000 -$1,000 

1 ( ) -$900 

2 $490 -$500 

3 ( ) $0 

4 ( ) -$100 

5 $200 ( ) 

(a) Fill in the blanks by constructing the original cash flows of the project and 
determining the terminal balance. 

(b) Determine the interest rate used in the project-balance calculation, and 
compute the present worth of this project at the computed interest rate. 

5.27 Consider the following sets of investment projects: 

0 -$6,000 -$6,000 -$6,000 -$6,000 -$6,000 

1 $500 $2,000 $0 $500 $1,000 

2 $900 -$3,000 $0 $2,000 $3,000 

3 $1,000 $5,000 $3,000 $3,000 $2,000 

4 $2,000 $5,000 $7,000 $4,000 

5 -$500 $3,500 $13,000 $1,250 

(a) Compute the future worth at the end of life for each project at i = 15%. 
(b) Determine the area of negative project balance for each project. 
(c) Determine the discounted payback period for each project. 
(d) Determine the area of positive project balance for each project. 



5.28 Conside r the following set of independent investment projects: 

Project Cash Flows 

11 A B c 
0 -$200 -$ LOO $120 

l $50 $40 -$40 

2 $50 $40 -$40 

3 $50 $40 -$40 

4 -$100 $10 

5 $400 $10 

6 $400 

(a) For a MA RR of 10%, compute lhe ne t prese nt worth for each project, and 
de termine the acceptability of each project. 

(b) For a MARR of 10%, compute the ne t fu ture wo rth of each project a t the 
end of each project pe1iod, a nd de te rmine the acceptabi lity o f each project. 

(c) Co mpute the fu tu re worth of each project a t the end of six yea rs with vari
able MARRs as fo llows: 10% for n = 0 to /1 = 3 and 15% for 11 = 4 to 
II = 6. 

5.29 Conside r the fo llowing project-ba lance profi les fo r proposed investment pro
jects, whe re the project-ba lance fi gures are rounded to the nearest do lla r: 

Project Bnlnnces 

II A B c 
0 -$ 1,000 -$ 1.000 - $1.000 

-$800 -$680 - $530 

2 -$600 -$302 $X 

3 -$400 -$57 -$2 11 

4 - $200 $233 -$89 

5 $0 $575 $0 

Inte rest rate used 0% 18% L2% 

(a) Compute the ne t prese nt worth o f each investme nt. 
(b) De te rmine the project ba lance a t the end of pe riod 2 fo r Project C if 

/\2 = $500. 
(o Dete rmine th e cash flows fo r each project. 

(cl) Ide ntify the ne t future worth o f each project. 

Capitalized-Equiva lent Worth 

5.30 ~aintenance mo ney fo r a new building at a college is be ing solicited from 
po tentia l alumni donors. You would like to make a dona tion to cove r a ll future 
expected mainte nance costs fo r the build ing. These ma intenance costs are 
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expected to be $40,000 each year for the first five years, $50,000 for each of 
years 6 through 10, and $60,000 each year after that. (The building has an indef
inite service life.) 
(a) If the money is placed in an account that will pay 13% interest compounded 

annually, how large should the gift be? 
{b) What is the equivalent annual maintenance cost over the infinite service 

life? 

5.31 Consider an investment project for which the cash flow pattern repeats itself 
every four years indefinitely, as shown in the accompanying figure. At an inter
est rate of 12% compounded annually, compute the capitalized-equivalent 
amount for this project. 

$300 

$200 

6 7 8 9' 10 u ·12 
Years 

5.32 A group of concerned citizens has established a trust fund that pays 6% inter
est compounded monthly to preserve a historical building by providing annual 
maintenance funds of $25,000 forever. Compute the capitalized-equivalent 
amount for these building maintenance expenses. 

5.33 A newly constructed bridge costs $10,000,000. The same bridge is estimated 
to need renovation every 10 years at a cost of $1,000,000. Annual repairs and 
maintenance are estimated to be $100,000 per year. 
(a) If the interest rate is 5%, determine the capitalized-equivalent cost of the 

bridge. 
{b) Suppose that the bridge must be renovated every 15 years, not every 

10 years. What is the capitalized cost of the bridge if the interest rate is the 
same as in (a)? 

(c) Repeat (a) and (b) with an interest rate of 10%. What can you say about the 
effect of interest on the results? 

5.34 To decrease the costs of operating a lock in a large river, a new system of 
operation is proposed. The system will cost $650,000 to design and build. It is 
estimated that it will have to be reworked every 10 years at a cost of $100,000. 
In addition, an expenditure of $50,000 will have to be made at the end of the 
fifth year for a new type of gear that will not be available until then. Annual 
operating costs are expected to be $30,000 for the first 15 years and $35,000 a 
year thereafter. Compute the capitalized cost of perpetual service at i = 8%. 

5.35 Consider a retired gentleman who starts to collect his Social Security benefits 
at the age of 66. The monthly check would be close to $2,460. Assuming that his 
interest rate is 6% compounded monthly, answer the following questions: 



(a) If he lives 20 years after retirement, what would be the equivalent total So
cial Security benefit collected? 

{b) If he lives 40 years after retirement, what would be the equivalent total 
Social Security benefit collected? 

(c) Suppose he lives forever. What would be the total amount collected? Now, 
comparing this answer with that in (b ). what can you conclude? 

Comparing Mutually Exclusive Alternatives 
5.36 Consider the following two mutually exclusive projects: 

1 

2 

3 

4 

$912 
$684 
$456 
$228 

$568 
$852 

$1,136 

(a) At an interest rate of 25%, which project would you recommend choosing? 
{b) Compute the area of negative project balance, discounted payback period, 

and area of positive project balance for each project. Which project is 
exposed to a higher risk of loss if either project terminates at the end of 
year 2? 

5.37 Consider the following cash flow data for two competing investment projects: 

0 

1 

2 

$700,000 

$700,000 

-$1,200,000 

$700,000 

$1,000,000 

(a) At i = 12%, which of the two projects would be a better choice? 
{b)At i = 22%, which project is chosen by the NPW rule? 

5.38 Consider the following two mutually exclusive investment projects: 

Project Cash Flows 

' 0 -$5,000 

1 $2,610 $1,210 

2 $2,930 $1,720 

3 $2,300 $1,500 
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Assume that the MARR = 12%. 
(a) Which alternative would you select by using the NPW criterion? 
(b) Which alternative would you select by using the net-future-worth criterion? 

5.39 Consider the following two mutually exclusive investment projects: 

Project Cash Flows 

·~~f'"""JJl=rr;~:~=~~'.:f=:1~:==:~;m:JW:t:i;~:Jk~W.1.:.'.~:%rf1.i8~~{;1r1ff £~~ffe.~fa~MIJfil1Z:&Br:~I;: 
0 

1 
2 

-$4,000 

$400 

$7,000 

Assume that the MARR = 15%. 

-$8,500 

$11,500 

$400 

(a) Using the NPW criterion, which project would you select? 
(b) On the same chart, sketch the PW(i) function for each alternative for 

i = 0% and 50%. For what range of i would you prefer Project B? 

5.40 Consider the following two investment alternatives: 

The firm's MARR is known to be 15%. 
(a) Compute the PW (15%) for Project A. 

0 

1 
2 

3 

PW(15%) 

Project Cash Flows 

-$15,000 

$9,500 

$12,500 

$7,500 

? 

-$25,000 

$0 

$X 

$X 

$9,300 

(b) Compute the unknown cash flow X in years 2 and 3 for Project B. 
( c) Compute the project balance (at 15%) for Project A at the end of year 3. 
( d) If these two projects are mutually exclusive alternatives, which project would 

you select? 

5.41 Consider the following two mutually exclusive projects: 

0 

1 

2 

3 

-$12,000 

$4,000 

$6,000 

$8,000 

-$10,000 

$X 

$3,000 

$X 

What value of X would make the decision maker indifferent between A and B 
at an interest rate of 12 % ? 



5.42 Consider the following after-tax cash flows: 

Project Cash Flows 
!,~% 

0 -$2,500 -$7,000 -$5,000 -$5,000 

1 $650 -$2,500 -$2,000 -$500 

2 $650 -$2,000 -$2,000 -$500 

3 $650 -$1,500 -$2,000 $4,000 

4 $600 '"""$1,500 -$2,000 $3,000 

5 $600 -$1,500 -$2,000 $3,000 

6 $600 :-$1,500 -$2,000 $2,000 

7 $300 -$2,000 $3,000 

8 $300 

(a) Compute the project balances for Projects A and D, as a function of project 
year. at i = 10%. 

(b) Compute the future worth values for Projects A and D at i = 10% at the 
end of service life. 

(c) Suppose that Projects Band Care mutually exclusive. Assume also that the re
quired service period is eight years and that the company is considering leasing 
comparable equipment that has an annual lease expense of $3,000 for the re
maining years of the required service period. Which project is the better choice? 

5.43 Consider the following two mutually exclusive investment projects: 

Project Cash Flows 

0 -$11,000 -$25,000 

1 $7,500 $14,500 

2 $8,000 $18,000 

3 $5,000 

Which project would you select if you used the infinite planning horizon with 
project repeatability likely (same costs and benefits) based on the PW criter
ion? Assume that i = 12%. 

5.44 Consider the following two mutually exclusive investment projects that have 
unequal service lives: 

Project Cash flows 

0 -$1,200 -$2,100 

1 -$400 -$300 

2 -$400 -$300 

3 -$400 + $200 -$300 

(continued) 
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4 -$300 

5 -$300 

6 -$300 

7 -$300 

8 -$300 + $500 

(a) What assumption(s) do you need in order to compare a set of mutually ex
clusive investments with unequal service lives? 

(b) With the assumption(s) defined in (a) and using i = 10%, determine which 
project should be selected. 

(c) If your analysis period (study period) is just three years, what should be 
the salvage value of Project B at the end of year 3 in order to make the two 
alternatives economically indifferent? 

5.45 Consider the following two mutually exclusive investment projects: 

A B 

0 -$12,000 -$10,000 

1 -$2,000 $6,000 -$2,100 $6,000 

2 -$2,000 $4,000 -$2,100 $3,000 

3 -$2,000 $3,000 -$2,100 $1,000 

4 -$2,000 $2,000 

5 -$2,000 $2,000 

Salvage values represent the net proceeds (after tax) from the disposal of assets 
if they are sold at the end of the year listed. Both projects will be available (and 
can be repeated) with the same costs and salvage values for an indefinite period. 
(a) With an infinite planning horizon, which project is a better choice at 

MARR= 12%? 
(b) With a 10-year planning horizon, which project is a better choice at 

MARR= 12%? 

5.46 Two methods of carrying away surface runoff water from a new subdivision are 
being evaluated: 
fiil Method A: Dig a ditch. The initial cost would be $30,000, and $10,000 of 

redigging and shaping would be required at five-year intervals forever. 
Ill Method B: Lay concrete pipe. The initial cost would be $75,000, and replace

ment pipe would be required at SO-year intervals at a net cost of $90,000 
indefinitely. 

At i = 12%, which method is the better one? (Hint: Use the capitalized
equivalent-worth approach.) 

5.47 A local car dealer is advertising a standard 24-month lease of $1,150 per month 
for its new XT 3000 series sports car. The standard lease requires a down 



payment of $4,500 plus a $1,000 refundable initial deposit now. The first lease 
payment is due at the end of month 1. Alternatively, the dealer offers a 24-month 
lease plan that has a single up-front payment of $30,500 plus a refundable initial 
deposit of $1,000. Under both options, the initial deposit will be refunded at the 
end of month 24. Assume an interest rate of 6% compounded monthly. With the 
present-worth criterion, which option is preferred? 

5.48 Two alternative machines are being considered for a manufacturing process. 
Machine A has an initial cost of $75,200, and its estimated salvage value at the 
end of its six years of service life is $21,000. The operating costs of this machine 
are estimated to be $6,800 per year. Extra income taxes are estimated at $2,400 
per year. Machine B has an initial cost of $44,000, and its salvage value at the 
end of its six years of service life is estimated to be negligible. Its annual operat
ing costs will be $11,500. Compare these two alternatives by the present-worth 
method at i = 13%. 

5.49 An electric motor is rated at 10 horsepower (HP) and costs $800. Its full-load 
efficiency is specified to be 85%. A newly designed, high-efficiency motor of 
the same size has an efficiency of 90%, but costs $1,200. It is estimated that the 
motors will operate at a rated 10-HP output for 1,500 hours a year, and the cost 
of energy will be $0.07 per kilowatt-hour. Each motor is expected to have a 
15-year life. At the end of 15 years, the first motor will have a salvage value 
of $50, and the second motor will have a salvage value of $100. Consider the 
MARR to be 8%. (Note: l HP= 0.7457kW.) 
(a) Determine which motor should be installed based on the PW criterion. 
(b) What if the motors operated 2,500 hours a year instead of 1,500 hours a 

year? Would the motor selected in (a) still be the choice? 

5.50 Consider the following cash flows for two types of models: 

0 

1 

2 

3 

Project Cash Flows 

-$6,600 

$3,500 

$4,500 

$5,500 

-$16,500 

$11,000 

$12,000 

Both models will have no salvage value upon their disposal (at the end of their 
respective service lives). The firm's MARR is known to be 15%. 
(a) Notice that both models have different service lives. However, Model A will 

be available in the future with the same cash flows. Model B is available now 
only. If you select Model B now, you will have to replace it with Model A at 
the end of year 2. If your firm uses the present worth as a decision criterion, 
which model should be selected, assuming that your firm will need one of 
the two models for an indefinite period? 

(b) Suppose that your firm will need either model for only two years. Determine 
the salvage value of Model A at the end of year 2 that makes both models 
indifferent (equally likely). 

5.51 An electric utility company is taking bids on the purchase, installation, and 
operation of microwave towers: 
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Equipment cost $65,000 $58,000 

Installation cost $15,000 $20,000 

Annual maintenance and inspection fee $1,000 $1,250 

Annual extra income twces $500 

Life 40years 35years 

Salvage value $0 $0 

Which is the most economical bid if the interest rate is 11 % ? Both towers will 
have no salvage value after 20 years of use. 

5.52 A bi-level mall is under construction. Installation of only nine escalators is planned 
at the start although the ultimate design calls for 16. The question arises whether 
to provide necessary facilities that would permit the installation of the additional 
escalators (e.g., stair supports, wiring conduits, and motor foundations) at the mere 
cost of their purchase and installation now or to defer investment in these facilities 
until the escalators need to be installed. The two options are detailed as follows: 

II Option 1: Provide these facilities now for all seven future escalators at 
$200,000. 

II Option 2: Defer the investment as needed. Installation of two more escal
ators is planned in two years, three more in five years, and the last two in 
eight years. The installation of these facilities at the time they are required 
is estimated to cost $100,000 in year 2, $160,000 in year 5, and $140,000 in 
year 8. Additional annual expenses are estimated at $3,000 for each escal
ator facility installed. 

5.53 A large refinery and petrochemical complex is planning to manufacture caustic 
soda, which will use 10,000 gallons of feed water per day. Two types off eed-water 
storage installation are being considered to serve over 40 years of useful life: 

Ill Option 1: Build a 20,000-gallon tank on a tower. The cost of installing the 
tank and tower is estimated to be $164,000. The salvage value is estimated 
to be negligible. 

II Option 2: Place a 20,000-gallon tank of equal capacity on a hill that is 
150 yards away from the refinery. The cost of installing the tank on the hill, 
including the extra length of service lines, is estimated to be $120,000 with 
negligible salvage value. Because of its hill location, an additional invest
ment of $12,000 in pumping equipment is required. The pumping equipment 
is expected to have a service life of 20 years with a salvage value of $1,000 at 
the end of that time. The annual operating and maintenance cost (including 
any income-tax effects) for the pumping operation is estimated at $1,000. 

If the firm's MARR is known to be 12%, which option is better, calculated on 
the basis of the present-worth criterion? At an interest rate of 12%, compare 
the net present worth of each option over eight years. 

5.54 Consider the following two mutually exclusive service projects with project 
lives of three years and two years, respectively. (The mutually exclusive service 
projects will have identical revenues for each year of service.) The interest rate 
is known to be 12%. 



0 

1 
2 

3 

Net Cash Flow 

-$1,000 
-400 

-400 

-400+200 

-$800 

-200 

-200+0 

If the required service period is six years and both projects can be repeated with 
the given costs and better service projects are unavailable in the future, which 
project is better and why? Choose from the following options: 
(a) Select Project B because it will save you $344 in present worth over the re

quired service period. 
(b) Select Project A because it will cost $1,818 in NPW each cycle, with only one 

replacement, whereas Project B will cost $1,138 in NPW each cycle with two 
replacements. 

(c) Select Project B because its NPW exceeds that of Project A by $680. 
(d) None of the above. 

Short Case Studies with Excel 
5.55 An electrical utility is experiencing sharp power demand, which continues to 

grow at a high rate in a certain local area. Two alternatives to address this situ
ation are under consideration. Each alternative is designed to provide enough 
capacity during the next 25 years. Both alternatives will consume the same 
amounts of fuel, so fuel cost is not considered in the analysis. The alternatives 
are detailed as follows: 
II Alternative A: Increase the generating capacity now so that the ultimate 

demand can be met with additional expenditures later. An initial investment 
of $30 million would be required, and it is estimated that this plant facility 
would be in service for 25 years and have a salvage value of $0.85 million. 
TI1e annual operating and maintenance costs (including income taxes) 
would be $0.4 million. 

ID Alternative B: Spend $10 million now, and follow this expenditure with 
additions during the 10th year and the 15th year. These additions would 
cost $18 million and $12 million. respectively. The facility would be sold 
25 years from now with a salvage value of $1.5 million. The annual operating 
and maintenance costs (including income taxes) initially will be $250,000 
increasing to $350,000 after the first addition (from the 11th year to the 
15th year) and to $450,000 during the final 10 years. (Assume that these 
costs begin one year subsequent to the actual addition.) 

If the firm uses 15% as a MARR, which alternative should be undertaken based 
on the present-worth criterion'? 

5.56 Apex Corporation requires a chemical finishing process for a product under 
contract for a period of six years. Three options are available. Neither Option 
1 nor Option 2 can be repeated after its process life. However, Option 3 will 
always be available from H&H Chemical Corporation at the same cost during 
the contract period. The details of each option are as follows: 
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Iii Option 1: Process device A, which costs $100,000, has annual operating and 
labor costs of $60,000, and has a useful service life of four years with an 
estimated salvage value of $10,000. 

l!I Option 2: Process device B, which costs $150,000, has annual operating and 
labor costs of $50,000, and has a useful service life of six years with an esti
mated salvage value of $30,000. 

Iii Option 3: Subcontract the process out at a cost of $100,000 per year. 

According to the present-worth criterion, which option would you recommend 
ati = 12%'? 

5.57 H-Robotic Incorporated (HRI), a world leader in the robotics industry, pro
duces a line of industrial robots and peripheral equipment that performs many 
routine assembly-line tasks. However, increased competition, particularly from 
Japanese firms, has caused HRI's management to be concerned about the com
pany's growth potential in the future. HRI's research and development depart
ment has been applying the industrial robot technology to develop a line of 
household robots. The household robot is designed to function as a maid, main
ly performing such tasks as vacuuming floors and carpets. This effort has now 
reached the stage where a decision on whether to go forward with production 
must be made. The engineering department has estimated that the firm would 
need a new manufacturing plant with the following construction schedule: 
liii! The plant would require a 35-acre site, and HRI currently has an option to 

purchase a suitable tract of land for $2.5 million. The building construction 
would begin in early 2012 and continue through 2013. The building would 
cost $10.5 million in total, but a $3.5 million payment would be made to 
the contractor on December 31, 2012, and another $7 million payable on 
December 31, 2013. 

1181 The necessary manufacturing equipment would be installed late in 2013 and 
would be paid for on December 31, 2013. The equipment would cost $18.5 
million, including transportation, plus another $500,000 for installation. 

fil As of December 31, 2011, the company has spent $12 million on research 
and development associated with the household robot. 

(a) What is the equivalent total investment cost (future worth) at the time of 
completion (December 31, 2013), assuming that HRI's MARR is 15%? 

(b) If the product life is 10 years, what is the required minimum annual net cash 
flow (after all expenses) that must be generated to just break even? (Ignore 
any tax considerations.) 



Annual Equivalence 
Analysis 
Owning a Corporate Jet Lambert Manufacturing Corporation 
(LMC) wants to investigate fractional ownership as opposed to purchas
ing a business jet for domestic travels for their executives. Currently, 

the company uses a chartered aircraft for most executive travels or 
lets them fly in a first class on commercial airlines. A 20 I I Beechcraft® 

Baron Model GSB has been proposed for consideration. The company 

record reveals that the average flight hours logged by the executives on 

chartered aircraft were 200 hours per year in the last three years. 

• Fractional jet Ownership. 1 Fractional ownership in private 

aviation works slightly differently in that ownership emulates a mem
bership club, offering access to a large fleet. Owners can purchase 

shares starting at I/ 16 of an aircraft (about 50 flying hours per year) 

1 ··Fractional Ownership Is o n the Rise, so Power Up that Corporate Jet." Re111er.1 Mone). 
Jill )' 14. 20 11. 



under a typical five-year contract. Depending on the deal, fractional own
ers may sell their stake or can exercise a put option, which the company 
will honor at fai r market value, when the contract expires. 

• Full owne rship. The 20 I I Baron Model G58 carries a price tag of 

$1.282,035, and the annual operating and maintenance costs are estima

ted at $575 per hour based on 200 flight hours.2 

Is there any other cost to consider if Lambert owns the plane? T he 

main issue is: How much will it really cost per hour to own and operate 
the Beechcraft Baron Model G58? How does the hourly cost of flying 
change with increased flight hours per year? We need to consider both 

Actual Price in June 2011 

Variable Costs JlCr Flight Hour 

Fuel ($4.92/gallon, 36 gallons per hour) 

Scheduled and Unscheduled Maintenance 

Parts (include shipping) 

Labor 

Propeller Overhaul 

Total Variable Costs per Flight Hour 

Annual Fixed Cosls 

Insurance 

Jeppesen Electronic NavData and Approach Charts 

XM WX Sntcllitc Weather Aviation Edition 

Recurrent Trn ining 

Renral Engine Liability lnsurance ($ 10M coverage) 

Total Fixed Costs per Year 

Total Fixed Costs per Hour (200 Flight Hours) 

Total Operuling Costs per Hour 

Bcechcruflti Buron Model G58 

$1,282,035 

$178 

$40 

$45 

$9 

$272 

$31,530 

$1,640 

$600 

$6,320 

$20,500 

$60,590 

$302.95 

$574.95 

2 Source: Cost data has been compiled based on vario us sources including Economics Com
purison Churl. Eclipse Aviation (www.cclipseaviation.com/eclipsc_500/comparisons). 

11 11 11 
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the ownership cost (or commonly known as capital coses) a long with 

the operating coses. This information will be necessary for the company 

to determine the value of owning, chartering, or having a fraction al own
ership of a business jet co meet the executives ' trave l needs. 

S
uppose you are considering buying a new car. If you expect to drive 12,000 miles 
per year, can you figure out the cost of owning and opera ling the car pe r mile? You 
would have good reason l o want to know this cost if you were being reimbursed 
by your employer on a per-mile basis for the business use of your car. Or consider 

a real-estate developer who is planning to build a shopping center of 500.000 square feet. 
What would be the minimum annual rental fee per square foot required in order to recover 
the initial investment? 

Annual cash now analysis is the method by which these and other unit costs can 
be calculated. Annual-equiva lence analysis (along with present-worth analysis) is the 
second major equi valence technique for translacing alternatives into a common basis 
of comparison. In this chapter, we develop the annual-equivalence crit erion and dem
onstrate a number of situalions in which annual-equivalence analysis is prefernble to 
other methods of comparison. 

mlJ Annual-Equivalent Worth Criterion 
The annual-equivalent worth (AE) criterion provides a basis for measuring investment 
worth by dete rmining equal payments on an annual basis. Knowing that any lump-sum 
amount can be conven ed into a series of equal annual payments, we may first find the 
net present worth of the original series and then multiply this amount by the capit al
recovery factor: 

AE(i ) = PW (i ) (A / P. i. ). (6. 1) 

We use this formula to eva lua1c the investment worth of projects as follows: 

• Evaluat ing a Single Project: TI1c accept- reject decision rule for a sin gle rePe1111e 
project is as fo llows: 

If AE (i) > 0. accept the investment. 
If AE(i ) = 0. remain indifferent 10 the invescment. 
If AE(i ) < 0, reject the investment. 

Notice that the factor (/\IP, i, N) in Eq. (6.1) is positive for - 1 < i < co, which in
dicates that the AE(i) value will be positive if and only if PW(i) is posit ive. Jn other 
words, accepting a project that has a positive AE(i) value is equivalent to accepting 
a project that has a posi1i vc PW(i) va lue. Therefore, the AE criterion provides a 
basis for evaluating a project that is consistent with the PW criterion. 

• Comparing Multiple Altc rnutivcs. When you compare mutually exclusive rev
enue projects. you selec1 the project with the la rgest AE va lue. If you a re com
paring mutua lly exclusive service projects that have equi valent revenues. you 



6.1 Annual-Equivalent Worth Criterion 251 

may compare them on a cost-only basis. In this situation, the alternative with the 
least annual equivalent cost (AEC) or least negative annual equivalent worth is 
selected. 

EXAMPLE 6.1 Finding Annual Equivalent Worth by 
Conversion from Net Present Worth (NPW) 

A hospital uses four coal-fired boilers to supply steam for space heating, domes
tic hot water, and the hospital laundry. One boiler is operated at times of low 
load and on weekends, two are operated during the week, and the third boiler is 
normally off-line. The design efficiency on a steady load is generally about 78%. 
The boilers at the hospital were being run at between 70% and 73% efficiency, 
due to inadequate instrumentation and controls. Engineers have proposed that 
the boiler controls be upgraded. The upgrade would consist of installing variable
speed drives for the boiler fans and using the fans in conjunction with oxygen 
trim equipment for combustion control. 

• The cost of implementing the project is $159,000. The boilers have a remaining 
service life of 12 years. Any upgrade will have no salvage value at the end of 
12 years. 

• The annual electricity use in the boiler house is expected to be reduced from 
410,000 kWh to 180,000 kWh as a result of variable speed control of the boiler 
fan (because with the variable-speed drives, the fan motors draw only the power 
actually required to supply air to the boilers). This is equivalent to $14,000 per 
year. This savings is expected to increase at an annual rate of 4% as the cost of 
electricity increases over time. 

• Coal use will be 2% lower due to the projected improvement in boiler efficiency. 
This corresponds to a cost reduction of $40,950 per year. This savings is pro
jected to increase as the coal price increases at an annual rate of 5%. 

If the hospital uses a 10% interest rate for any project justification, what would be 
the annual equivalent energy savings due to the improvement? 

DISSECTING THE PROBLEM 
When a cash flow has no special pat
tern, it is easiest to find the AE in two 
steps: (1) Find the PW of the flow and 
(2) find the AE of the PW. We use this 
method in the solution to this exam
ple. You might want to try another 
method with this type of cash flow in 
order to discover how tedious using 
another method can be. 

Given: The cash flow diagram in Figure 6.1; i = 10% per year. 
Find: The AE. 



252 CHAPTER 6 Annual Equivalence Analysis 

$70,038 

--- $21.552 $40,950 --- --- --- --- . \ u\c\t. ,ne ...... 
Sa''\1\ !--- ----

$14.000 --- --- --- g '!_'l.!:.---- ---
Or-~'--~.._~-'-~-'-~-'-~-'--~-'-~-'-~-'-~-<-~_._~_, 

2 3 4 5 6 7 8 9 10 II 12 

= 

$159.000 D 
A A A A A A A A A A A A 

... ... ... ... ... ... ... ... ... ... • ... 

0 2 3 4 5 6 7 8 9 10 11 12 

Figure 6.1 Computing equivalent annual worth- First convert each of the two 
different geometric gradient series into its equivalent present worth, determine 
the NPW of the boiler improvement project. and then find the equivalent annual 
worth of the energy savings 

METHODOLOGY 
Find the present worth of the flow, 
and then find the AE of the present 
worth. 

SOLUTION 
Since energy savings are in two different geometric gradient 
series, we calculate the equivalent present worth in the following 
steps: 

• Savings in electricity: 

Psavingsinclcctricity = $14,000(P/A1,4%,l0%,l2) 

- [1 - (1 + 0.04) 12 (1 + 0.10)-12
] 

- $14,000 0.10 - 0.04 

= $114,301. 
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• Savings in coal usage: 

Psa\·ingsincoalusage = $40,950(P/Ai.5%,10%,12) 

- [ 1 - (1 + 0.05) 12 (1 + 0.10)- 12
] 

- $40,950 0.10 - 0.05 

= $350,356. 

• Net present worth calculation: 

PW(10%) = $114,301 + $350,356 - $159,000 

= $305,657. 

Since PW ( 10%) > 0, the project would be acceptable under the 
PW analysis. 

Now, spreading the NPW over the project life gives 

AE(too/o) = $305,657(A/P,10%,12) 

= $44,859. 

Since AE ( 10% ) > 0, the project is also worth undertaking. The 
positive AE value indicates that the project is expected to bring in 
a net annual benefit of $44,859 over the life of the project. 

TABLE 6.1 An Excel Worksheet to Calculate the Annual Equivalent Worth (Example 6.1) 

A B c D E F G I H I I J I K M 

4 (/)Investment S 159,000 Net Present Worth s 305,657 
5 (/)MARR(%) 10% Net Future Worth s 959.282 
6 rM Prolect life 12 

8 Fuel Savings Net Prolect 
9 Period Electricity Coal Usage Cash Flow Balance 
10 .. ,-... <, .............. . . ·. ·::.:.::::.';.".-..;,_::;·_ .-:·{\~:~:z:; :.:.:::';\·.:·:_.:".":· . ."·.......... . :.::-;·::.· .· 
11 0 s 1159,000) s (159,000) 
12 1 $ 14,000 $ 40,950 $ 54,950 $ (119,950) 
13 2 s 14,560 $ 42,998 $ 57,558 $ (74,388) 
14 3 s 15,142 $ 45,147 s 60,290 $ (21,536) 
15 4 s 15,748 s 47,405 s 63,153 s 39.463 
16 5 s 16,378 s 49,n5 s 66, 153 s 109,562 
17 6 s 17,033 s 52,264 s 69,297 s 189.815 
18 7 s 17,714 s 54,8n s 72,591 s 281,388 
19 8 s 18,423 s 57,621 s 76,044 s 385,571 
20 9 s 19,160 $ 60,502 s 79,662 $ 503,789 
21 10 s 19,926 $ 63,527 $ 83,453 $ 637,622 
22 11 $ 20,723 $ 66,703 $ 87,427 $ 788,810 
23 12 $ 21,552 $ 70,038 $ 91,591 $ 59,282.17 
24 .. ··.··.···.· .i:>.·· ... ·.· ....... ~;; ·.· .. ·. •: 

Annuel Eaulvalent Worth S 44,859 

j 
J 

$1,200,000 --1 =PMT(E5,E6,·M4) :F==J'----

$1,000,000 -+----------
$800,000 -+---------
$600,000 -+--------

$400,000 +-------
$200,000 +------: 

s- i=i=-i ___ _ 

~ 3 4 5 6 7 8 9 10 11 12 $(200,000) -!---"--'----.....;....-...;..__ 

$(400,000) ~--------
Year(n) 

-: .· ..... · .... ;.;·.:,~.:::·~··.:.-:·.-:."· ... 

~ =E22'(1 +SE$5)+D23 j 
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COMMENTS: Table 6.1 illustrates how we might calculate the annual equivalent 
value by using Excel. To speed up the cash flow input process, we may enter the 
two different geometric series by using Columns B and C. In Column D, these two 
cash flows are combined and the project balances are calculated in Column E. Then, 
we calculate the net present worth first at 10%, followed by the annual equivalent 
value. These are shown in the outputs section. 

6. I . I Benefits of AE Analysis 
Example 6.1 should look familiar to you. It is exactly the situation we encountered in 
Chapter 2 when we converted an uneven cash flow series into a single present value 
and then into a series of equivalent cash flows. In the case of Example 6.1, you may 
wonder why we bother to convert NPW to AE at all, since we already know from the 
NPW analysis that the project is acceptable. In fact, the example was mainly an exer
cise to familiarize you with the AE calculation. 

In the real world, a number of situations can occur in which AE analysis is pre
ferred, or even demanded, over NPW analysis. Some of typical situations include the 
following: 

1. When life-cycle-cost analysis is desired. A life-cycle-cost analysis is useful when 
project alternatives fulfill the same performance requirements but differ with re
spect to initial costs and operating costs. Life-cycle-cost analysis enables the ana
lysts to make sure that the selection of a design alternative is not based solely on 
the lowest initial costs but also to take into account all the future costs over the 
project's useful life. 

2. When there is a need to determine unit costs or profits. In many situations, 
projects must be broken into unit costs (or profits) for ease of comparison with 
alternatives. Outsourcing decisions such as "make-or-buy" and pricing the usage 
of an asset (rental charge per hour) reimbursement analyses are key examples of 
such situations and will be discussed in this chapter. 

3. When project lives are unequal. As we saw in Chapter 5, comparison of 
projects with unequal service lives is complicated by the need to determine the 
common lifespan. For the special situation of an indefinite service period and 
replacement with identical projects, we can avoid this complication by using AE 
analysis. This situation will also be discussed in more detail in this chapter. 

6.1.2 Capital (Ownership) Costs versus Operating Costs 
When only costs are involved, the AE method is sometimes called the annual
equivalent cost method. In this case, revenues must cover two kinds of costs: operating 
costs and capital costs. Normally, capital costs are nonrecurring (i.e., one-time costs) 
whereas operating costs recur for as long as an asset is being utilized. 

Capital (Ownership) Costs 

Capital costs (or ownership costs) are incurred by the purchase of assets to be used in 
production and service. Because capital costs tend to be one-time costs (buying and 
selling), when conducting an annual equivalent cost analysis, we must translate these 
one-time costs into their annual equivalent over the life of the project. Suppose you 
purchased an equipment costing $10,000. If you keep the asset for 5 years, your cost 



• Definition: The cost of owning a 
piece of equipment is associated 
with two amounts: (1) the 
equipment"s initial cost (/)and 
(2) its salvage value (S). 

• Capital costs: Taking these 
amounts into account, we 
calculate the capital costs 
as follows: 

" • ·-----·--• •••-••••••••"""""" ••• ·•••••••••• oH•> 

: CR(i) "' l(A/P, i, N}- S(AIR, i, N) • 
= (1 .., S)(AJP; i, N)' + IS 

- ••• -------- -----·--•L-·---~ 

s 

r--;-t 
I n 

0 1 2 3 N 

'f 'f 'f 'f 'f 'f 
CR(i) 

Figure 6.2 Calculation of capital-recovery cost (with return) 
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of owning the asset should include the opportunity cost of $10,000. So, the capital cost 
is defined as the net cost of purchasing (after any salvage value adjustment) plus the 
interest cost over the life of the ownership. 

The annual equivalent of a capital cost is given a special name: capital-recovery 
cost, designated CR(i). As shown in Figure 6.2, two general monetary transactions are 
associated with the purchase and eventual retirement of a capital asset: the asset's ini
tial cost (/)and its salvage value (S). Taking these amounts into account, we calculate 
the capital-recovery cost as follows: 

CR(i) =/(A/ P, i, N) - S(A/ F, i, N). 

If we recall the algebraic relationships between factors shown in Table 2.11 and notice 
that the (A!F, i, N) factor can be expressed as 

(A/F,i,N) = (A/P,i,N) - i, 

then we may rewrite the expression for CR(i) as 

CR(i) = I(A/P,i,N) - S[(A/P,i,N) - i] 

= (I - S) (A/P, i, N) + iS. 
(6.2) 

Basically, to obtain the machine, one borrows a total of I dollars, S dollars of which are 
returned at the end of the Nth year. The first term, (I - S) (A/ P, i, N), implies that 
the balance (/ - S) will be paid back in equal installments over the N-year period at 
a rate of i, and the second term implies that simple interest in the amount iS is paid 
on S until S is repaid. Many auto leases are based on this arrangement, in that most 
require a guarantee of S dollars in salvage (or market value at the time of restocking 
the returned vehicle). 

Equivalent Annual Operating Costs 
Once you place an asset in service, operating costs will incur by the operation of physi
cal plants or equipment needed to provide service; examples include the costs of items 
such as labor and raw materials. Because operating costs recur over the life of a project, 
they tend to be estimated on an annual basis; so, for the purposes of annual-equivalent 
cost analysis, no special calculation is required unless the annual amount keeps chang
ing. In that case, we need to find the equivalent present worth of the operating costs 
and spread the present worth over the asset life on an annual basis. 
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Equi\'alenl annual operating cost 

OC(i) = (,~oc,,( I + i)-11
) (A/ P, i, N). (6.3) 

Total present worth or operating cost 

Examples 6.2 and 6.3 will illustrate the process of computing the capital costs and 
equivalent annual operating costs. 

EXAMPLE 6.2 Will Your Car Hold Its Value? Costs of 
Owning a Vehicle 

Consider two vehicles whose values are expected to hold during five years of 
ownership: 

2010BMWM3 

2010 Hyundai-Accent GLS 

$58,400 

$14,365 

70% 

40% 

60% 

30% 

51% 

24% 

43% 

18% 

MSRP: Manufacturer's suggested retail price. 

Determine the annual ownership cost of each vehicle, assuming an interest rate of 
6% compounded annually. 

Given: I = $58,400, S = $25, 112, N = 5 years, and i = 6% per year. 
DISSECTING THE PROBLEM i 
_____ -~-- F~~d: CR( 6:0) for each vehi~le-after five years of own_e_r_sh_i_P_· __ 

METHODOLOGY I SOLUTION 
For a BMW M3, buying it at $58,400 and selling it at $25,112 (43% 
of MSRP) after five years, your annual ownership cost (capital cost) 
would be: 

CR(6%) = {$58,400 - $25,112) (AIP, 6%, 5)_+ (0.06) $25,112 
$7.902 

= $9,409. 

Costs of owning the vehicles as a function of ownership period are then 
as follows: 
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2010BMWM3 

2010 Hyundai-Accent GLS $14,365 
$10,842 

$4,020 

Clearly, the longer you keep the vehicle, the smaller the ownership cost. 

$10,045 

$3,357 

From an industry viewpoint, CR(i) is the annual cost to the firm of owning 
the asset. With this information, the amount of annual savings required in order 
to recover the capital and operating costs associated with a project can be deter
mined. As an illustration, consider Example 6.3. 

EXAMPLE 6.3 Required Annual Savings to justify 
the Purchase of Equipment 

Ferguson Company is considering an investment in computer-aided design equip
ment. The equipment will cost $110,000 and will have a five-year useful economic 
life. It has a salvage value of $10,000. The expected annual operating costs for the 
equipment would be $20,000 for the first two years and $25,000 for the remaining 
three years. Assuming that Ferguson's desired return on its investment (MARR) is 
15%, what is required annual savings to make the investment worthwhile? 

$9,409 

$2,951 

DISSECTING THE PROBLEM TGi~~-~-~110,000, S ~ $10,000, yearly operating:: N ~ 5 years, 
and i = 15% per year. 

METHODOLOGY 

Separate cash flows from operat
ing cash flow 

Find: AEC, and determine whether the firm should or should not 
purchase the machine. 

SOLUTION 

As shown in Figure 6.3, we separate cash flows associated with the 
asset acquisition and disposal from the normal operating cash flows. 
Since the operating cash flows are not uniform, we need to convert 
the series into equivalent annual flows. 

• Capital costs: 

CR(15%) = ($110,000 - $10,000)(A/P,15%,5) 

+ (0.15)$10,000 

= $31,332. 
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SI0,000 

0 2 3 4 
5 

S20.000 S20.000S25.000 S25.000 S25.000 

SI 10,000 

0 

$110.000 

,o 

Figure 6.3 
costs 

• SI0.000 
Capital CO'-t 

0 2 3 ·I 5 

2 3 4 5 .. I I I I I 

't 't 't 't 't 
C R(1 5%) = $3 1.:l'.\2 

+ 
Operating CO\!\ 

I 2 3 .j 5 .. () 2 3 .j 5 

+ + i i l y y y y y 
$20,000 OC( 15%) = $22.575 

$25.000 

Computing the required the annual savings to cover the capital and operating 

• Operating costs: 

Tomi present worth of operating ca~h flows 

0 - li( $20,000(PIA, 15%,2) ) 
OC( IS M>) - ~ +$25,000 (PIA. 15%, 3)(1'/f, 15%, 2) 

x (A/P, 15%, 5) 

= $22.575. 

• Annual equivalent cost: 

$75,(175 

AEC(l5%) = CR(l5 %) + OC(15%) 

= $31 .332 + $22.575 

= $53.907. 

] 

The required annual savings musl be a t least $53,907 to recover 
the investment made in the asset anc.J cover the annual operating 
expenses. 
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!mt] Applying Annual-Worth Analysis 
In general, most engineering economic analysis problems can be solved by the present
worth methods that were introduced in Chapter 5. However, some economic analysis 
problems can be solved more efficiently by annual-worth analysis. In this section, we 
introduce several applications that call for annual-worth analysis techniques. 

6.2.1 Unit-Profit or Unit-Cost Calculation 
In many situations, we need to know the unit profit (or unit cost) of operating an asset. 
To obtain a unit profit (or cost), we may proceed as follows: 

Step 1: Determine the number of units to be produced (or serviced) each year over 
the life of the asset. 

Step 2: Identify the cash flow series associated with production or service over the 
life of the asset. 

Step 3: Calculate the present worth of the project's cash flow series at a given interest 
rate, and then determine the equivalent annual worth. 

Step 4: Divide the equivalent annual worth by the number of units to be produced 
or serviced during each year. When the number of units varies each year, you 
may need to convert the units into equivalent annual units. 

To illustrate the procedure, we will consider Example 6.4, in which the annual
equivalence concept is useful in estimating the savings per machine-hour for a pro
posed machine acquisition. 

EXAMPLE 6.4 Unit Profit per Machine-Hour with Constant 
or Varying Annual Operating Hours 

Harrison Company experiences frequent industrial accidents involving workers 
who perform spot-welding. The firm is looking into the possibility of investing 
in a specific robot for welding tasks. The required investment will cost Harrison 
$1 million upfront, and this robot has a five-year useful life and a salvage value of 
$100,000. The robot will reduce labor costs, worker insurance costs, and materi
als usage cost and will eliminate accidents involving workers at the spot-welding 
operations. The savings figure translates into a total of $800,000 a year. The ad
ditional operating and maintenance costs associated with the robot amount to 
$300,000 annually. Compute the equivalent savings per machine-hour at i = 15% 
compounded annually for the following two situations: 

(a) Suppose that this robot will be operated for 2,000 hours per year. 
(b) Suppose that the robot will be operated according to varying hours: 1,500 hours 

in the first year, 2,500 hours in the second year, 2,500 hours in the third year, 
2,000 hours in the fourth year, and 1,500 hours in the fifth year. The total num
ber of operating hours is still 10,000 over five years. 
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DISSECTING THE PROBLEM 

Given: I= $1,000,000,S = $100,000,N = 5years, net savings per 
year = $500, 000, and there are 10,000 machine-hours over five 
years. 
Find: Equivalent savings per machine-hour. 

--------·------------------------------------------
METHODOLOGY 

(a) Annual operating hours remain 
constant: First compute the 
annual equivalent savings, and 
then calculate the equivalent 
savings per machine-hour. 

SOLUTION 

We first compute the annual equivalent savings from the use of the 
robot. 

PW (15%) = -$1,000,000 + $500,000 (PI A,15%,5) 

+ $100,000 ( p I F,15%,5) 

= $725,795. 

AE(15%) = $725,795(A/P,15%,5) 

= $216,516. 

With an annual usage of 2,000 hours, the equivalent savings per 
machine-hour would be calculated as follows: 

Savingspermachine-hour = $216,516/2,000hours = $108.26/hour. 

, See Figure 6.4. 

$500,000 $500,000 $500,000 $500,000 
t $100,000 

·~ $500.000 

0 

$1,000,000 ~ 

2.000hrs. 

2 3 

PW(15%) = $725,795 
AE(15%) = $216,516 

' 

4 

Savings per hour = $108.26/h~ 
I 
I 
I 
I 
I 
I 
I 

Operating Hours per Year 

5 Years 

ZOIXHus. 

Figure 6.4 Computing equivalent savings per machine-hour (Example 6.4) 



(b) Annual opera1i11g hours fluc111-
llle: Calculate the equivalent 
annual savings as a function C. 
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SOLUTION 

Let C denote the equivalent annual savings per machine-hour that 
need to be determined. Now, with varying annual usages of the 
machine, we can set up the equivalent annual savings as a function 
ofC: 

Equivalent annual savings = C[ ( 1,500) ( P /A, 15%,5) 

+ ( 1,000)( p I A, 15%,2)(pIF,15%, 1) 

+ (500)(P/F,15%,4)] (A/P,15%,5) 

= 2,006.99C. 

We can equate this amount to $216,516 and solve for C. This opera
tion gives us 

C = $216,516/2,006.99 = $107.88/hour, 

which is about $0.38 less than in the situation in Example 6.4(a). 
---- _____________ __.__ __________ ·- - ... --- . -- ----------- ...... ----- ------------~-------------------------

COMMENTS: Note that we cannot simply divide the NPW amount ($725,795) by 
the total number of machine-hours over the five-year period (10,000 hours), which 
would result in $72.58/hour. This $72.58/hour figure represents the instant savings in 
present worth for each hour of use of the robot but does 1101 consider the time over 
which the savings occur. Once we have the annual equivalent worth, we can divide 
by the desired time unit if the compounding period is one year. If the compounding 
period is shorter. then the equivalent worth should be calculated for the compound
ing period. 

EXAMPLE 6.5 Cost to Fly per Hour 

Revisit the chapter opening story about LMC's consideration of purchasing a busi
ness airplane for domestic travels. Key financial data are as follows: 

• Cost of aircraft: $1,282,035 
• Market value of the aircraft after five years: $832,000 
• Total variable cost per hour: $272 first year and increases at 6% per year 

thereafter 
• Total fixed operating cost per hour: $302.95 first year and increases at 4 % per year 

• Annual operating hours: 200 hours 

Compute the equivalent annual cost of owning and operating the aircraft per flying 
hour over five years at an annual interest rate of 12%. 
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--------......... ., _ _,_., ___ .. -~------·-

DISSECTING THE PROBLEM 

$60,590 

() $54,400 

T 
$1,282,035 

1 

Given: Financial data as summarized in Figure 6.5, and i = 12 % per year. 
Find: Hourly cost of owning and operating the business airplane . 

2 

.. $832,000 
I 
I 
I 
I 

!!""40/0,fu~edcOSl ------ $70,882 

-------;-;a;i;b cost __ 
g 

10
• ---- $68679 ---- ------ . 

3 4 5 

A 1 for variable cost= (500)($272) = $54,400 
A 1 for fixed cost= (200)($302.95) = $60,590 

Figure 6.5 Cash flows associated with owning and operating 
a business airplane (Example 6.5) 

METHODOLOGY 

First compute the annual equivalent 
cost, then calculate the equivalent 
cost per flying hour. 

SOLUTION 

The two cost components are capital cost and operating cost. 
We calculate the annual equivalent cost for each as follows: 

• Capital costs: 

CR{l2%) = ($1,282,035 - $832,000)(A/ P, 12%,5) 

+ 0.12 ( $832,000) 

= $224,684. 

• Operating costs: 

• Variable cost: 

OC( 12% )variable = (200)($272)(P/Ai.6%, 12%,5) 

x (AIP, 12%, 5) 

= $60,529. 

• Fixed cost: 

OC( 12% )Fixed= {200) ($302.95) (P/Ai.4%, 12%,5) 

x (AIP, 12%, 5) 

= $65,056. 
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• Total operating costs: 

OC(12%) = OC(12% )variable + OC( 12% )Fixed 

= $125,585. 

Then, the cost of flying is 
. $224,684 + $125,585 

Flymgcostperhour = 
200 

.. ---- ______ J _______ ----- -- ----------~- $1)5 !:~?: ____ -
COMMENTS: Note that the flying cost per hour when we considered the ownership 
cost (capital costs) along with the operating costs is much higher than $575, the initial 
estimate of operating cost. Now LMC needs to look at how much it has budgeted 
for its executives' travels next five years and can decide whether it is worth owning a 
corporate airplane. 

6.2.2 Make-or-Buy Decision 
Outsourcing decisions such as make-or-buy problems are among the most common 
business decisions. At any given time, a firm may have the option of either buying an 
item or producing it. If either the "make" or the "buy" alternative requires the acquisi
tion of machinery or equipment besides the item itself, then the problem becomes an 
investment decision. Since the cost of an outside service (the "buy" alternative) is usu
ally quoted in terms of dollars per unit, it is easier to compare the two alternatives if 
the differential costs of the "make" alternative are also given in dollars per unit. This 
unit-cost comparison requires the use of annual-worth analysis. The specific procedure 
is as follows: 

• Step 1: Determine the time span (planning horizon) for which the part (or prod
uct) will be needed. 

• Step 2: Determine the required annual quantity of the part (or product). 

• Step 3: Obtain the unit cost of purchasing the part (or product) from the outside 
firm. 

• Step 4: Determine the cost of the equipment, manpower, and all other resources 
required to make the part (or product). 

• Step 5: Estimate the net cash flows associated with the "make" option over the 
planning horizon. 

• Step 6: Compute the annual equivalent cost of producing the part (or product). 

• Step 7: Compute the unit cost of making the part (or product) by dividing the 
annual equivalent cost by the required annual quantity. 

• Step 8: Choose the option with the smallest unit cost. 
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EXAMPLE 6.6 Unit Cost: Make or Buy 

B&S Company manufactures several lines of pressure washers. One unique part, 
an axial cam, requires specialized tools and equipment that need to be replaced. 
Management has decided that the only alternative to replacing these tools is to 
acquire the axial cam from an outside source. B&S's average usage of the axial cam 
is 120,000 units each year over the next five years. 

• Buy Option: A supplier is willing to provide the axial cam at a unit sales price of 
$35 if at least 100,000 units are ordered annually. 

• Make Option: If the specialized tools are purchased, they will cost $2,200,000 
and will have a salvage value of $120,000 after their expected economic life of 
five years. With these new tools, the direct labor and variable factory overhead 
will be reduced, resulting in the following estimated unit production cost: 

Direct material 

Direct labor 

Variable factory overhead 

Fixed factory overhead 

Total unit cost 

$8.50 

$5.50 

$4.80 

$7.50 

$26.30 

Assuming that the firm's interest rate is 12 % per year, calculate the unit cost under 
each option and determine whether the company should replace the old tools or 
purchase the axial cam from an outside source. 

DISSECTING THE PROBLEM 

METHODOLOGY 

First determine the AEC for each 
option and then calculate the unit 
cost for each option. 

Given: Cash flows for both options as shown in Figure 6.6; i = 12%. 
Find: Unit cost for each option and which option is preferred. 

SOLUTION 

The required annual production volume is 120,000 units. We now need 
to calculate the annual equivalent cost under each option. 

• Buy Option: Since we already know how much it would cost to 
buy the axial cam, we can easily find the annual equivalent cost: 

AEC(12%} 8 uy = ($35/unit) X (120,000units/year) 

= $4,200,000/year. 

• Make Option: The two cost components are capital cost and oper
ating cost. 

We calculate the annual equivalent cost for each as follows: 

Capital cost: 

The capital-recovery cost is 

CR(12%} = ($2,200,000 - $120,000}(A/P,12%,5) 

+ (0.12) ($120,000) = $591,412. 
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Buy Option 

0 2 3 4 5 
Years 

I I I I 1 
$4,200,000 $4,200,000 $4.200,000 $4,200,000 $4.200,000 

Make Option $120,000 

0 2 3 4 5 
;__~~~....;....~~~.....;;..~~~__;.~~~~;,__~~~ Years 

$3,156,000 $3,156,000 $3.156,000 $3,156,000 $3,156,000 

$2,200,000 

Figure 6.6 Cash flows associated with make-or-buy option in manufactur
ing axial cams 

-~----. --- ~---

Production cost: 

The annual production cost is 

OC(12%}Make = ($26.30/unit) X (120,000units/year) 

= $3,156,000/year. 

Total annual equivalent cost: 

Therefore, the total annual equivalent cost is 

AEC{l2% }Make= $591,412 + $3,156,000 = $3,747,412. 

Obviously, this annual-equivalence calculation indicates that 
B&S would be better off making the axial cam in-house rather than 
buying it from the outside vendor. However, B&S wants to know the 
unit costs in order to set a price for the product. For this situation, we 
need to calculate the unit cost of producing the axial cam under each 
option. We do this calculation by dividing the magnitude of the annual
equivalent cost for each option by the annual quantity required: 

• Buy Option: 

Unitcost = $35.00/unit. 

• Make Option: 

Unitcost = $3,747,412/120,000 = $31.23/unit. 

Making the axial cam in-house by replacing the tools and equipment 
will save B&S $3.77 per unit before any tax consideration. 
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COMMENTS: 'IWo important noneconomic factors should also be considered. The 
first factor is the question of whether the quality of the supplier's component is 
better than, equal to, or worse than the quality of the component the firm is presently 
manufacturing. The second factor is the reliability of the supplier in terms of provid
ing the needed quantities of the axial cams on a timely basis. A reduction in quality 
or reliability should virtually always rule out a switch from making to buying. 

~ Comparing Mutually Exclusive Projects 
In this section, we will consider a situation where two or more mutually exclusive 
alternatives need to be compared on the basis of annual equivalent worth. In Sec
tion 5.4, we discussed the general principle that should be applied when mutually exclu
sive alternatives with unequal service lives are compared. The same general principle 
should be applied when compa~ng mutually exclusive alternatives on annual-the 
basis of equivalent worth-that is, mutually exclusive alternatives in equal time spans 
must be compared. Therefore, we must give careful consideration to the time expend
ed in the analysis process, called the analysis period. We will consider two situations: 
(1) The analysis period equals the project lives, and (2) the analysis period differs from 
the project lives. 

6.3.1 Analysis Period Equals Project Lives 
Let us begin our comparison with a simple situation where the length of the projects' 
lives equals the length of the analysis period. In this situation, we compute the AE 
value for each project and select the project that has the least AEC (for service pro
jects) or the largest AE value (for revenue projects). 

In many situations, we need to compare different design alternatives, each of which 
would produce the same number of units (constant revenues) but would require dif
ferent amounts of investment and operating costs (because of different degrees of 
mechanization). This is commonly known as life-cycle-cost analysis. Example 6.7 illus
trates the use of the annual equivalent cost concept to compare the cost of operating 
a conventional electric motor with that of operating a premium-efficiency motor in a 
strip-processing mill. 

EXAMPLE 6. 7 Life-Cycle Cost Analysis-How Premium 
Efficiency Motors Can Cut Your Electric Costs 

Birmingham Steel Corporation is considering replacing 20 conventional 25-HP, 
230-V, 60-Hz, 1,800-rpm induction motors in its plant with modern premium
efficiency (PE) motors. Both types of motors have power outputs of 18.650 kW 
per motor (25HP X 0.746kW/HP). Conventional motors have a published 
efficiency of 89.5%, while the PE motors are 93% efficient. The initial cost of the 
conventional motors is $13,000 while the initial cost of the proposed PE motors 
is $15,600. The motors are operated 12 hours per day, 5 days per week, 52 weeks 
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per year with a local utility cost of $0.07 per kilowatt-hour (kWh). The life cycle 
of both the conventional motor and the PE motor is 20 years with no appreciable 
salvage value. 

(a) At an interest rate of 13% compounded annually, what is the amount of savings 
per kWh gained by switching from the conventional motors to the PE motors? 

(b) At what operating hours are the two types of motors equally economical? 

DISSECTING THE PROBLEM 

Whenever we compare machines with 
different efficiency ratings, we need to 
determine the input powers required 
to operate the machines. Since percent 
efficiency is equal to the ratio of output 
power to input power, we can deter
mine the required input power by di
viding the output power by the motor's 
percent efficiency: 

ourputpower 
Input power = . . 

percent efficiency 

For example, a 30-HP motor with 90% 
efficiency will require an input power 
calculated as follows: 

(30HP x 0.746kW /HP) 
Inputpower = 0.

90 
= 24.87kW. 

METHODOLOGY 

First, calculate the operating cost per 
kWh per unit, and then determine the 
break-even number of operating hours 
for the PE motors. 

Given: T}'pes of motors = (standard, PE), I = ( $13,000, 
$15,600), S = ( 0, 0), N = ( 20 years, 20 years), rated power 
output =(18.65kW, 18.65kW), efficiency rating =(89.5%, 
93% ), i = 13%, utility rate= $0.07 /kWh, operating hours= 
3,120 hours per year, and number of motors required = 20. 
Find: (a) The amount saved per kWh by operating the PE 
motor and (b) the break-even number of operating hours for 
the PE motor. 

Mutually Exclusive Alternatives with Equal Project Lives 

Size 18.65 kW 18.65 kW 

Cost $13,000 $15,600 

Life 20 years 20 years 

Salvage Value $0 $0 

Efficiency 89.5% 93% 

Energy Cost $0.07/kWh $0.07/kWh 

Operating Hours 3,120 hrs/yr 3,120 hrs/yr 

SOLUTION 

(a) Execute the following steps to determine the operating 
cost per kWh per unit: 

• Determine total input power for both motor types. 

Conventional motor: 

18.650kW 
Inputpower = 0.

895 
= 20.838kW. 

PE motor: 
18.650kW 

Inputpower = 0.
93 

= 20.054kW. 
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Note that each PE motor requires 0.784 kW less input 
power (or 15.68 kW for 20 motors), which results in energy 
savings. 

• Determine the total kWh per year for each type of motor, 
assuming a total of 3,120 hours per year in motor operation. 
Co11ve11tio11a/ motor: 

3,120hrs/year x 20.838kW = 65,015kWh/year. 

PE motor: 

3,120hrs/year X 20.054kW = 62,568kWh/year. 

• Determine the annual energy costs for both motor types. 
Since the utility rate is $0.07/kWh, the annual energy cost 
for each type of motor is calculated as follows: 

Co11ve111io11a/ motor: 

$0.07 /kWh x 65,015kWh/year = $4,551/year. 

PE motor: 

$0.07 /kWh x 62,568kWh/year = $4,380/year. 

• Determine the capital costs for both types of motors. 
Recall that we assumed that the useful life for both motor 
types is 20 years. To determine the annualized capital cost 
at 13% interest, we use the capital-recovery factor. 

Co11ve111ional motor: 

($13,000){A/P, 13%, 20) = $1,851. 

PE motor: 

($15,600)(A/P, 13%, 20) = $2,221. 

• Determine the total equivalent annual cost. which is equal 
to the capital cost plus the annual energy cost. Then cal
culate the unit cost per kWh on the basis of output power. 
Note that the total output power is 58,188 kWh per year 
(25HP x 0.746kW /HP x 3120hours/year). We execute 
these steps as follows: 
Co11ve11tio11a/ motor: 
We calculate that 

AEC(13%) = $4.551 + $1,851 = $6,402. 



So, 
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Cost per kWh = $6,402/58,188kWh 
= 11.00ccnts/kWh. 

PE motor: 
We calculate that 

So, 

AEC(13%) = $4,380 + $2,221 = $6,601. 

Cost per kWh = $6,601/58, 188kWh 

= 11.34ccnts/kWh. 

Clearly, conventional motors are cheaper to operate if the 
motors are expected to run only 3,120 hours per year. 

• Determine the savings (or loss) per operating hour 
obtained by switching from conventional to PE motors. 
Additional capital cost required from switching from con
ventional to PE motors: 

Incrcmcntalcapitalcost = $2,221 - $1,851 = $370. 

Additional energy-cost savings from switching from con
ventional to PE motors: 

Incrcmcntalenergysavings = $4,551 - $4,380 = $171. 

At 3,120 annual operating hours, it will cost the company 
an additional $370 to switch to PE motors, but the energy 
savings are only $171, which results in a $199 loss from 
each motor. In other words, for each operating hour, you 
lose about 6.38 cents. 

(b) Determine the break-even number of operating hours for the 
PE motors: 
• Would the result found in part (a) change if the same 

motor were to operate 5,000 hours per year? If a motor is 
to run around the clock, the savings in kWh would result 
in a substantial annual savings in electricity bills, which are 
an operating cost. As we calculate the annual equivalent 
cost by varying the number of operating hours, we obtain 
the situation shown in Table 6.2. Observe that if Birming
ham Steel Corporation used the PE motors for more than 
6,742 hours annually, replacing the conventional motors 
with the PE motors would be justified. 
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TABLE 6.2 Break-Even Number of Operating Hours ns Cakulatecl by Using 
Excel 

A 8 c D E F G 
1 .:: '· I J' I•'. 'i"!i 
2 -
3 Conventional Premium - Operating Conventional PE 
4 Motor Etflclency Motor Hours Motor Motor 

5 .· .- '· .. ··.:;q '~'~IJ.., 

6 Output powor (hp) 25 25 0 $ 1,851 $ 2,221 
7 QperalinQ hours por year 6,742 6,742 500 $ 2.580 s 2.923 
8 Efficiencv (%1 89.5 93 1000 $ 3,309 s 3,624 
9 I 1500 $ 4,039 s 4.326 
10 I nilial cost (Sl $ 13.000 s 15,600 2000 $ 4,768 s 5,028 
11 Salvaqe value ($) 0 0 2500 s 5.497 s 5.730 
12 Service life Cvearl 20 20 3000 s 6.227 s 6.432 
13 Utility rate ($/kWh) 0.07 0.07 3500 s 6.956 s 7,134 
14 interest rale (%) 13 13 4000 s 7,685 s 7,636 
15 H =C l 3' (C6' 0.746/(CB/ 1 OO)' C7) -~ 

4500 s 8,4 15 s 6,536 - $ 16 5000 9, 144 $ 9,240 
17 Capilal cost ($/year) ~ 1,650.60 I'S.. 2,220.72 5500 $ 9,873 s 9,941 
18 Enerqy cost {$/year) S\ 9,634.28 $ -... 9,464.17 6000 $ 10,603 s 10.643 
19 To1a1 Eau. annual cos1 $ \ 11,664.68. $ 11,684.69 6500 $ 11 .332 $ 11 ,345 
20 Cost per kWh s \ .. O.O!T $ 0.09 7000 $ 12,061 $ 12,047 
21 '. \ "-J .c,,.c,. I 

7500 $ 12,79t $ 12,749 - 8000 s 13.520 s 22 13,451 

..n... 6500 s 14,249 s 14,153 
24 8750 s 14,614 s 14,504 
25 ..... • -... : r 
26 $ 16,000 ~ =B 19/(86' 0.746' 87) : - I 27 
I-

28 =·(PMT(8 14/100,812,8 10-811 )+(814/ 100)'811)1 

""'° 
29 
3o $ 14,000 

/ -3 1 -32 
$12,000 33 

/ -34 
I-

~ $10,000 36 

/ 37 
3a 
I-

---Conventional Molar $8,000 39 
I-

~ -.-Premium Motor 
41 ~ 42 $6,000 
I-

/ 43 
I-

44 
4s $4,000 
I-

/ 46 
I-

47 
I-

48 $2,000 
I- • 49 
I-

..2Q. 
5 1 $-

52 0 

~ 8 8 8 0 0 0 0 0 0 8 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 Ill 

53 0 "' "' 0 lO 0 "' 0 lO 0 lO 0 lO 0 lO ,... 
~ ~ C\I C\I "' "' "' "' lO lO "' "' 

,... ,... CX) CI) CX) 
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6.3.2 Analysis Period Differs from Project Lives 
In Section 5.4, we learned that, in present-worth analysis we must have a common anal
ysis period when mutually exclusive alternatives are compared. One of the approaches 
is the replacement chain method (or least common multiple), which assumes that each 
project can be repeated as many times as necessary to reach a common life span; the 
NPWs over this life span are then compared, and the project with the higher common 
life NPW is chosen. Annual-worth analysis also requires establishing common analysis 
periods, but AE offers some computational advantages over present-worth analysis, 
provided the following criteria are met: 

1. The service of the selected alternative is required on a continuous basis. 
2. Each alternative will be replaced by an idemical asset that has the same costs and 

performance. 

When these two criteria are met, we may solve for the AE of each project on the basis 
of its initial life span rather than on the basis of the infinite streams of project cash 
flows. 

EXAMPLE 6.8 Annual Equivalent Cost Comparison
Unequal Project Lives 

You are running a small machine shop where you need to replace a worn-out 
sanding machine. Two different models have been proposed: 

• Model A is semiautomated, requires an initial investment of $150,000, and has 
an annual operating cost of $55,000 for each of three years, at which time it will 
have to be replaced. The expected salvage value of the machine is just $15,000. 

• Model B is an automated machine with a five-year life and requires an initial 
investment of $230,000 with an estimated salvage value of $35,000. Expected 
annual operating and maintenance cost of the B machine is $30,000. 

Suppose that the current mode of operation is expected to continue for an indefi
nite period. You also think that these two models will be available in the future 
without significant changes in price and operating costs. At MARR = 15%, which 
model should you select? Apply the annual-equivalence approach to select the 
most economical machine. 

DISSECTING THE PROBLEM 

A required service period of infinity 
may be assumed if we anticipate that 
an investment project will be ongoing 
at roughly the same level of produc
tion for some indefinite period. This 
assumption certainly is possible mathe
matically although the analysis is likely 
to be complicated and tedious. 

Given: Cash flows for Model A and Model B, and i = 15% 
compounded annually. 
Find: AE cost and which model is the preferred alternative. 
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Therefore, in the case of an indefinitely 
ongoing investment project, we typically 
select a finite analysis period by using the 
lowest common multiple of project lives 
(15 years). We would consider alterna
tive A through five life cycles and alter
native B through three life cycles; in each 
case, we would use the alternatives com
pletely. We then accept the finite model's 
results as a good prediction of the eco
nomically wisest course of action for the 
foreseeable future. This example is a case 
in which we conveniently use the lowest 
common multiple of project lives as our 
analysis period. (See Figure 6.7.) 

$15,000 

or-. __ ,,__..,....--.-1 3 

$55,000 
$15.000 

.o,,......._,..:L __ 2_---1 3 

$150,000 
SSS,000 

0 

$150.000 

Model A 

$150,000 

$35,000 

0 2 3 4 5 

$30,000 0 

$230,000 

$230,000 

Model B 

0 -$150,000 -$230,000 

1 -$55,000 -$30,000 

2 -$55,000 -$30,000 

3 +$15,000 - $55,000 -$30,000 

4 -$30.000 

5 +$35,000 - $30,000 

$15,000 

$55,000 $15,000 

0.---...--.... 2 __ 3 

$55,000 $15,000 

0--....... - .... 2--3 
$150,000 

SSS,000 

$150,000 

$35.000 

2 3 4 5 

$35.000 
$30,000 

0 1 2 3 4 5 

$30,000 

$230,000 

Figure 6. 7 Comparing unequal-lived projects on the basis of the replacement chain approach- least 
common multiple service period of 15 years 



METHODOLOGY 

Our objective is to determine the AE 
cost of each model over the lowest 
common multiple period of 15 years. In 
doing so. we will compute the PW cost 
of the first cycle, and then we convert it 
into its equivalent AE cost. We do the 
same for the entire cycle. 
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SOLUTION 

Model A: 

• For a three-year period (first cycle): 

PW ( 15% )nrstcycle = -$150,000 - $55,000( P /A, 15%,3) 

+ $15,000 (Pf F, 15%,3) 

= -$265,715. 

AEC(15%)firstcyclc = $265,715(A/P,15%,3) 

= $116,377. 

• For a 15-year period (five replacement cycles): 

PW(15%)i5.ycarpcriod = -$265,715[1 + (P/F,15%,3) 

+ (P/F,15%,6) + (P/F, 15%,9) + (P/F,15%,12)) 

= -$680,499. 

AEC(15%)i5.ycarpcriod = $680,499(A/P,15%,15) 

= $116,377. 

Model B: 

• For a five-year life (first cycle): 

PW(15%)1irs1cyc1e = -$230,000 - $30,000(P/A,15%,5) 

+ $35,000(P/ F, 15%,5) 

= -$313,163. 

AEC(15%)r.rs1cyc1c = $313,163(A/P,15%,5) 

= $93,422. 

• For a 15-year period (three replacement cycles): 

PW(15%)1s-yearpcriod = -$313,163[1 + (P/F,15%,5) 

+ (P/F,15%,10)) 

= -$546,270. 

AEC(15% )15-yearpcriod = $546,270(A/ P, 15%, 15) 

= $93,422. 

i We can see that the AE cost of Model A is much higher 

_ _ _ ___ j __ ~~l~;;~;_~i_:i ;~~·.4~2~; th~~·-~~-~elect Model B, despite its 

COMMENTS: Notice that the AE costs calculated on the basis of the lowest common 
multiple period are the same as those that were obtained over the initial life spans. 
Thus, for alternatives with unequal lives, comparing the AE cost of each project over 
its first cycle is sufficient in determining the best alternative. 
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SUMMARY 
iii Annual equivalent worth analysis, or AE. and present-worth analysis are the two 

main analysis techniques determined on the concept of equivalence. The equation 
for AE is 

AE(i) = PW{i) (A/P,i,N). 

AE analysis yields the same decision result as PW analysis. 

Ill The capital-recovery cost factor, or CR(i), is one of the most important applications 
of AE analysis in that it allows managers to calculate an annual equivalent cost of 
capital for ease of itemization with annual operating costs. The equation for CR(i) is 

CR(i} = (I - S)(A/ P,i,N) + iS, 

where I = initial cost and S = salvage value. 

II AE analysis is recommended over PW analysis in many key real-world situations 
for the following reasons: 

1. In many financial reports, an annual-equivalence value is preferred over a 
present-worth value for ease of use and its relevance to annual results. 

2. Calculation of unit costs is often required in order to determine reasonable pric
ing for sale items. 

3. Calculation of cost per unit of use is required in order to reimburse employees 
for business use of personal cars. 

4. Make-or-buy decisions usually require the development of unit costs so that 
"make" costs can be compared with prices for "buying." 

5. Comparisons of options with unequal service lives is facilitated by the AE 
method, assuming that the future replacements of the project have the same ini
tial and operating costs. In general, this method is not practical, because future 
replacement projects typically have quite different cost streams. It is recom
mended that you consider various future replacement options by estimating the 
cash flows associated with each of them. 

SELF-TEST QUESTIONS 
6s.1 You are considering making an $80,000 investment in a process improvement 

project. Revenues are expected to grow from $50,000 in year 1 by $30,000 each 
year for next four years ($50,000 first year, $80,000 second year, $110,000 third 
year, and so forth) while costs are expected to increase from $20,000 in year 1 
by $10,000 each year. If there is no salvage value at the end of five years, what 
is the annual equivalent worth of the project assuming an MARR of 12%? 
(a) $65,492 
(b) $53,300 
(c) $47,785 
(d) $43,300 



6s.2 You are considering buying a 30-HP electric motor which has an efficiency rat
ing of 89%. The motor costs $10,000 and will be used for 10 years. The expected 
salvage value at that time is $1,000. The cost to run the electric motor is $0.09 
per kWh for 2,000 hours a year. ( 1 HP = 0.7457 kW.) What is the total equiva
lent cost (present worth) of owning and operating the motor for 10 years at an 
interest rate of 12% per year? 
(a) $35,242 
(b)$25,884 
(c) $32,426 
(d) $22,425 

6s.3 You purchased a drill press machine for $50,000. It is expected to have a useful 
life of 8 years. The accounting department tells you that the annual capital cost 
is $9,740 at i = 12%. What salvage value is used in obtaining the annual capital 
cost of this machine? 
(a) $3,010 
(b)$4,000 
(c) $4,997 
(d)$4,200 

6s.4 You are considering a project with the following financial data: 
Im Required initial investment at n = 0: $50M 
1§1 Project life: 10 years 
Im Estimated annual revenue: $X (unknown) 
l!!ll Estimated annual operating cost: $15M 
611 Required minimum return: 20% per year 
Ill Salvage value of the project: 15% of the initial investment 

What minimum annual revenue (in $M) must be generated to make the project 
worthwhile? 
(a) X = $26.64M 
(b) X = $28.38M 
(c) X = $32.47M 
(d)X = $35.22M 

6s.5 Consider manufacturing equipment that has an installed cost of $120,000. The 
equipment is expected to generate $45,000 of the annual energy savings dur
ing its first year of installation. The value of these annual savings is expected to 
increase by 5% per year (over previous year) because of increased fuel costs. 
Assume that the equipment has a service life of 10 years (or 5,000 operating 
hours per year) with $20,000 worth of salvage value. Determine the equivalent 
dollar savings per each operating hour at i = 10% per year. 
(a) $6.99 per hour 
(b) $7.24 per hour 
( c) $4.45 per hour 
(d) $4.29 per hour 

6s.6 The city of Atlanta is considering adding new buses for its current mass-tran
sit system that links Hartsfield International Airport to major city destina
tions on nonstop basis. The total investment package is worth $8 million and 
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is expected to last 10 years with a $750,000 salvage value. The annual operat
ing and maintenance costs for buses would be $2 million. If the system is used 
for 600,000 trips per year, what would be the fair price to charge per trip? 
Assume that the city of Atlanta uses 5% interest rate for any city-sponsored 
projects. 
(a) $3.50 per trip 
(b) $4.00 per trip 
( c) $4.50 per trip 
(d) $5.00 per trip 

6s.7 You are considering a luxury apartment building project that requires an invest
ment of $12,500,000. The building has 50 units. You expect the maintenance 
cost for the apartment building to be $250,000 in the first year, $300.000 in the 
second year, and increasing by $50,000 in subsequent years. The cost to hire a 
manager for the building is estimated to be $80,000 per year. After five years 
of operation, the apartment building can be sold for $14,000,000. What is the 
annual rent per apartment unit that will provide a return on investment of 15% 
per year? Assume the building will remain fully occupied during the five years. 
(a) $36,445 
(b)$38,567 
(c) $41,373 
(d) $44,980 

6s.8 1\vo options are available for painting your house: (1) Oil-based painting, which 
costs $5,000, and (2) water-based painting, which costs $3,000. The estimated 
lives are 10 years and 5 years, respectively. For either option, no salvage value 
will remain at the end of respective service lives. Assume that you will keep and 
maintain the house for 10 years. If your personal interest rate is 10% per year, 
which of the following statements is correct? 
(a) On an annual basis, Option 1 will cost about $850 
(b) On an annual basis, Option 2 is about $22 less than Option 1 
(c) On an annual basis, both options cost about the same 
( d) On an annual basis, Option 2 will cost about $820. 

6s.9 A consumer product company is considering introducing a new shaving system 
called DELTA-4 in the market. The company plans to manufacture 75 million 
units of DELTA-4 a year. The investment at time 0 that is required for build
ing the manufacturing plant is estimated as $500 million, and the economic life 
of the project is assumed to be 10 years. The annual total operating expenses, 
including manufacturing costs and overhead, are estimated at $175 million. The 
salvage value that can be realized from the project is estimated at $120 million. 
If the company's MARR is 25%, determine the price that the company should 
charge for a DELTA-4 shaving system to break even. 
(a) $3.15 
(b) $4.15 
(c) $5.15 
(d)$2.80 



PROBLEMS 
Note 1: Unless otherwise stated, all cash flows given in the problems represent after
tax cash flows in actual dollars. The MARR also represents a market interest rate, 
which considers any inflationary effects in the cash flows. 

Note 2: Unless otherwise stated, all interest rates presented in this set of problems are 
based on annual compounding. 

6.1 An engineering design firm needs to borrow $400,000 from a local bank at an 
interest rate of 8% over five years. What is the required annual equal payment 
to retire the loan in five years? 

6.2 You are considering an investment costing $300,000. If you want to recover the 
initial investment, and also earn 10% interest while your money is being tied 
up. within four years, what is the required equal annual net revenue that must 
be generated from the investment? 

6.3 Consider the cash flow series shown below. Determine the required annual 
deposits (end of year) that will generate the cash flows from years 4 to 7. Assume 
the interest rate is 8%. 

$1600 

$1400 • 
$1200 ' 

$1000 + 1' 
_l I I 
I I I 
I I I 

t' t' t• !' 0 2 3 

i l l l 
c 

6.4 Consider the following cash flows and compute the equivalent annual worth at 
; = 12%: 

0 -$34,000 

1 -$10,000 $15,000 

2 $14,000 

3 $13,000 

4 $13,000 

5 $8,000 

6 $5,500 

6.5 The investment shown in the following figure has an annual equivalent worth 
of $200 at i = 8%. Determine the cash flows in periods 2, 3, 5 and 6. 

Problems 2n 
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6.6 

x x x x 
$400 + + $4CKI ... + 

0 
2 3 4 5 6 

Ycurs 

$2,145 

Consider the following sets of investment projects: 

0 -$3.500 -$5,800 -$5,200 

1 $600 $3,000 -$2,000 $12,000 

2 $600 $2,000 $4,000 $14,000 

3 $1,000 $1,000 $2,000 $18,000 

4 $1,000 $500 $4,000 $18,000 

5 $1.000 $500 $2,000 $14,000 

Compute the equivalent annual worth of each project at i = 10%, and deter
mine the acceptability of each project. 

6.7 At i = 12%, what is the annual-equivalence amount for the infinite series 
shown next? 

$6.000 

~~t t t t t t t t t t t t 
0 1 2 3 4 5 6 7 8 9 10 11 12 13 ... 

Years 

6.8 Compute the annual-equivalence amount for the following cash flow series at 
i = 10%: 

$1,600 Sl,600 

' '~ 

$800 $800 $800 

~ ' ' 

() 

2 3 4 5 

' ' , $500 $500 

$1,000 



6.9 Consider the following sets of investment projects: 

Period Project Cash Flows .. 
0 -$4,300 -$3,500 -$5,500 -$3,800 

1 $0 $1,500 $3,000 $1,800 

2 $0 $1,800 $2,000 $1,800 

3 $5,500 $2,100 $1,000 $1,800 

Compute the equivalent annual worth of each project at i = 13%, and deter
mine the acceptability of each project. 

6.10 Consider an investment project with the following repeating cash flow pattern 
every four years forever: 

$100 $100 $100 $100 

t t 
$60 $60 

t t t t 
$60 $60 00 t t ----~ 

0 2 3 4 5 6 7 8 
Years 

What is the annual-equivalence amount of this project at an interest rate of 14 % ? 

6.11 A newly constructed water treatment facility cost $2 million. It is estimated that 
the facility will need revamping to maintain the original design specification 
every 30 years at a cost of $1 million. Annual repairs and maintenance costs are 
estimated to be $100,000. At an interest rate of 8%, determine the capitalized 
cost of the facility, assuming that it will be used for an indefinite period. 

6.12 An airline is planning to make iPads® available on some of its Boeing 747 
aircrafts with in-flight e-mail and Internet service on transoceanic flights. 
Passengers on these flights will be able to rent iPads from the airline and use 
them to browse webs or to send and receive e-mail no matter where they are 
in the skies. A nominal charge of approximately $30 will be instituted for each 
rental. The airline has estimated the projected cash flows (in millions of dollars) 
for the systems in the first 10 aircraft as follows: 

2012 -$5.0 

2013 $1.5 

2014 $5.0 

2015 $9.0 

2016 $120 

2017 $10.0 

Determine whether this project can be justified at MARR = 15%, and calcu
late the annual benefit (or loss) that would be generated after installation of the 
systems. 
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Capital Recovery (Ownership) Cost 
6.13 A drill press was purchased for $300,000. It was expected to last 10 years and to 

have a salvage value of $30,000. If the firm's interest rate is 18%, what would be 
the capital cost for each year during a 12-year ownership? 

6.14 You purchased a CNC machine for $50,000. It is expected to have a useful life of 
8 years and a salvage value of $4,000. At i = 12%, what is the annual capital cost 
of this machine? 

6.15 Susan is considering buying a 2011 Smart ForTwo costing $21,635 and finds that 
the retaining values of the vehicle over next five years are as follows: 

Iii Percent of the total value retained after 36 months: 28% 

Ill Percent of the total value retained after 60 months: 17% 

If her interest rate is 6% compounded annually, what is the ownership cost of 
the vehicle over three years? five years? 

6.16 Nelson Electronics, Inc., just purchased a soldering machine to be used in its 
assembly cell for flexible disk drives. This soldering machine costs $150,000. 
Because of the specialized function it performs, its useful life is estimated to be six 
years. At the end of that time, its salvage value is estimated to be $20,000. What is 
the capital cost for this investment if the firm's interest rate is 15%? 

6.17 You invest in a piece of equipment costing $40,000. The equipment will be used 
for two years, and it will be worth $15,000 at the end of two years. The machine 
will be used for 4,000 hours during the first year and 6,000 hours during the 
second year. The expected savings associated with the use of the piece of 
equipment will be $28,000 during the first year and $40,000 during the second 
year. Your interest rate is 10%. 

(a) What is the capital recovery cost? 
(b) What is the annual equivalent worth? 

(c) What is net savings generated per machine-hour? 

6.18 You are considering purchasing a dump truck. The truck will cost $45,000 and 
have operating and maintenance costs that start at $15,000 the first year and 
increase by $2,000 per year thereafter. Assume that the salvage value at the 
end of five years is $9,000 and interest rate is 12%. Determine the equivalent 
annual cost of owning and operating the truck. 

6.19 An auto-parts manufacturer is considering establishing an engineering comput
ing center. This center will be equipped with three engineering workstations each 
of which would cost $25,000 and have a service life of five years. The expected 
salvage value of each workstation is practically zero. The annual operating and 
maintenance cost for each workstation would be $15,000. If the MARR is 15%, 
determine the equivalent annual cost of operating the engineering center. 

6.20 Beginning next year, a foundation will support an annual seminar on campus 
by using the interest earnings on a $100,000 gift it received this year. It is deter
mined that 6% interest will be realized for the first 10 years, but that plans 
should be made to anticipate an interest rate of only 4% after that time. What 
amount should be added to the foundation now in order to fund the seminar at 
a level of $10,000 per year into infinity? 

6.21 A machine tool company is considering a new investment in a punch press 
machine that will cost $100,000 and has an annual maintenance cost of $10,000. 



There is also an additional overhauling cost of $20,000 for the equipment once 
every four years. Assuming that this equipment will last 12 years under these 
conditions, what is the cost of owning and maintaining the punch press at an 
interest rate of 10%? 

6.22 The owner of a business is considering investing $55,000 in new equipment. He 
estimates that the net cash flows will be $5,000 during the first year and will 
increase by $2,500 per year each year thereafter. The equipment is estimated 
to have a 10-year service life and a net salvage value at the end of this time of 
$6,000. The firm's interest rate is 12%. 
(a) Determine the annual capital cost (ownership cost) for the equipment. 
(b) Determine the equivalent annual savings (revenues). 
(c) Determine whether this investment is wise. 

Annual Equivalent Worth Criterion 
6.23 Company X has been contracting its overhauling work to Company Y for 

$40,000 per machine per year. Company X estimates that by building a $500,000 
maintenance facility with a life of 15 years and a salvage value of $100,000 at 
the end of its life, it could handle its own overhauling at a cost of only $30,000 
per machine per year. What is the minimum annual number of machines that 
Company X must operate to make it economically feasible to build its own 
facility, assuming an interest rate of 10%? 

6.24 Consider the cash flows for the following investment projects: 

1 

2 

3 

4 

$1,500 

$X 
$1,500 

$1,500 

$7,900 

-$1,200 

-$1,500 

-$1,800 

-$2,100 

(a) For Project A. find the value of X that makes the equivalent annual receipts 
equal the equivalent annual disbursement at i = 13%. 

(b) Would you accept Project Bat i = 15% based on the AE criterion? 

6.25 An industrial firm is considering purchasing several programmable controllers 
and automating their manufacturing operations. It is estimated that the equip
ment will initially cost $150,000, and the labor to install it will cost $45,000. 
A service contract to maintain the equipment will cost $5,000 per year. A 
trained machine operator will have to be hired at an annual salary of $40,000. 
Also estimated is an approximate $15,000 annual income-tax savings (cash 
inflow). How much will this investment in equipment and services have to 
increase the annual revenues after taxes in order for the firm to break even? 
The equipment is estimated to have an operating life of LO years with no salvage 
value (because of obsolescence). The firm's MARR is 12%. 

6.26 A certain factory building has an old lighting system. To light this building costs, 
on average, $30,000 a year. A lighting consultant tells the factory supervisor 
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that the lighting bill could be reduced to $8,000 a year if $55,000 were invested 
in a new lighting system for the factory building. If the new lighting system is 
installed, an incremental maintenance cost of $4,000 per year must be con
sidered. If the old lighting system has zero salvage value and the new lighting 
system is estimated to have a life of 20 years, what is the net annual benefit for 
this investment in new lighting? Consider the MARR to be 12%. Also consider 
that the new lighting system has zero salvage value at the end of its life. 

Unit-Profit or Unit-Cost Calculation 
6.27 Consider a piece of industrial equipment that has an installed cost of $100,000. 

The equipment is expected to generate $30,000 worth of annual energy savings 
during its first year of installation. The value of these annual savings is expected 
to increase at the rate of 5% per year because of increased fuel costs. Assume 
that the equipment has a service life of five years (or 3,000 operating hours per 
year) with no appreciable salvage value. Determine the equivalent dollar sav
ings per each operating hour at i = 14%. 

6.28 You have purchased an equipment costing $20,000. The equipment will be used for 
two years, and at the end of two years, its salvage value is expected to be $10,000. 
The equipment will be used 6,000 hours during the first year and 8,000 hours dur
ing the second year. The expected annual net savings will be $30,000 during the first 
year and $40,000 during the second year. If your interest rate is 10%, what would 
be the equivalent net savings per machine-hour? 

6.29 You just purchased a pin-inserting machine to relieve some bottleneck prob
lems that have been created in manufacturing a PC board. The machine cost 
$56,000 and has an estimated service life of five years. At that time, the esti
mated salvage value would be $5,000. The machine is expected to operate 2,500 
hours per year. The expected annual operating and maintenance cost would be 
$6,000. If your firm's interest rate is 15%, what would be the machine cost (own
ing and operating) per hour? 

6.30 Georgia Mills Company (GMC) purchased a milling machine, which it intends 
to use for the next five years, for $180,000. This machine is expected to save GMC 
$35,000 during the first operating year. Then, the annual savings arc expected 
to decrease by 3% each subsequent year over the previous year due to increased 
maintenance costs. Assuming that GMC would operate the machine for an 
average of 5,000 hours per year and that the machine would have no appreci
able salvage value at the end of the five-year period, determine the equivalent 
dollar savings per operating hour at 15% interest compounded annually. 

6.31 You invest in a piece of equipment costing $30,000. The equipment will be 
used for two years, at the end of which time the salvage value of the machine 
is expected to be $10,000. The machine will be used for 5,000 hours during the 
first year and 8,000 hours during the second year. The expected annual net sav
ings in operating costs will be $25,000 during the first year and $40,000 during 
the second year. If your interest rate is 10%, what would be the equivalent net 
savings per machine-hour? 

6.32 A company is currently paying its employees $0.51 per mile to drive their own 
cars when on company business. However, it is considering supplying employees 
with cars, which would involve the following cost components: car purchase at 
$22,000 with an estimated three-year life; a net salvage value of $5,000; taxes and 



insurance at a cost of $1,000 per year; and operating and maintenance expenses 
of $0.25 per mile. If the interest rate is 10% and the company anticipates an 
employee's annual travel to be 30,000 miles, what is the equivalent cost per mile 
(without considering income tax)? Which plan is better? 

6.33 Santa Fe Company, a farm-equipment manufacturer, currently produces 20,000 
units of gas filters for use in its lawnmower production annually. The following 
costs are reported according to the previous year's production: 

Direct materials 

Direct labor 

Variable overhead (power and water) 

fixed overhead (light and beat) 

Total cost 

$180,000 

$135,000 

$70,000. 

$445,0~0 

It is anticipated that gas-filter production will last five years. If the company con
tinues to produce the product in-house, annual direct-material costs will increase 
at a rate of 5%. (For example, the annual direct-material costs during the first 
production year will be $63,000.) In addition, direct-labor costs will increase at 
a rate of 6% per year, and variable-overhead costs will increase at a rate of 3% 
while fixed-overhead costs will remain at the current level over the next five 
years. Tompkins Company has offered to sell Santa Fe Company 20,000 units 
of gas filters for $25 per unit. If Santa Fe accepts the offer, some of the facilities 
currently used to manufacture the gas filters could be rented to a third party at 
an annual rate of $35,000. In addition, $3.50 per unit of the fixed-overhead costs 
applied to gas-filter production would be eliminated. The firm's interest rate is 
known to be 15%. What is the unit cost of buying the gas filters from the outside 
source? Should Santa Fe accept Tompkins's offer? Why or why not? 

6.34 An electric automobile can be purchased for $25,000. The automobile is esti
mated to have a life of 12 years with annual mileage of20,000 miles. Every three 
years, a new set of batteries will have to be purchased at a cost of $3,000. The 
$3,000 cost of the batteries is a net value with the old batteries traded in for the 
new ones. Annual maintenance of the vehicle is estimated to cost $700. The cost 
of recharging the batteries is estimated at $0.015 per mile. The salvage value 
of the batteries and the vehicle at the end of 12 years is estimated at $2,000. 
Consider the MARR to be 7%. What is the cost per mile to own and operate 
this vehicle according to these estimates? 

6.35 A California utility firm is considering building a 50-megawatt geothermal 
plant that generates electricity from naturally occurring underground heal. The 
binary geothermal system will cost $85 million to build and $6 million (includ
ing any income-tax effect) to operate per year. (Unlike a conventional fossil
fuel plant, this system will require virtually no fuel costs.) The geothermal plant 
is to last 25 years. At the end of that time, the expected salvage value will be 
about the same as the cost to remove the plant. The plant will be in operation 
for 70% (the plant-utilization factor) of the year (or 70% of 8,760 hours per 
year). If the firm's MARR is 14% per year, determine the cost of generating 
electricity per kilowatt-hour. 
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Break-Even Analysis 
6.36 A city has decided to build a sofiball complex, and the city council has already 

voted to fund the projecl at the level of $800,000 (initial capilnl investment ). 
The city engineer has collected the following financial information for the com
plex project: 

• Annual upkeep costs: $120.000 

• Annual utility costs: $13,000 

• Renovation costs: $50,000 for every five years 

• Annual team user fees (revenues): $32,000 

• Useful life: Infinite 

• l nterest rate: 8% 

lf the ci ty can expect 40.000 visitors to the complex each year, what should be 
the minimum ticket price per person so that 1he city can break even'? 

6.37 J& YI Company is a real-estate developer considering a -tO-unit apartment 
complex in a growing college town. As the area is also booming with foreign 
automaker loca ting their U.S. nssembly plants. the firm expects that 1he apart
ment complex, once built. will enjoy a 90% occupancy for an extended period. 
111e firm already compiled some of the critical financial information related to 
the development project as follows: 

• Land price ( I acre) = S 1.200.000 

• Building (40unitsof singlebedroom) = $4.800.000 

• Proj ect life = 25 years 

• Building maintenance per unit per month = $JOO 

• Annual property taxes and insurance = $400. 000 

Assuming that the land will appreciate at an annual rate of 5%, but the bui ld
ing wi ll have no value al th e end of 25 years (it will be torn down and a new 
structure would be built ), determine the minimum monthly rent that should be 
charged i f a 12% return (or 0.9-t89% per month) before tax is desired. 

6.38 The estimated cost of a completely installed and ready-to-operate 40-kilowatt 
generator is $30,000. Its annual maintenance costs arc estimntcd at $500. 111e 
energy that can be produced annually, at full load. is estimated to be 100,000 
kilowatt-hours. I f the value of the energy produced is considered Lo be $0.()8 

per kilowau-hour. how long wi ll i t take before this genera tor becomes profi t
able? Consider the M A RR to be 9% and the salvage value of the machine to 
be $2,000 at the end of its es1ima1ed life of 15 yea rs. 

6.39 A large stale universit y. currently fncing a severe parking shortage on i ts c;im
pus, is considering constructing parking decks off campus. A shuule se rvice 
composed of minibuses could pick up students at the off-campus parking 
deck and quickly transport them to various locations on campus. The univer
sity would charge a small fee for each shutt le ride, and the students could be 
quickly and economica lly transported to their classes.The fu nds rniscd by th e 
shuttle would be used lo pay for minibuses, which cost about $150,000 each. 
Each minibus has a 12-year service life with an estimated salvage value of 
$3.000. To opera te each minibus. 1he following additional expenses must be 
considered: 



Driver 

Maintenance 

Insurance 

$40,000 

$7,000 

$2,000 

If students pay 10 cents for each ride, determine the annual ridership (i.e., the 
number of shuttle rides per year) required to justify the shuttle project, assum
ing an interest rate of 6%. 

6.40 Two 180-horsepower water pumps are being considered for installation in a 
farm. Financial data for these pumps are as follows: 

Initial cost $6,000 $4,000 

Efficiency 86% 80% 

Useful life 12years 12 years 

Annual operating cost $500 $440 

Salvage value $0 $0 

If power cost is a flat 6 cents per kWh over the study period, determine the mini
mum number of hours of full-load operation per year that would justify the pur
chase of the more expensive pump at an interestrate of8% ( 1 HP = 746 watts= 
0.746 kilowatts). 

6.41 Eradicator Food Prep, Inc., has invested $7 million to construct a food irradia
tion plant, which would destroy organisms that cause spoilage and disease, thus 
extending the shelf life of fresh foods and the distances over which they can be 
shipped. The plant can handle about 200,000 pounds of produce in an hour and 
will be operated for 3,600 hours a year. The net expected operating and mainte
nance costs (considering any income-tax effects) would be $4 million per year. 
The plant is expected to have a useful life of 15 years with a net salvage value 
of $700,000. The firm's interest rate is 15%. 
(a) If investors in the company want to recover the plant investment within 

six years of operation (rather than 15 years), what would be the equivalent 
after-tax annual revenues that must be generated? 

(b) To generate the annual revenues determined in part (a), what minimum pro
cessing fee per pound should the company charge to its customers? 

6.42 You are considering developing an 18-hole championship golf course that 
requires an investment of $20,000,000. This investment cost includes the course 
development, club house, and golf carts. Once constructed, you expect the main
tenance cost for the golf course to be $650,000 in the first year, $700,000 in the 
second year and continue to increase by $50,000 in subsequent years. The net 
revenue generated from selling food and beverage will be about 15% of greens 
fees paid by the players. The cart fee per player is $15, and 40,000 rounds of 
golf are expected per year. You will own and operate the course complex for 
10 years and expect to sell it for $25,000,000. What is the greens fee per round 
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that will provide a return on investment of 15%'! Assume that the gree ns fee 
will be increased at an annual rate of 5%. 

6.43 A corpora te executive jct with a seat ing capacity of 20 has thl! rollowing cost 
facto rs: 

Item 

Initial cost 

Service life 

Salvage value 

Crew costs per year 

Fuel cost per mile 

Landing fee 

Maintenance costs per year 

Insurance costs per year 

Catering cost per passenger round trip 

Cost 

$12,000.000 

15 years 

$2,000,000 

$225.000 

$ 1.10 

$250 

$237,500 

$ 166.000 

$75 

111e company flies three round tri ps rrorn Boston to London and back per 
week. a distance of 3.280 rnjles one way. How many passengers must be carried 
on an average round trip in order to jus tify the use of the jct if the alterna tive 
commercial airline first-class round-trip fare is $3,-lOO per passenger? The fi rm's 
MARR is 15%. ( Ignore income-tax consequences.) 

Using the AE Method to Compare Mutually Exclusive A lternatives 

6A4 An industrial firm ca n purchase a certai n machine for $40.000. A down payment 
of S-1.000 is required . and the balance can be pa id in five eq ual year-end install
ments at 7% interest on the unpaid balance. As an alternative. the machine ca n 
be purchased fo r $36,000 in cash. If the firm 's MARR is 10%, determine which 
alte rnative should be accepted using the annual-eq uivalence method. 

6.-15 Peabody Transport Service is considering the purchase of a helicopter for con
necting services between its base nirport and the new intercounty airport being 
built about 30 miles away. 1 t is believed that the helicopter wi ll be needed only 
for s ix years until the rapid transit connectio n is phased in.111c estimates on two 
types of helicopters under consideratio n, Model A and Model B. are given: 

Model A Model B 

First Cost $95,000 $ 120,000 

Annual Maintenance $3.000 $9,000 

Salvage Value $12,000 $25,000 

Useful life in years 3 6 

Assuming Lhat the Model A will be avai lable in the future. wit h identica l costs, 
whnt is the annual cost advantage of selecting the Model B? (Use an interest 
rate of 10%.) 

6.46 You arc asked to decide between two projects based on annual eq uivalent 
worth. 



-$10,000 

$6,000 

$5,000 

$4,000 

$7,000 

$8,000 

(a) What assumptions do you need to make in comparing these mutually exclu
sive revenue projects? 

(b) Based on the assumptions in (a), which project should you choose at i= 10%? 

6.47 You are considering two types of electric motors for your paint shop. Financial 
information and operating characteristics are summarized as follows: 

Price $4,500 

O&M cost per year $300 $500 

Salvage value $250 $100 
Capacity 150HP 150HP 
Efficiency 83% 80% 

If you plan to operate the motor for 2,000 hours annually, what would be the 
total cost savings per operating hour associated with the more efficient brand 
(Brand X) at an interest rate of 12%? The motor will be needed for 10 years. 
Assume that power costs are 5 cents per kilowatt-hour (1 HP = 0.746kW). 

6.48 The following cash flows represent the potential annual savings associated with 
two different types of production processes, each of which requires an invest
ment of $22,000: 

0 -$22,000 -$22,000 

1 $9,120 $7,350 

2 $7,840 $7,350 

3 $6,560 $7,350 

4 $3,280 $7,350 

Assuming that the interest rate is 15%, complete the following tasks: 
(a) Determine the equivalent annual savings for each process. 
(b) Determine the hourly savings for each process, assuming 2,000 hours of 

operation per year. 
(c) Determine which process should be selected. 

6.49 Two 150-horsepower (HP) motors are being considered for installation at a 
municipal sewage-treatment plant. The first costs $4,500 and has an operat
ing efficiency of 83%. The second costs $3,600 and has an operating efficiency 
of 80%. Both motors are projected to have zero salvage value after a life of 
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10 years. All the annual charges, such as insurance and maintenance, amount to 
a total of 15% of the original cost of each motor. If power cost is a flat 5 cents 
per kilowatt-hour, which alternative should be chosen at 5,000 operating hours 
per year? Assume an interest rate of 6%. (A conversion factor you might find 
useful is IHP = 746watts = 0.746kilowatts.) 

6.50 A chemical company is considering two types of incinerators to burn solid waste 
generated by a chemical operation. Both incinerators have a burning capacity of 
20 tons per day. The following data have been compiled for comparison of the 
two incinerators: 

Installed cost $1,200,000 $750,000 

Annual O&M costs $50,000 $80,000 

Service life 20years lOyears 

Salvage value $60,000 $30,000 

Income taxes $40,000 $30,000 

If the firm's MARR is known to be 13%. determine the processing cost per ton 
of solid waste for each incinerator. Assume that incinerator B will be available 
in the future at the same cost. 

6.51 An airline is considering two types of engine systems for use in its planes: 
1'111 System A costs $100,000 and uses 40,000 gallons of fuel per 1,000 hours of 

operation at the average load encountered in passenger service. 
lliB System B costs $200,000 and uses 32,000 gallons of fuel per 1,000 hours of 

operation at the average load encountered in passenger service. 

Both engine systems have the same life and the same maintenance and repair 
record. and both have a three-year life before any major overhaul is required. 
Each system has a salvage value of 10% of the initial investment. If jet fuel 
costs $4.80 per gallon currently and fuel consumption is expected to increase at 
the rate of 6% per year because of degrading engine efficiency, which engine 
system should the firm install? Assume 2,000 hours of operation per year and 
an MARR of 10%. Use the AE criterion. What is the equivalent operating cost 
per hour for each engine? 

6.52 Norton Auto Parts, Inc., is considering two different forklift trucks for use in its 
assembly plant: 
II Truck A costs $15,000 and requires $3,000 in annual operating expenses. It 

will have a $5,000 salvage value at the end of its three-year service life. 
ll1!I Truck B costs $20,000 but requires only $2,000 in annual operating expenses; 

its service life is four years after which its expected salvage value is $8,000. 

The firm's MARR is 12%. Assuming that the truck is needed for 12 years and 
that no significant changes are expected in the future price and functional 
capacity of both trucks, select the most economical truck based on AE analysis. 

6.53 A small manufacturing firm is considering the purchase of a new machine to 
modernize one of its current production lines. Two types of machines are avail
able on the market. The lives of Machine A and Machine B are four years and 



six years, respectively, but the firm does not expect to need the service of either 
machine for more than five years. The machines have the following expected 
receipts and disbursements: 

Initial cost $6,500 $8,500 
Service life 4years 6years 
Estimated salvage value $600 $1,000 

Annual O&M costs $800 $520 

Cost to change oil filter every other year $100 None 
Engine overhaul $200 (every 3 years) $280 (every 4 years) 

After four years of use, the salvage value for Machine B will be $1,000. The firm 
always has another option: to lease a machine at $3,000 per year, fully main
tained by the leasing company. The lease payment will be made at the beginning 
of each year. 
(a) How many decision alternatives are there? 
(b) Which decision appears to be the best at i = 10%? 

6.54 A plastic-manufacturing company owns and operates a polypropylene-production 
facility that converts the propylene from one of its cracking facilities to polypro
pylene plastics for outside sale. The polypropylene-production facility is currently 
forced to operate at less than capacity due to lack of enough propylene-production 
capacity in its hydrocarbon-cracking facility. The chemical engineers are con
sidering alternatives for supplying additional propylene to the polypropylene
production facility. Some of the feasible alternatives are as follows: 
ml Option 1: Build a pipeline to the nearest outs.ide supply source. 
Im! Option 2: Provide additional propylene by truck from an outside source. 

The engineers also gathered the following projected cost estimates: 
Hi Future costs for purchased propylene, excluding delivery: $0.215 per lb 
Im Cost of pipeline construction: $200,000 per pipeline mile 
fl Estimated length of pipeline: 180 miles 
El Transportation costs by tank truck: $0.05 per lb, using a common carrier 
Ell Pipeline operating costs: $0.005 per lb, excluding capital costs 
Oil Projected additional propylene needs: 180 million lbs per year 
1!11 Projected project life: 20 years 
lill Estimated salvage value of the pipeline: 8% of the installed costs 

Determine the propylene cost per pound under each option if the firm's MARR 
is 18%. Which option is more economical? 

Short Case Studies with Excel 
6.55 The city of Peachtree is comparing the following two plans for supplying water 

to a newly developed subdivision: 
llH Plan A will manage requirements for the next 15 years; at the end of that 

period, the initial cost of $1,500,000 will have to be doubled to meet the 
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requirements of subsequent years. The facilities installed in years 0 and 
15 may be considered permanent; however, certain supporting equipment 
will have to be replaced every 30 years from the installation dates at a cost 
of $200,000. Operating costs are $91,000 a year for the first 15 years and 
$182,000 thereafter. Beginning in the 21st year, they will increase by $3,000 
a year. 

Iii! Plan B will supply all requirements for water indefinitely into the future, 
although it will operate at only half capacity for the first 15 years. Annual 
costs over this period will be $105,000 and will increase to $155,000 begin
ning in the 16th year. The initial cost of Plan Bis $1,950,000; the facilities can 
be considered permanent, although it will be necessary to replace $350,000 
of equipment every 30 years after the initial installation. 

The city will charge the subdivision the use of water calculated on the equiva
lent annual cost. At an interest rate of 10%, determine the equivalent annual 
cost for each plan and make a recommendation to the city as to the amount that 
should be charged to the subdivision. 

6.56 Capstone Turbine Corporation is the world's leading provider of microturbine
based MicroCHP (combined heat and power) systems for clean, continuous. 
distributed-generation electricity. The MicroCHP unit is a compact turbine gen
erator that delivers electricity on-site or close to the point where it is needed. 
This form of distributed-generation technology, designed to operate on a variety 
of gaseous and liquid fuels, first debuted in 1998. The microturbine is expected 
to operate on demand or continuously for up to a year between recommended 
maintenance (filter cleaning/replacement). The generator is cooled by airnow 
into the gas turbine, thus eliminating the need for liquid cooling. It can make 
electricity from a variety of fuels-natural gas, kerosene, diesel oil, and even waste 
gases from landfills, sewage plants, and oil fields. 

Capstone's focus applications include combined heat and power, resource 
recovery of waste fuel from wellhead and biogas sites, and hybrid electric vehi
cles. And, unlike traditional backup power, this solution can support everyday 
energy needs and generate favorable payback. With the current design, which 
has a 60-kW rating, one of Capstone's generators would cost about $84,000. The 
expected annual expenses, including capital costs as well as operating costs. would 
run close to $19,000. These expenses yield an annual savings of close to $25,000 
compared with the corresponding expenses for a conventional generator of the 
same size. The investment would pay for itself within three to four years. 

One of the major questions among the Capstone executives is: How low 
does the microturbine's production cost need to be for it to be a sensible option 
in some utility operations? To answer this question, Capstone must first deter
mine the cost per kilowatt of its generators. 

How does Capstone come up with the capital cost of $1,400 per kilowatt? 
Suppose you plan to purchase the 60-kW microturbine and expect to operate 
it continuously for 10 years. How would you calculate the operating cost per 
kilowatt-hour? 

6.57 Empex Corporation currently produces both videocassette cases (bodies) and 
metal-particle magnetic tape for commercial use.An increased demand for metal
particle videotapes is projected, and Empex is deciding between increasing the 
internal production of both empty cassette cases and magnetic tape or purchasing 



empty cassette cases from an outside vendor. If Empex purchases the cases from 
a vendor, the company must also buy specialized equipment to load the magnetic 
tape into the empty cases, since its current loading machine is not compatible with 
the cassette cases produced by the vendor under consideration. The projected 
production rate of cassettes is 79,815 units per week for 48 weeks of operation 
per year. The planning horizon is seven years. After considering the effects of 
income taxes, the accounting department has itemized the costs associated with 
each option as follows: 
m "Make" Option: 

Materials 

Incremental overhead 

Tutal annual cost 

Salvage value at end of seven years 

Labor 

$1,445,633 

$2,048,511 

$1,088,110 

$4,582,254 

Purchase of empty cassette cases ($0.85/uoit) 

Incremental overhead 

Total annual operating costs 

$45,000 

$251,956 

$3,256,452 

$822,719 

$4,331,127 

(Note the conventional assumption that cash flows occur in discrete lumps at 
the ends of years, as shown in Figure 6.5.) Assuming that Empex's MARR is 
14%, calculate the unit cost under each option. 

6.58 A Veterans Administration (VA) hospital needs to decide which type of boiler 
fuel system will most efficiently provide the required steam energy output for 
heating, laundry, and sterilization purposes. The present boilers were installed in 
the early 1970s and are now obsolete. Much of the auxiliary equipment is also 
old and requires repair. Because of these general conditions, an engineering 
recommendation was made to replace the entire plant with a new boiler-plant 
building that would house modern equipment. The cost of demolishing the old 
boiler plant would be almost a complete loss, as the salvage value of the scrap 
steel and used brick is estimated to be only about $1,000. The VA hospital's 
engineer finally selected two alternative proposals as being worthy of more 
intensive analysis. The hospital's annual energy requirement, measured in terms 
of steam output, is approximately 145,000,000 pounds of steam. As a general 
rule for analysis, 1 pound of steam is approximately 1,000 BTUs, and 1 cubic 
foot of natural gas is approximately 1,000 BTUs. The two alternatives are as 
follows: 
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Iii! Proposal 1: Build a new coal-fired boiler plant, which would cost $2.570,300. 
To meet the requirements for particulate emission asset by the Environmental 
Protection Agency (EPA), the new coal-fired boiler, even if it burned low
sulfur coal, would need an electrostatic precipitator, which would cost 
approximately $145,000. The new plant would last for 20 years. One pound 
of dry coal yields about 14,300 BTUs. To convert the 145,000,000 pounds of 
steam energy into the common unit of BTUs, it is necessary to multiply by 
1,000. To find BTU input requirements, it is necessary to divide by the rela
tive boiler efficiency for type of fuel. The boiler efficiency for coal is 0.75. 
The coal price is estimated to be $125 per metric ton. 

ml Proposal 2: Build a gas-fired boiler plant with No. 2 fuel oil as a standby. 
This system would cost $1,289,340 with an expected service life of 20 years. 
Since small household or commercial users entirely dependent on gas for 
energy have priority, large plants must have oil switch-over capabilities. It 
has been estimated that 6% of 145,000,000 pounds (or 8,700,000 pounds) of 
steam energy would result from the switch between oil and gas. The boiler 
efficiency would be 0.78 for gas and 0.81 for oil. The heat value of natural gas 
is approximately 1,000,000 BTU/MCF (million cubic feet), and for No. 2 fuel 
oil it is 139,400 BTU/gal. The estimated gas price is $14.50/MCF, and the No. 
2 fuel-oil price is $2.93 per gallon. 

(a) Calculate the annual fuel costs for each proposal. 
(b) Determine the unit cost per steam pound for each proposal. Assume 

i = 10%. 
(c) Which proposal is more economical? 



_CH_AP_TE_R SEVEN--------
Rate-of-Return 
Analysis 
What's a Degree Really Worth?' For years, higher education 
was touted as a safe path to professional and financial success. Easy 

money, in the form of student loans, flowed to help parents and 
students finance degrees with the implication that in the long run, a 

bachelor's degree was a good bet. The numbers appeared to back it up. 

In recent years. the nonprofit College Board touted the difference in 
lifetime earnings of college grads over high-school graduates at $800,000, 
a widely circulated figure. Other estimates topped $1 million.2 

With this ever-itching curiosity, Investor's Business Daily3 compiled 

an interesting statistic-the typical cumulative pay for graduates 30 
years after they earn their bachelor's degree. It is net pay, beyond what 

it cost them to get their degree. Some of the private engineering gradu

ates do display an impressive number; say the top median net income 

was $1.7 million for grads for Caltech as of 20 I 0, but the typical price 
tag at this institution is about $200,000. 

What happens when you look at earnings per dollar spent to get an 

education? Leading is Georgia Tech's 13.9% return on investment, next is 

the University of Virginia's 13.3%. The top returns on investment (ROI) get 

a boost from the relatively modest costs for in-state students who spent 
$77,980 to earn a degree at state-supported Georgia Tech as of 20 I 0. 

What does the 13.9% rate-of-return figure represent for the 
Georgia Tech graduates? If you look at your college degree from purely 
an investment point of view, what we are saying here is "investing 

$77,980" in four years will bring in additional earnings of $1. 129,000 
over 30 years.This is equivalent to generating 13.9% interest earned by 
your savings account. Is this a good investment? 

1 ~ lar) Pilon. " What b a Degrt!c Really Worth?" The ll'nll Street Jou ma/. February 20. 2010. 
z "Cullcgc: 13ig Investment. Pahry Return:· Bloomberg 811si11essweek. June 28. 20 IO. 
·
1 Paul K:ttzeff. "Colleges with Top Investment Returns o n Degree Costs." Investors.com. 
May 27. 2011. 



Biggest Bang For Your College Buck 
Colleges ranked by r e turn on investme nt. based on first 30 years 
o f ne t median pay beyond costs of education 

Co~• lo 30·year net Annual 
School complelc degree income ROI 

Ga. Ins t. ofTechnology $77.980 .$ 1.129.000 13.9% 
Univ. of Virginia 80.440 968.700 13.3 

Colo. School o f Mines 92.820 1,045,000 13.1 

Virginia Tech 78.920 876.700 13.0 
UC-Berkeley 110,000 1.167,000 12.9 
Univ.of Fla. 64,530 687.600 12.9 
College of William and Mary 81,680 857,-100 12.8 
TexasA&M 84,1.tO 842.600 12.7 
U. of Ill .. Urbana-Champaign 99.160 964,800 12.6 
Brigham Young Univ. 73.210 730.600 12.6 

UC-San D iego 99.410 950.100 12.5 
Binghamton Univ. 73.700 712.300 12.5 
Univ. of Mich. 92,710 870,900 12.4 

Cal Poly 88.530 825.100 12.4 

Stmnr: l'a}·Scale.c.om 

How do we compute the figure? And once we have computed this figure, 
how do we use it when evaluating an investment alternative? Our considera

tion of the concept of rate of return in this chapter will answer these and 

other questions. 

A
long with the PW a nd AE concepts, the third primary measure of invest
ment worth is rate of re turn (ROR). As shown in Chapte r 5, the PW measure 
is easy lo calcu late and apply. Nevertheless, many e ngineers a nd financial 
managers prefer rate-of-re turn analysis to the PW method because they find 

it intuiti \lely more appealing lo a na lyze investments in te rms of pe rcentage rates of 
re turn rathe r thau in do lla rs o f PW. Consider the following state me nts regarding a n 
in vestme nt's profitability: 

• TI1is project will bring in a 15% rate of re turn on the investment. 
• ·n1is project will result in a ne t surplus of $10.000 in terms of PW. 

11 11 11 

295 
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Neither statement describes the nature of an investment project in any complete sense. 
However, the rnle-of-re lurn figure is somewhat easier to understand because many of 
us are familiar with savings and loan interest rates, which are in fact rates of return. 

In this chapter. we will examine four aspects of rate-of-return analysis: (1) the con
cept of return on investment: (2) calcu lation of a rate of return ; (3) development of an 
internal rate-of-return criterion: and (4) comparison of mutually exclusive alternatives. 
based on rate of return. 

fl] Rate of Return 
Many different terms are used to refer to rate of return, including yield (e.g .. yield 
to maturity. commonly used in bond valuation), internal rate of return. and marginal 
efficiency of capital. We will first review three common definitions of rate of re turn. 
111en we wiJI use the definition of internal rate of return as a measure of profitability for 
a single investment project, throughout the text. 

7. 1.1 Return on Investment 
111ere are several ways of definjng the concept of rate of return on investment. We will 
show two of them: the first is based on a typical loan transaction, and the second is based 
on the mathematical expression of the present-worth function. 

Definition J. Rme of remm is the i111erest earned on the unpaid hala11ce of an amor
tized loan. 

Suppose that a bank lends $10,000, which is repaid in installments of $4,021 at the 
end of each yea r for three years. How would you determine the interest rate that the 
bank charges on this transaction? As we lcnrned in Chapter 3, you would ser up the fo l
lowing equivalence eq uation and solve for i: 

$10.000 = $4,02 1 ( P/ A, i,3 ). 

ft turns out that i = 10%. In this situation, the bank will earn a return of 10% on its 
investment of $ 10,000. The bank calculates the loan balances over the life of the loa n 
as follows: 

U npaid Bulunce at Return on Unpaid Payment Unpaid Balance 
Year Beginning of Year Balance (](JCl/n ) Received ut End of Year 

0 -$10,000 

l - $ 10.000 -$ 1,000 $4,021 -$6,979 

2 - $6,979 - $698 $4.02.1 -$3,656 
.., 
.) -$3.656 -$366 $4.021 $0 

A negative balance indica tes an unpaid balance. 
Observe that. for the repayment schedule shown , the 10% interest is calculated only 

for each year's outstanding balance. In this situation, only part of the $4,021 annual 



payment represents interest; the remainder goes toward repaying the principal. In other 
words, the three annual payments repay the loan itself and provide a return of 10% on 
the amount still outstanding each year. 

Note also that, when the last payment is made, the outstanding principal is even
tually reduced to zero.4 If we calculate the NPW of the loan transaction at its rate of 
return (10% ), we see that 

PW ( 10%) = -$10,000 + $4,021 ( P /A. 10%, 3) = 0, 

which indicates that the bank can break even at a 10% rate of interest. In other words, 
the rate of return becomes the rate of interest that equates the present value of future 
cash repayments to the amount of the loan. This observation prompts the second defini
tion of rate of return: 

Definition 2. Rate of return is the break-even interest rate i* at which the net present 
worth of a project is zero, or 

PW(i*) = PWcashinflows - PWcashoutflows = 0. 

Note that the foregoing expression is equivalent to 

Ao Ai AN 
PW ( i*) = + + · · · + = 0. (7 1) 

( 1 + i*) O ( 1 + i*) l ( 1 + i*) N . 

Herc, we know the value of A,. for each period, but not the value of i*. Since it is the 
only unknown, we can solve for i*. As we will discuss momentarily, this solution is not 
always straightforward due to the nature of the PW function in Eq. (7.1); it is certainly 
possible to have more than one rate of return for certain types of cash flows.5 

Note that the i* formula in Eq. (7.1) is simply the PW formula in Eq. (5.1) solved 
for the particular interest rate ( i*) at which PW(i) is equal to zero. By multiplying both 
sides of Eq. (7.1) by ( 1 + i* )N, we obtain 

PW(i*)(l + i*)N = FW(i*) = 0. 

If we multiply both sides of Eq. (7.1) by the capital-recovery factor, (A/ P, i*, N), 
we obtain the relationship AE(i*) = 0. Therefore, the i* of a project may also be de
fined as the rate of interest that equates the net present worth, future worth, and annual 
equivalent worth of the entire series of cash flows to zero. Or, 

PW(i*) = FW(i*) = AE(i*) = 0. 

7.1.2 Return on Invested Capital 
Investment projects can be viewed as analogous to bank loans. We will now introduce 
the concept of rate of return based on the return on invested capital in terms of a project 

4 As we learned in Section 5.3.4, the terminal balance is equivalent to the net future worth of the 
investment. If the net future worth of the investment is zero, its PW should also be zero. 
5 You will always have N rates of return. The issue is whether these rates are real or imaginary num
bers. If they are real, the question of whether they are in the ( -100%, oo) interval should be asked. 
A negative rate of return implies that you never recover your initial investment fully. 

7.1 Rate of Return 297 
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investment. A project's return is referred to as the internal rate of return (IRR), or the 
yield promised by an im·cstment project over its useful life. 

Definition 3. The internal rate of return is the interest rate charged 011 the 
unrecoverecl project balance of the investment such that, when the project terminates, 
the unrecovered project balance is zero. 

Suppose a company invests $10,000 in a computer with a three-year useful life and 
equivalent annual labor savings of $4,021. Here, we may view the investing firm as the 
lender and the project as the borrower. The cash flow transaction between them would 
be identical to the amortized loan transaction described under Definition 1: 

.... !Mi~iiii=liiiiii1~· .... ,., .... ~i~l1.f ~~T~i::r_' 
0 

1 

2 

3 

-$10,000 

-$6,979 

-$3,656 

-$1,000 

-$698 

-$366 

$4,021 

$4,021 

$4,021 

-$10,000 

-$6,979 

-$3,656 

$0 

In our project-balance calculation, we see that 10% is earned (or charged) on 
$10,000 during year l, 10% is earned on $6,979 during year 2, and 10% is earned on 
$3,656 during year 3. This information indicates that the firm earns a l 0% rate of return 
on funds that remain intenwlly invested in the project. Since it is a return i111emal to 
the project, we refer to it as the internal rate of return, or IRR. This means that the 
computer project under consideration brings in enough cash to pay for itself in three 
years and to provide the firm with a return of 10% on its invested capital. To put it dif
ferently, if the computer is financed with funds costing 10% annually, the cash generated 
by the investment will be exactly sufficient to repay the principal and the annual interest 
charge on the fund in three years. 

Notice also that only one cash outflow occurs in year 0, and the present worth of this 
outflow is simply $10,000. There arc three equal receipts, and the present worth of these 
inflows is $4,021 ( P/ A, 10%, 3) = $10,000. Since PW= PW1nnow - PWoutnow = $10,000 
- $10,000 = 0, 10% also satisfies Definition 2 for rate of return. Even though this simple 
example implies that i* coincides with IRR, only Definitions I and 3 correctly describe the 
true meaning of internal rate of return. As we will sec later, if the cash expenditures of an 
investment are not restricted to the initial period, several break-even interest rates may exist 
that satisfy Eq. (7.1 ). However, there may not be a rate of return illlemal to the project. 

OD Methods for Finding Rate of Return 
We may find i* by using several procedures, each of which has its advantages and disad
vantages. To facilitate the process of finding the rate of return for an investment project, 
we will first classify the types of investment cash flow. 

7.2.1 Simple versus Nonsimple Investments 
We can classify an investment project by counting the number of sign changes in its net cash 
flow sequence.A change from either "-"to"+" or"+" to"-" is counted as one sign change. 
(We ignore a zero cash flow.) We can then establish the following categories: 
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• A simple (or conventional) investment is simply when one sign change occurs in the net 
cash flow series. If the initial cash flows are negative, we call them simple-investment 
cash flows. If the initial flows are positive, we call them simple-borrowing cash flows. 

• A nonsimple (or nonconventional) investment is an investment in which more than 
one sign change occurs in the cash flow series. 

Multiple i*s, as we will see later, occur only in nonsimple investments. If there is no 
sign change in the entire cash flow series, no rate of return exists. The different types of 
investment possibilities may be illustrated as follows: 

0 1 2 3 4 s 
Simple + + + + + 1 
Simple + + 0 + 1 
Nonsimple + + + 4 

Nonsimple + + 0 + 3 

EXAMPLE 7. I Investment Classification 

Classify the following three cash flow series as either simple or nonsimple 
investments: 

Net Cash Flow 

0 -$1,000 -$1,000 $1,000 

1 -$500 $3,900 -$450 

2 $800 -$5,030 -$450 

3 $1,500 $2,145 -$450 

4 $2,000 

DISSECTING THE-PRoBLEMl-

METHODOLOGY 
Create a classification of invest
ment chart. 

1 Given: Cash flow sequences provided in the foregoing table_ 

Find: Classify the_s~q_l1':!1~~_s as either simple ~r.-~?-~.:;-~~ple investments. 

SOLUTION 
• Project A represents many common simple investments. This type of 

investment reveals the PW profile shown in Figure 7.t(a). The curve 
crosses the i-axis only once. 

• Project B represents a nonsimple investment. The PW profile for this 
investment has the shape shown in Figure 7 .1 (b ). The i-axis is crossed 
at 10%,30%,and 50%. 
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Project A 

PW(i) 

i, 
Period: ~jectA ProjectB Project c (a) 

(n) .. 
ProjcctB 

0 -$1,000 -$1,000 $1,000 

1 -$500 $3,900 -$450 PW(i) 

2 $800 -$5,030 -$450 

3 $1,500 $2,145 -$450 

4 $2,000 
10% 30% 50% 

Project A is a simple investment. (b) 
Project B is a nonsimple investment. 
Project C is a simple-borrowing cash flow. 

PW(i) 

Figure 7. I Classification of investments 

ProjedC 

(c) 

• Project C represents neither a simple nor a nonsimple investment, 
even though only one sign change occurs in the cash flow sequence. 
Since the first cash flow is positive, this flow is a simple-borrowing 
cash flow, not an investment flow. The PW profile for this type of 
investment looks like the one in Figure 7.l(c). 

7.2.2 Computational Methods 
Once we identify the type of an investment cash flow, there are several ways to deter
mine its rate of return. We will discuss some of the most practical methods here. They 
are as follows: 

• Direct-solution method 
• Trial-and-error method 
• Excel method 

Direct-Solution Method 

For the very special case of a project with only a two-flow transaction (an investment 
followed by a single future payment) or a project with a service life of two years of 
return, we can seek a direct analytical solution for determining the rate of return. These 
two cases are examined in Example 7.2. 
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EXAMPLE 7 .2 Finding i* by Direct Solution: Two Flows 
and Two Periods 

Consider two investment projects with the following cash flow transactions: 

0 

1 

2 

3 

-$3,000 

$0 

$0 
$0 

-$2,000 

$1,300 

$1,500 

4 $4,500 

Compute the rate of return for each project. 

DISSECTING THE PRoei.EM ········ . · r 

METHODOLOGY 
Write out the net present (or 
future) worth expression and 
solve for i. 

Given: Cash flows for two projects. 

Find: i* for each project. 

SOLUTION 
Project 1: Solving for i* in PW ( i*) = 0 is identical to solving for i* in 
FW ( i*) = 0, because FW equals PW times a constant. We could use 
either method here, but we choose FW ( i*) = 0. Using the single
payment future-worth relationship, we obtain 

FW(i) = -$3,000(F/P,i,4) + $4,500 = 0. 

Setting FW ( i) = 0, we obtain 

$4,500 = $3,000(F/P,i,4) = $3,000(1 + i) 4
, 

or 

1.5 = {l + i) 4
• 

Solving for i yields 

i* = fu - 1 = 0.1067, or 10.67%. 

Project 2: We may write the PW expression for this project as follows: 

. $1,300 $1,500 
PW ( t) = -$2,000 + ( l + i) + ( l + i) 2 = 0. 

Let 

1 
x = (1 + i)" 

We may then rewrite the PW(i) expression as a function of X and set 
it equal to zero, as follows: 

PW(i) = -$2,000 + $1,300X + $1,500X2 = 0. 
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This expression is a quadratic equatio n tha t has the fo llowing 
solut ion:6 

-1,300 ± vi.3002 - 4 (i,soo) (-2,000) 
X = -----------------

-1.300 ± 3.700 
3,000 

= 0.8 or - 1.667. 

2( 1,500) 

Replaci ng the X values and solving for i gives us 

0.8 = l ~i =25% 
( 1 + i) 

and 

1 
- 1.667 = (1 + i ) ~ i = - 160%. 

------- l Sine~ an inte rest ra t_e less th~ n - ~??0/o has no economic s ignificance, 
we find lha l the pro3ect's u111que 1"' 1s 25%. 

COMMENTS: In both projects, one sign change occurred in lhe ne t cash flow series, so 
we expected a unique i*. A lso, these projects had very s imple cash fl ows. G enerally, 
when cash fl ows are mo re complex, we must use a tria l-and-error method or a com
pute r program to find i*. 

Trial-and-Error Method 

TI1e firs t step in the Lria l-and-error method is to make an estimated guess a t the va lue 
of i*.7 For a simple investment, we use the guessed interest rate to compute the present 
worth o f ne t cnsh fl ows nnd observe whether the result is positive, negative, o r zero: 

• Case I: PW (i) < 0. Since we nre a iming for a value ofi tha t makes PW ( i) = 0. we 
must raise the present worth of the cash fl ow. To do this. we lower the inte rest ra te 
and repen t the process. 

• Case 2: PW (i) > 0. We raise the in terest rate in order to lower PW(i). T he process 
is continued until PW(i) is approximate ly equal to zero. 

Whenever we reach the point where PW(i) is bounded by one negative value and 
one positive va lue. we use linear interpolation to approxjmate i*. Th is technique was 
discussed in Chapter 2. TI1is process is somewhat tedious and ineffic ient. (TI1e tria l-nnd
e rror method does not work for nonsimple investments in which the PW function is not, 
in general. a monotonically decreasing function of inte rest ra re.) 

6G· x ' l v 0 I I . f I d . . . x - b ± Vil - -lac 1vc11 n • + ),. + c = . t 1e so u1ton o 11e qua ra11c equa1ton 1s = · 
2a 

7 As we will sec later in this chapter, the ultimate objective of finding i* is to compare it with the 
MA RR.'n icrcforc, it is a good idea to use the MARR as the ini tial guess value. 
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EXAMPLE 7 .3 Finding i* by Trial and Error 

ACME Corporation distributes agricultural equipment. The board of directors is 
considering a proposal to establish a facility to manufacture an electronically con
trolled "intelligent" crop sprayer invented by a professor at a local university. This 
crop-sprayer project would require an investment of $10 million in assets and would 
produce an annual after-tax net benefit of $1.8 million over a service life of eight 
years. All costs and benefits are included in these figures. When the project termi
nates, the net proceeds from the sale of the assets would be $1 million (Figure 7.2). 
Compute the rate of return of this project. 

$2.8 

$1.8 $1.8 $1.8 $1.8 $1.8 $1.8 $1.8 t 
0 

2 3 4 5 6 7 8 
Years 

$10 

Figure 7.2 Cash flow diagram for a simple invest
ment; all dollar amounts are in millions of dollars 

DISSECTING THE PROBLEM 

METHODOLOGY 

Find i* by trial and error. 

Given: I= $10 million, A = $1.8 million, S = $1 million, and N = 8 
years. 
Find: i*. 

SOLUTION 

We start with a guessed interest rate of 8%. The net present worth of 
the cash flows in millions of dollars is 

PW(8%) = -$10 + $1.S(P/A,8%,S) + $1(P/F,8%,8) = $0.88. 

Since this net present worth is positive, we must raise the interest rate 
in order to bring this value toward zero. When we use an interest rate 
of 12%, we find that 

PW( 12%) = -$10 + $1.8(P/A, 12%, 8) 

+ $1(P/F, 12%,8) = -$0.65. 
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We have bracketed the solution. PW(i) will be zero at i somewhere between 8% 
and 12%. Using straight-line interpolation, we approximate that 

. o (12o' go1 )[ 0.88 - 0 ] 
i* ""' 8 Yo + io - to 0.88 - ( -0.65) 

= 8% + 4%(0.5752) 

= 10.30%. 

Now we will check to see how close this value is to the precise value of i*. If we 
compute the net present worth at this interpolated value, we obtain 

PW(l0.30%) = -$10 + $1.S(P/A,10.30%,8) + $1(P/F,10.30%,8) 

= -$0.045. 

As this result is not zero, we may recompute i* at a lower interest rate, say, 10%: 

PW( 10%) = -$10 + $1.B(P/A, 10%,8} + $1(P/F,10%,8) 

= $0.069. 

With another round of linear interpolation, we approximate that 

i* ""' 10% + ( 10.30% - 10%) [ 0.06~.0~9( ~~~045)] 
= 10% + 0.30% ( 0.6053) 

= 10.18%. 

At this interest rate, 

PW( 10.18%) = -$10 + $1.8(P/A, 10.18%,8) + $1 (Pf F, 10.18%,8) 

= $0.0007, 

which is practically zero, so we may stop here. In fact, there is no need to be more 
precise about these interpolations because the final result can be no more accurate 
than the basic data, which ordinarily are only rough estimates. Incidentally, computing 
the i* for this problem on a computer gives us 10.1819%. 

Rate-of-Return Calculation with Excel 

Fortunately, we do not need to do laborious manual calculations to find i*. Many finan
cial calculators have built-in functions for calculating i*. It is worth noting that many 
spreadsheet packages have i* functions that solve Eq. (7.1) very rapidly. Spreadsheets 
usually apply functions by entering the cash flows via a computer keyboard or by read
ing a cash flow data file. For example, Microsoft Excel has an IRR financial function 
that analyzes investment cash flows, namely,= IRR(range,guess). We will demon
strate the IRR function with an example involving an investment in a corporate bond. 
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EXAMPLE 7 .4 Yield to Maturity 

Consider buying a $1,000-denomination corporate bond at the market price of 
$996.25. The interest will be paid semiannually at an interest rate per payment 
period of 4.8125%. Twenty interest payments over 10 years are required. We show 
the resulting cash flow to the investor in Figure 7.3. Find the return on this bond 
investment (or yield to maturity). 

$1,000 

20 bond interest payments 
$48.13 

Fore .. 100 l 
() 

5 

$996.25 

JO 
Semiannual periods 

15 20 

Figure 7.3 A typical cash flow transaction associated with 
an investment in the corporate bond 

DISSECTING THE PROBLEM 

You can trade bonds on the market just like stocks. Once you have purchased 
a bond, you can keep the bond until it reaches maturity or sell at any interest 
period before maturity. You can purchase or sell bonds at prices other than 
face value, depending on the economic environment, as bond prices change 
over time because of the risk of nonpayment of interest or face value, supply 
and demand, and the outlook for economic conditions. These factors affect 
the yield to maturity (or return on investment). The yield to maturity repre
sents the actual interest earned from a bond over the holding period. In other 
words, the yield to maturity on a bond is the interest rate that establishes the 
equivalence between all future interest and face-value receipts and the market 
price of the bond. Some specific bond terms to understand are summarized as 
follows: 

• Face (par) value: The corporate bond has a face value of $1,000. 
• Maturity date: The bonds that were issued on January 30, 2011, will 

mature on January 31, 2021; thus, they have a 10-year maturity at time 
of issue. 

• Coupon rate: The bond's coupon rate is 9.625%, and interest is paya
ble semiannually. For example, the bonds have a $1,000 face value, and 
they pay $96.25 in simple interest (9~%) each year (or $48.13 every six 
months). 

• Discount bond: The bonds are offered at less than the face value at 
99.625%, or 0.375% discount. For example, a bond with a face value of 
$1,000 can be purchased for just $996.25, which is known as the market 
price (or value) of the bond . 

. ~---------------·-- --------··----- -· -----------· 

Given: Initial purchase 
price = $996.25, coupon 
rate = 9.625% per year 
paid semiannually, and 
10-year maturity with a 
face value of $1,000. 
Find: Yield to maturity. 
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METHODOLOGY SOLUTION 
De1ermine the in1eres1 rate that makes 
1he PW of rece ipts equal to the bond's 
market price. 

\Ve find the yield to maturity by determining the incerest rate 
that makes the present worth of the receipts equal to the market 
price of the bond: 

$996.25 = $48.13 ( P / A.i.20) + $ 1000 ( P/ FJ20 ). 

The value of i 1hat makes 1he present wo rth of the receipts equal 
to $996.25 lies between -1.5% and 5%. Solving for i by interpola
tion yields i = 4.84 % . 

Using the IRR func1ion in Excel, we may easily calculate the 
yie ld to maturity, as shown in ' fab le 7. 1: n1e initial guess value used 
in this calculation is 4°/c, with the cell range of BlO:B30. 

TABLE 7. I Yield-to-Maturity Ca lculntinn for the Corporate 
Bond 

Market price 
4 Maturity (semiannual periods) 
5 Face value 
6 Coupon rate (per semiannual period) 
7 Yield to maturity 
8 
9 Period Cash Flow 

10 0 $ (996.25) 
11 48.13 

$ 996.25 
20 

$ 1,000.00 
4.813% I 4.842% 

12 48.13 =IRR(B 10:830,4%) 
13 48.13 
14 48.13 
15 48.13 
16 48.13 
17 7 $ 48.13 
18 8 $ 48.13 
19 9 $ 48.13 
20 10 $ 48.13 --------
21 11 $ 48.13 
22 12 $ 48.13 

13 s 48.13 
14 s 48.13 -------
15 s 48.13 ___ ..:.... 
16 $ 48.13 
17 $ 48.13 ---
18 $ 48.13 
191 $ 48.13 
20 $ 1,048.13 
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COMMENTS: Note that this result is a 4.84% yield to maturity per semiannual period. 
The nominal (annual) yield is 2(4.84) = 9.68% compounded semiannually. When 
compared with the coupon rate of 9~% (or 9.625%), purchasing the bond with the 
price discounted at 0.375% brings about an additional 0.055% yield. The effective 
annual coupon rate is then 

i0 = (1 + 0.0484 )2 - 1 = 9.91 %. 

This 9.91 % represents the effective annual yield to maturity on the bond. Notice 
that when you purchase a bond at face value and sell at face value, the yield to 
maturity will be the same as the coupon rate of the bond. 

lr1IJ Internal-Rate-of-Return Criterion 
Now that we have classified investment projects and learned methods to determine the 
i* value for a given project's cash flows, our objective is to develop an accept-or-reject 
decision rule that gives results consistent with those obtained from PW analysis. 

7.3.1 Relationship to the PW Analysis 
As we already observed in Chapter 5, PW analysis is dependent on the rate of interest 
used for the PW computation. A different rate may change a project from being con
sidered acceptable to being considered unacceptable, or it may change the priority of 
several projects. 

Consider again the PW profile as drawn for the simple project in Figure 7.l(a). For 
interest rates below i*, this project should be accepted, as PW > O; for interest rates 
above i*, it should be rejected. 

On~e otl)e{ hand, for certain nonsimpk{ pro~ts, the PW may look like the one 
shown WF"igufc17.t(b). Use of PW analysi'Mvoultl-iead you to accept the projects in 
regions A and C but reject those in regions B and D. Of course, this result goes against 
intuition: A higher interest rate would change an unacceptable project into an accept
able one. The situation graphed in Figure 7.I(b) is one of the cases of multiple i*s men
tioned earlier. 

For the simple investment situation in Figure 7.l(a), the i* can serve as an appropri
ate index for either accepting or rejecting the investment. However, for the nonsimple 
investment in Figure 7.l(b), it is not clear which i* to use in order to make an accept
or-reject decision. Therefore, the i* value fails to provide an appropriate measure of 
profitability for an investment project with multiple rates of return. 

7.3.2 Decision Rule for Simple Investments 
Suppose we have a simple investment. Why should we be interested in finding the inter
est rate that equates a project's cost with the present worth of its receipts? Again, we 
may easily answer this question by examining Figure 7.l(a). In this figure, we notice two 
important characteristics of the PW profile. First, as we compute the project's PW(i) 
at a varying interest rate i, we see that the PW is positive for i < i*, indicating that the 
project would be acceptable under the PW analysis for those values of i. Second, the PW 
is negative for i > i*. indicating that the project is unacceptable for those values of i. 
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Simple 
Investment 

Single 
project 

Non-simple 
Investment 

,,. =IRR 

Geaenllly 
,. ¢IRR 

COmp11te 

t-----1 Accept If I* >MARR 

Analytical approach: 
Go to Chapter 7A to 
Rnd true I* (or RIC). 

Abandon IRR approach: 
Use NPW criterion 

Mutually lncremenCaJ Jri•s-A >MARR, select B. 
exclusive - analysis - 'lnerementnHllR, --projects l•a-A 

If I* B -A < MARR, select A. 

Figure 7.4 Project selection rules under the IRR criterion 

Therefore, the i* serves as a benchmark interest rate. By knowing this benchmark rate, 
we will be able to make an accept-or-reject decision consistent with the PW analysis: 

• Evaluating a Single Project: For a simple investment, i* is indeed the IRR of the 
investment. (See Section 7.1.2.) Merely knowing i* is not enough to apply this 
method, however. Because firms typically wish to do better than break even 
(recall that at PW = 0, we were indifferent to the project), a minimum acceptable 
rate of return (MARR) is indicated by company policy, management, or the project 
decision maker. If the IRR exceeds this MARR, we are assured that the company 
will more than break even. Thus, the IRR becomes a useful gauge against which to 
judge project acceptability (see Figure 7.4), and the decision rule for a simple pro
ject is as follows: 

If IRR > MARR, accept the project. 
If IRR = MARR, remain indifferent. 
If IRR < MARR, reject the project. 

• Evaluating Mutually Exclusive Projects: Note that the foregoing decision rule is 
designed to be applied for a single-project evaluation. When we have to compare 
mutually exclusive investment projects, we need to apply the incremental analy· 
sis approach, as we shall see in Section 7.4.2. For now, we will consider the single
project evaluations. 

EXAMPLE 7 .5 Investment Decision for a Simple 
Investment-Economics of Wind 

An energy firm is betting on wind power's long-term viability in Texas and plans to 
erect what would be one of the biggest wind farms in the world with 200 wind tur
bines costing some $1.69 million each. Energy companies investing in wind power 
are also expecting governments to toughen rules relating to traditional energy 
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sources, as part of long-term efforts to reduce global-warming emissions. But gen
erating power from wind is not profitable for companies without government tax 
breaks. The following financial and technical data have been compiled for further 
consideration: 

• Number of wind turbines to be built: 200 units 
• Power capacity: 310,000 kW 
• Capital investment required: $338,000,000 
• Project life: 20 years 
• Salvage value of the wind turbines after 20 years: $0 
• Annual net cash flows {after all deductions): $41,391,160 

According to the data provided, answer the following questions: 

(a) What is the projected IRR on this investment? 
(b) If the company's MARR is known to be 10%, is the investment justified? 

DISSECTING THE PROBLEM 

We assumed the following in obtaining the annual net cash flows 
($41,391, 160): 

• Average load factor: 35% (site specific, but use this value for 
analysis purposes) 

• Power generated per year: 

Powergeneratedperyear = 310,000kW X 0.35 
x 24hrs/day x 365days/yr 

= 950,460,000 kWh/yr 

• Selling price of power generated from the wind turbines: 
$0.034/k Wh: 

Operating revenues= $0.034/kWh x 950,460,000 kWh/yr 
= $32,315,640/yr 

• Federal tax credit: $0.018/kWh sold to utility customers: 

Tax credit = $0.018/kWh X 950,460,000 kWh/yr 
= $17,108,280/yr 

• Annual easement cost: $4,000 per turbine per year (or 
$800,000) 

• Annual operating and maintenance cost: $16,300 per turbine 
per year or ($3,260,000) 

• Annual taxes paid: $3,972,760 (We will discuss how we calcu
late this amount in Chapter 9.) 

Given: Fmancial as well as the technical 
data as given above; MARR = 10%. 
Find: (a) IRR and (b) whether to 
accept or reject the investment. 
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METHODOLOGY 
Use Excel to calcula te lRR. 

SOLUTION 
(a) Since only one sign change occurs in the ne t cash now series. the 

project is a simple investment. 111is facto r indicates that the re 
will be a unique rate of re turn 1hnt is internal to the project: 

PW ( i) = -$338.000,000 + $4 1,39 1.160( ? / AJ 20) = 0. 

We could use the trial-and-error approach outlined in Section 7.2.2 
to find the IRR. but the IRR function in Excel would be a more 
convenient way to calculate the internal rare of re turn. Table 7.2 
shows that the rate of return fo r the project is 10.62%. which barely 
exceeds the MARR of 10%. (This project is not economical ''ith
out the federa l tax credit.) 

(b) 11lc I RR figure exceeds the req uired MARR. indicating that 
the project is an economically att ractive one and could proceed. 
However. there is no doubt that the installation of the wind 
turbines system would pose a great deal of fi nancial risk to the 
firm if any climnte changes in the region lowered the capacity 
(or load) fnclo r. 

TABLE 7 .2 A n Excel Worksheet to lllustrntc I low to Determine the IRR (Example 7.5) 

A D c 0 E F G H I I I J I K L 

1 (I) lnvos1mon1 s 338,000,000 Not Prosont Worth s 14.386,278 

2 (/)MARR(%) t0% Internal Rnto ol Return .. 10.62"0 

3 

4 Co sh Cash Not MARR r = N PV(F10%,$D$ 8:SDS27)+SD$7 I 
....... 

5 n Inflows Outflows Cnnh Flows (%) NPW NPW os a Function of Interest Rnto 

6 I 
7 0 s (338,000.000) 0 s ·189,823,200 I ssoo.000.000 
8 1 s 49,423,920 s 8,032.760 s 41 ,391, 160 1 $ 408.926,370 I =IAR(D7:D 27, 10%) I-
9 2 s 49,423.920 s 8,032,760 s 41,391 . t60 2 s 338,80•1, 794 

10 3 s 49,423.920 s 8,032,760 s 41,391.160 3 s 277,795,942 ssoo.000.000 

II 4 s 49,423.920 s 8.032.760 s 41.39 t ,160 4 s 224,5t9,372 
\ t2 5 s 49,423.920 s 0.032,760 $ 41,391,160 5 $ 177,625,342 $400,000,000 

\ 13 6 s 49.423.920 s 0.032.760 s •11 ,391,160 G s 136,753,344 

14 7 s 49,423,920 s 8,032.760 s 4 1,39 1.160 7 s 100.498,539 

15 8 s 49.423,920 s 8.032.760 s •11,391,160 8 s 68.384,510 
$300,000,000 

\ 16 9 s 49.423.920 s 8.032.760 s 41 ,391.160 9 s 39.841,()9.1 

17 10 s 49.423.920 s 8,032.760 s 41 ,391.160 10 s 14,386.278 5200.000.000 

\ 18 II s 49,423,920 s 8.032.760 s 41,391,160 11 s (8.388.612) 

19 t2 s 49,423.920 s 8,032,760 s 4t,391.t60 12 s (28.831 ,064) 
5100.000.000 

20 13 s 49,423,920 s 8,032,760 s 4t,391.160 13 $ (47.237.383) '\. ....... 
21 14 s 49.423.920 s 8.032.760 s 4 t ,391,t60 "' s (63,660,944) ....... S· 22 15 s 49,423,920 s 8.032.760 s 41 ,39 1.160 15 s (78.9 Hl.009) ....... 0 2 4 6 8 1 0~ 18 0 
23 16 s 49,423,920 s 8,032,760 s 41 ,391, 160 16 s (92,598.398) ....... 
24 17 s 49.423.920 s 8.032.760 s 41.391.160 17 $(105.060.182) $(100.000.000) ....... .......... 25 18 s 49,423.920 s 8.032.760 s 41.391 160 18 $(116.4.13,613) ....... 
26 19 s 49,423.920 s 8.032.760 s 41,391160 19 $(126.869.399) ....... 5(200.000000) 
27 20 s 49,423,920 s 8.032.760 $ 4t ,391,160 20 s ( 136.4.12.446) 

28 
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7.3.3 Decision Rule for Nonsimple Investments 
When applied to simple projects, the i* provides an unambiguous criterion for meas
uring profitability. However. when multiple rates of return occur, none of them is an 
accurate portrayal of project acceptability or profitability. Clearly, then, we should place 
a high priority on discovering this situation early in our analysis of a project's cash flows. 
The quickest way to predict the existence of multiple i*s is to generate a PW profile on 
the computer and check if it crosses the horizontal axis more than once. 

In addition to the PW profile, there are good-although somewhat more complex
analytical methods for predicting the existence of multiple i*s. Perhaps more important
ly, there is a good method, discussed in Chapter 7 A, that uses an external interest rate for 
refining our analysis when we do discover that there are multiple i*s. An external rate of 
return allows us to calculate a single true rate of return. 

If you choose to avoid these more complex applications of rate-of-return tech
niques, you must be able to predict the existence of multiple i*s via the PW profile and, 
when they occur, select an alternative method, such as PW or AE analysis, for determin
ing project acceptability. 

EXAMPLE 7 .6 Investment Decision for a Nonsimple Project 

By outbidding its competitors, Turbo Image Processing (TIP), a defense contrac
tor, has received a contract worth $7,300,000 to build navy flight simulators for U.S. 
Navy pilot training over two years. For some defense contracts, the U.S. government 
makes an advance payment when the contract is signed, but in this case, the govern
ment will make two progressive payments: $4,300,000 at the end of the first year 
and the $3.000,000 balance at the end of the second year. The expected cash out
flows required in order to produce these simulators are estimated to be $1,000,000 
now, $2.000,000 during the first year, and $4,320,000 during the second year. The 
expected net cash flows from this project are summarized as follows: 

() 

I 

2 

$4,300,000 

$3,000,000 

$1,000,000 

$2,000,000 

$4,320,000 

-$1,000,000 

$2,300,000 

-$1,320,000 

In normal situations, TIP would not even consider a marginal project such as this 
one in the first place. However, hoping that TIP can establish itself as a technology 
leader in the field. management felt that it was worth outbidding its competitors by 
providing the lowest bid. Financially, what is the economic worth of outbidding the 
competitors for this project? 

(a) Compute the values of the i*s for this project. 
(b) Make an accept-or-reject decision on the basis of the results of part (a). Assume 

that the contractor's MARR is 15%. 
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DISSECTING THE PROBLEM 

Given: Cash flow shown in the foregoing table; MARR = 15%. 

Find: (a) i* and (b) determine whether to accept the project. 
- ------· ·-·--------------- ---------------·---- -·--------•-- r.------

METHODOLOGY 

Quadratic method. 

.:: 
"C 

i 

SOLUTION 

(a) Since this project has a two-year life, we may solve the NPW 
equation directly via the quadratic-formula method: 

-$1000000 + $2,300,000 - $1,320,000 = 0 . 
• • (l+i*) (l+i*)2 

If we let X = 1 / ( 1 + i*). we can rewrite the expression as 

-1,000,000 + 2,300,000X - l,320,000X2 = 0. 

Solving for X gives X = f¥ and~ or i* = 10% and 20%, respec
tively. 

(b) As shown in Figure 7.5, the PW profile intersects the horizontal axis 
twice, once at 10% and again at 20%. The investment is obviously 
not a simple one, and thus neither 10% nor 20% represents the true 
internal rate of return of this government project. 

2.000 .----.,...._-.,---..---~---~--.-------. 

........... ~- .......... ~·.......... . .......... ~ .. . . ··:··········· ··········-:-···· .. ····· . . 
: : 

1.000 ··········+· ........ i··········· ...... . . ............................... . 

........... j ........... j........... .. PW(i) > 0 

o~--;---.;----1--~-~-~--+--........._---1 

: . : ~i'"2 = 'if17c . 

5 10 15 20 25 
lnlerest rale ( % ) 

Figure 7.5 NPW plot for a nonsimple investment with multi
ple rates of return 
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Since the project is a nonsimple project, we may abandon the 
IRR criterion for practical purposes and use the PW criterion. If 
we use the present-worth method at MARR = 15%, we obtain 

PW{l5%) = -$1,000,000+$2,300,000(P/F,15%, l} 

-$1,320,000 ( p IF, 15%, 2) 

= $1,890, 

which verifies that the project is marginally acceptable, and it is 
thus not as bad as we initially believed. 

rim Incremental Analysis for Comparing Mutually 
Exclusive Alternatives 

In this section. we present the decision procedures that should be used when comparing 
two or more mutually exclusive projects on the basis of the rate-of-return measure. We 
will consider two situations: (1) alternatives that have the same economic service life 
and (2) alternatives that have unequal service lives. 

7.4.1 Flaws in Project Ranking by IRR 
Under PW or AE analysis, the mutually exclusive project with the highest worth figure 
was preferred. (This approach is known as the "total investment approach.") Unfortu
nately, the analogy does not carry over to IRR analysis. The project with the highest 
IRR may not be the preferred alternative. To illustrate the flaws of comparing IRRs 
when selecting between mutually exclusive projects, suppose you have two mutually 
exclusive alternatives, each with a one-year service life. One requires an investment of 
$1,000 with a return of $2,000, and the other requires $5,000 with a return of $7,000. 
You have already obtained the IRRs and PWs at MARR = !0% as follows: 

Comparing Mutually Exclusive Alternatives, Based on IRR 

0 

1 
IRR 

PW(10%) 

-$1,000 

$2,000 

100% 

$818 

> 
< 

-$5,000 

$7,000 

40% 

$1,364 

Assuming that you have exactly $5,000 in your investment pool to select either project, 
would you prefer the first project simply because you expect a higher rate of return? 

We can see that Project A2 is preferred over Project A 1 by the PW measure. On 
the other hand, the IRR measure gives a numerically higher rating for Project A 1. This 
inconsistency in ranking occurs because the PW, FW, and AE are absolute (dollar) 
measures of investment worth, whereas the IRR is a relative (percentage) measure and 
cannot be applied in the same way. Consequently, the IRR measure ignores the scale of 
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1hc invcstmcnl. Clearly. 1hc answer is no; ins1cad. you would prefer 1hc second projccl 
with 1he lower rate of re1urn but higher PW. Ei1hcr the PW or 1hc AE measure would 
lead 10 1hn1 choice. bu1 comparison of I RRs would rank the smaller projec1 higher. 
A1101hcr approach. referred to as incremental analysis, is needed. 

7.4.2 Incremental-Investment Analysis 
In our previous example. 1he cosilier op1ion requires $4,000 more than the other option 
while i1 provides an addi 1ional return of $5.000. To compare these direc1ly, we must look 
a l the total impact on our investment pool using common terms. Herc we look at each 
project ·s impac1 on an i1wcstmcn1 pool of $5.000. You must consider the following facwrs: 

• I f you decide to in\'CSI in Project A I. you will need to wi1bdraw only Sl.000 from 
your investment pool.111e remaining $4.000 1hat is not commiued will con1inue to 
ea rn 10% inlercst. One year later, you will have $2,000 from the outside investmenl 
and $-t.400 from the investment pool. ll1us. with an investment of $5.000. in one 
year you will have S6.-t00 (or a 28% return on the $5.000). The equivalent present 
worth of this wealth change is 

PW ( 10%) = -$5,000 +$6.-lOO(P/ F,1 0%.l) = $8 18. 

• I f you decide 10 invcsl in Project A2. you will need 10 withdraw $5,000 from your 
inves1mcnt pool. leaving no money in the pool. but you will have $7.000 from your 
ou1sidc investment. Your total weahh changes from $5.000 to $7.000 in a year. 111e 
equiva lent present won h of 1his weahh change is 

PW( I0°1h) = -$5.000 + $7,000(P/ F, !0%. 1) = $ 1,364. 

In other words, if you decide to take the more cosily option. certainly you would 
be interested in knowing 1hat this additional investment can be justified at the M A RR. 
'l11e M ARR value of 10% implies 1hat you can always earn that rate from other invest
ment sources (e.g .• $4,400 at the end of one year for a $4,000 investment). However, in 
the second option. by investing the additional $4,000. you would make an adcli1ional 
$5.000, which is equivalent to earning at 1he rate of 25%. Therefore, the higher-cost 
invest men I can be jus1ificd. f-igurc 7.6 summarizes the process of performing incremental
inves1ment anulysis. 

Incremental 
l n\'e~tmcnt 

II Project , t 1 Project A2 (,\.:? Al) 

() -Sl,000 $5.000 - $4.000 
I $2.000 $7.000 S5.ooo 

IRR 100'< .j()t;. 25 
PW( 10'<-) $818 Sl.36-1 55-16 

• Assuming a ~ ! ARR of IO"l- . you can always .:arn that raie 
from another in\'es1mc111 source e.g .. $.JAOO a1 the end of 
one )C:lr for a S-1.000 imes1m.:n1. 

• B) in,csting the additional S-UKKl in A2. you would make an 
addi1ional S5.0IKI. "hich is cqui,·alent to earning at the rate of 
25t;}. Therefore. th.: incrcmcn1nl in\'t:Mment in A 2 is ju~tificd. 

Figure 7.6 Illustration of incremental analysis 
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Now we can generalize the decision rule for comparing mutually exclusive projects. 
For a pair of mutually exclusive projects (A and B, with B defined as a more costly 
option), we may rewrite Bas 

B =A+ (B - A). 

In other words, B has two cash flow components: (1) the same cash flow as A and 
(2) the incremental component ( B - A). Therefore, the only situation in which B 
is preferred to A is when the rate of return on the incremental component ( B - A) 
exceeds the MARR. Therefore, for two mutually exclusive projects, we use rate-of-return 
analysis by computing the internal rate of return on incremental investment ( IRRs-A) 
between the projects. Since we want to consider increments of investment, we compute 
the cash flow for the difference between the projects by subtracting the cash flow for the 
lower investment-cost project (A) from that of the higher investment-cost project (B). 
Then the decision rule is as follows, where ( B - A ) is an investment increment. (The 
sign of the first cash flow should be always negative.) 

If IRRn-A > MARR, select B (higher first-cost alternative). 
If IRRn-A = MARR, select either one. 
If IRRn-A < MARR, select A (lower first-cost alternative). 

If a "do-nothing" alternative is allowed, the smaller cost option must be profit
able (its IRR must be higher than the MARR) at first. This means that we compute the 
rate of return for each alternative in the mutually exclusive group and then eliminate 
the alternatives that have IRRs less than the MARR before applying the incremental
investment analysis. It may seem odd to you how this simple rule allows us to select the 
right project. Example 7.7 will illustrate the incremental-investment decision rule for you. 

EXAMPLE 7. 7 IRR on Incremental Investment: 
Two Alternatives 

John Covington, a college student, wants to start a small-scale painting business dur
ing his off-school hours. To economize the start-up business, he decides to purchase 
some used painting equipment. He has two mutually exclusive options: (Bl) Do 
most of the painting by himself by limiting his business to only residential painting 
jobs or (82) purchase more painting equipment and hire some helpers to do both 
residential and commercial painting jobs. He expects option B2 will have a higher 
equipment cost but provide higher revenues as well. In either case, he expects to 
fold the business in three years when he graduates from college. 

The cash flows for the two mutually exclusive alternatives are given as follows: 

0 -$3,000 -$12,000 -$9,000 

1 $1,350 $4,200 $2,850 

2 $1,800 $6,225 $4,425 

3 .$UQfl ~ $4,830 

IRR 25% 17.43% 

With the knowledge that both alternatives are revenue projects, which project would 
John select al MARR = 10%? (Nole that both projects are profitable at 10%.) 
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DISSECTING THE PROBLEM 

, Given: Incremental cash flow between two alternatives; MARR = 10%. 

i Find: (a) The IRR on the increment and (b) which alternative is 

------·--~~~~ble. ____________ ----------·- ______ _ 

METHODOLOGY 

Compute incremental cash flow, 
then IRR. 

I SOLUTION 

(a) To choose the best project, we compute the incremental cash flow 
for B2 - Bl. Then we compute the IRR on this increment of 
investment by solving 

-$9,000 + $2,850 ( p IF, i, 1) + $4,425 ( p IF, i, 2) 

+ $4,830 ( p IF, i, 3) = 0. 

(b) We obtain i*82 - 81 = 15% as plotted in Figure 7.7. By inspec· 
tion of the incremental cash flow, we know it is a simple invest
ment; so, IRR82-m = i*n2- 81 • Since IRR112 - 81 > MARR, we 

MARR> 25% neither project would be acceptable. j. select B2, which is consistent with the PW analysis. Note that, at 

-----~- ·------------·- ------- ·------------- ----~-----~·------- ·----

n Bl 82 

0 -$3,000 -$12.000 

I $1,350 $4,200 

2 $1,800 $6,225 

3 $1,500 $6,330 

IRR 25% 17.43% 

82-Bt 

-$9,000 

$2.8.50 

$4,425 

$4,830 

15% 

Sdw Hl~St:kct 81~'4o-[)onoltrini 
6,000 1-----'-' --.;...· --------1 

. . . . 
5•

000 
- · · r · ·' ..... r···r-·T .... r···· 

4•000 ·····i·····-, ..... r .. ·T····r ..... : .. ····· 
~ 3,000 : .• '· T'""'t""" 
~ : 'B2-BI = 15% : i 
~ 2,000 ... ;... . ........ ., ................... .. 
ii: ! \ . : f < 1 § 1,000 .. : ..... .; ............... , ...... , ....... ~ .... .. 
~ . : I l ··J _ · .. ~ 
~ or-t--t--~J='"-t"'""=::i~¢::±::""1 

~Bl: 
-1,000 . . +--·"t'"""'t''""j""""" 

-2.000 l PW(i)n~ > PW(t)m n .. ~ L ... f. ... ..f. ..... 
: : ~ ! ~ 

- 3.oooo 5 10 15 20 25 30 35 40 45 

Interest rate(%) 

Given MARR = 10%, which project is a better choice? 
Since IRRn2-m = 15% > 10% and IRR82 > 10%,select 82. 

Figure 7.7 NPW profiles for Bl and 82 

COMMENTS: Why did we choose to look at the increment B2 - Bl instead of 
Bl - 82? We want the first flow of the incremental cash flow series to be negative 
(investment flow) so that we can calculate an IRR. By subtracting the lower initial
investment project from the higher, we guarantee that the first increment will be an in
vestment flow. If we ignore the investment ranking, we might end up with an increment 
that involves borrowing cash flow and has no rate of return internal to the investment. 

The next example indicates that the ranking inconsistency between PW and IRR 
can also occur when differences in the timing of a project's future cash flows exist, even 
if their initial investments are the same. 
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EXAMPLE 7 .8 IRR on Incremental Investment When Initial 
Flows Are Equal 

Consider the following two mutually exclusive investment projects that require the 
same amount of investment: 

0 -$9,000 -$9,000 

1 $480 $5,800 

2 $3,700 $3,250 

3 $6,550 $2,000 

4 $3.780 SLlfil 
IRR 18% 20% 

Which project would you select on the basis of rate of return on incremental 
investment, assuming that MARR = 12%? (Once again, both projects are profit
able at 12%.) 

DISSECTING THE PROBLEM 

METHODOLOGY 

Given: Cash flows for two mutually exclusive alternatives as shown; 
MARR= 12%. 
Fmd: (a) The IRR on incremental investment and (b) which alterna
tive is preferable. 

SOLUTION 

(a) When initial investments are equal, we progress through the cash 
flows until we find the first difference and then set up the increment 
so that this first nonzero flow is negative (i.e., an investment). Thus, 
we set up the incremental investment by taking (Cl - C2): 

0 $0 

1 -$5,320 

2 $450 

3 $4,550 

4 $2,219 

We next set the PW equation equal to zero, as follows: 

-$5,320+$450(P/F,i,1) + $4,SSO(P/F,i,2) 

+ $2,219(P/F,i,3) = 0. 

(b) Solvingforiyieldsi* = 14.71 %, which is also an IRR,since the incre
ment is a simple investment. Since IRRct-C2 = 14.71 % > MARR, 
we would select Cl. If we used PW analysis, we would obtain 
PW(l2%)c1 = $1,443andPW(12%)C2 = $1,185,confirmingthe 
preference of Cl over C2. 
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COMMENTS: When you have more than two mutually exclusive alternatives, they 
can be compared in pairs by successive examination. as shown in Figure 7.8. 

n 01 D2 

0 -$2,000 -$1,000 

1 $1,500 $800 

2 $1,000 $500 

3 $800 $500 

fRR'i .34~37% 4(U61Jb 

D3 

-$3,000 

$1,500 

$2,000 

$1,000 

24.81% 

Step I: Examine the IRR for each 
project in order to eliminate any project 
that fails to meet the MARR(= 15%). 

Step 2: Compare DI and D2 in pairs: 
IRRm-02 = 27.61% > 15%, 

so select DI. 

Step 3: Compare D1 and D3: 
IRRm-DI = 8.8% < 15%, 

so select DI. 

Here, we conclude that DI is the best alternative. 

Figure 7 .8 IRR on incremental investment: Three alternatives 

EXAMPLE 7.9 Incremental Analysis for Cost-Only Projects 

Falk Corporation is considering two types of manufacturing systems to produce 
its shaft couplings over six years: (1) a cellular manufacturing system (CMS) and 
(2) a flexible manufacturing system (FMS). The average number of pieces to be 
produced on either system would be 544,000 per year. Operating costs, initial 
investment, and salvage value for each alternative are estimated as follows: 

Investment 
Total annual operating costs 
Net salvage value 

$4,500,000 

$7,412,920 

$500,000 

$ 12,500,000 

$5,504,100 

$1,000,000 

The firm's MARR is 15%. Which alternative would be a better choice based on the 
IRR criterion? 

---~ -·-------~--

DISSECTING THE PROBLEM 

Since we can assume that both man
ufacturing systems would provide 
the same level of revenues over the 
analysis period, we can compare these 
alternatives on the basis of cost only. 
(These systems are service projects.) 
Although we cannot compute the 
IRR for each option without knowing 
the revenue figures, we can still cal
culate the IRR on incremental cash 
flows. Since the FMS option requires 
a higher initial investment than that 
of the CMS, the incremental cash flow 
is the difference ( FMS - CMS). 

Given: Cash flows shown in Figure 7.9 and i = 15% per year. 
Find: Incremental cash flows, and select the better alternative 
based on the IRR criterion. 

0 -$4,500,000 -$12,500,000 -$8,000,000 
1 -$7,412,920 -$5,504,100 $1,908,820 
2 -$7,412,920 -$5,504,100 $1,908,820 
3 -$7,412,920 -$5,504,100 $1,908,820 
4 -$7,412,920 -$5,504,100 $1,908,820 
5 -$7,412,920 -$5,504,100 $1,908,820 
6 -$7,412,920 } -$5,504,100 } 

I+ s5oo,oool "1st ,ooo.oool 
$2,408,820 



METHODOLOGY 

Solve for i using Excel. 

0 

$4,500,000 

0 

$12,500,000 

0 
I 
I 

t 
$8,000,000 

t 
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2 

2 

CMS Option 
Years 

3 

$7.412,920 

FMSOption 
Years 

3 

$5,504,100 

$1,908,820 

4 

4 

t t t 
2 3 4 

Years 
Incremental cash Dow 

(FMS option-CMS option) 

$500,000 

5 6 

$1,000,000 

5 6 

$2,408,820 

t 1 
5 6 

Figure 7.9 Cash flow diagrams for comparing cost-only 
projects 

PW(i)FMS-CMS = -$8,000,000 + $1,908,820(P/A, i, 5) 

+$2,408,820(P/F, i, 6) = 0. 
·-·~--- --- -------------~---~-------- ------~--------- ---

SOLUTION 

Solving for i by Excel yields 12.43%. Since IBRFMs-cMs = 12.43% < 
15%, we would select CMS. Although the FMS would provide an 
incremental annual savings of $1,908,820 in operating costs, the 

L_savings do not justify the incremental investment of $8,000,000: ... ------

COMMENTS: Note that the CMS option was marginally preferred to the FMS 
option. However, there are dangers in relying solely on the easily quantified savings 
in input factors-such as labor, energy, and materials-from FMS and in not consid
ering gains from improved manufacturing performance that are more difficult and 
subjective to quantify. Factors such as improved product quality, increased manu
facturing flexibility (rapid response to customer demand), reduced inventory levels, 
and increased capacity for product innovation are frequently ignored in financial 
analysis because we have inadequate means for quantifying their benefits. If these 
intangible benefits were considered, as they ought to be, however, the FMS option 
could come out better than the CMS option. 
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7.4.3 Handling Unequal Service Lives 
In Chapters 5 and 6, we discussed the use of the PW and AE criteria as bases for compar
ing projects with unequal lives. The IRR measure can also be used to compare projects 
with unequal lives as long as we can establish a common analysis period. The decision 
procedure is then exactly the same as for projects with equal lives. It is likely, however, 
that we will have a multiple-root problem, which creates a substantial computational 
burden. For example, suppose we apply the IRR measure to a case in which one project 
has a five-year life and the other project has an eight-year life, resulting in a least com
mon multiple of 40 years. Moreover, when we determine the incremental cash flows 
over the analysis period, we are bound to observe many sign changes. 8 

Example 7.10 compares mutually exclusive projects where the incremental cash 
flow series results in several sign changes. 

EXAMPLE 7. I 0 Comparing Unequal-Service-Life Problems 

Reconsider the unequal-service-life problem given in Example 5.8. Select the 
desired alternative on the basis of the rate-of-return criterion. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Use an Excel worksheet to prepare 
incremental cash flows. 

Given: Cash flows for unequal-service-life projects as shown in 
Figure 5.13, and MARR= 12%. 

Find: Which project should be selected? 

SOLUTION 

Since each model has a shorter life than the required service period 
(five years), we need to make an explicit assumption of how the 
service requirement is to be met. With the leasing assumption given 
in Figure 7.10, the incremental cash flows would look like Table 7.3. 

Note that there are three sign changes in the incremental cash 
flows, indicating a possibility of multiple rates of return. However, 
there is a unique rate of return on this incremental cash flow series, 
namely, 3.90%.9 Since this rate of return on incremental cash flow 
is less than the MARR of 12%, Option 2 is a better choice. This was 
the same conclusion that we reached in Example 5.8. 

8 This factor leads to the possibility of having many i*s. Once again. if you desire to find the true rate of 
return on this incremental cash flow series. you need to refer to Chapter 7 A. 
'I In Chapter 7 A, a project with this type of cash flow series is known as a pure im·estrnent. 



Oplion I: Com·cyor 
Sys1cm 

Oplion 2: Lifl Trucks 

lncremen1al Cash Flow 
Oplion I - Op1ion 2 

$6.0oo 

$13.000 

$ 18,000 
O\crhoul u~cx1cnd 
-en ice hrc : 

' 
S68.000 

$4.000 

0_~ __ 2 __ 3 _ _ 4 __ s __ .... (i_1 _1 __ s __ 1J __ : 10 

$ l5.000 

$40.000 
S2.000 

0 2 3 4 5 

$28.000 

$ 10 ,()()() 

6.000 

6 7 8 

$ 1(),()()() ~'v 
$8,~JV\) 

C) : 10 
' 

SS.000 Requi red 
sen ice 
pe riod 

Figure 7. 10 Incre me ntal analysis (Option l - Option 2) - hcrc we subtract Option 2 
from Option I because Option I is a more costly al te rnative 

TABLE 7.3 An Excel Works heet to Illustrate How to Prepnre the 
Incremental Cash f lows 

A I B I c D 

1 Example 7.10 - Comparing Unequal-Service-Li fe Problems 
2 

3 I Option 1 I Option 2 l Incremental 
4 I Conveyor Systems I Lift Trucks Option 1 - Option 2 
5 
6 0 $ (68,00011 $ (40,00Q)l $ (?8,000) - -
7 1 s (13,000ll s (15,000) $ 2,000 
8 2 $ (13,000) s (1 5,000) $ 2,000 

(13.oooi l s 
--

.J!_ 3 s (1?,.00.Q} $ 2,000 
(13,0001

1 

s (15,0001 
--

.J.Q. 4 $ $ 2,000 --
11 5 s (13 ,000)~ (15,000) $ 2,000 .__ 
12 6 s (13,000) s (19,000) $ 6,000 .__ -

.J1. 7 s (1 3,000) s (23,000), s 10,000 -
14 8 s (31 ,000) s ~3.000) s (8,000) -
15 9 s (13,000) s (23,000), s 10,000 ,___ -
16 10 s (7,000) s (15,000 s 8,000 
17 
18 -+ Incremental IRR - 3.90% ,___ 

~ 
19 ,___ 

t I =IRR(D6:D16, 15o/o) 20 ,___ --
21 
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SUMMARY 
• Rate of return (ROR) is the inte rest rate earned on unrecovered project ba lances 

such that an investment's cash receipts make the terminal project balance equal to 
zero. Rate of re turn is an intuitively fam iliar and understandable measure of project 
profitability that many managers prefer over PW or orher equiva le nce measures. 

• Mathematically, we can dete rmine the rate of re turn for a given project 's cash flow 
series by identifying an inte rest rate that equates the present worth (annual equiva
lent or future worth) of its cash flows to zero. Th is break-even inte rest rate is deno ted 
by the symbol i*. 

• Internal rate of return (IRR) is another term for ROR that s tresses the fact that we 
are concerned with the inte rest earned on the portion of the project th at is i111emnlly 
invested, not with those portions that are re leased by (borrowed from) the project. 

• To apply rate-of-re turn analysis correctly. we need to classify an in vestme nt as either 
a simple investment or a nonsimple investment. A simple investment is de fined as an 
investment in which the ini tial cash flows are negati ve and only one sign change in 
the ne t cash flow occurs whereas a nonsimple investment is a n investment for which 
more than one s ign change in the cash flow series occurs. Multiple i*s occur only in 
nonsimple investments. H owever, no t a ll no nsimple investments will have multiple 
i*s as shown in Example 7.10. 

• For a simple investment, the calcula ted rate of re turn (i*) is the rate of re turn in ter-
nal to the project, so the decision rule is as follows: 

If IRR > MARR, accept the project. 

If JRR = MA RR, remain indifferent. 

If IRR < MARR, reject Lhe project. 

IRR analysis yie lds results consistent with PW and other equivalence methods. 

• For a nonsirn ple investment, because of the possibility of h aving multi ple rates of 
re turn, it is recommended that the !RR analysis be abandoned and e ither the PW or 
AE analysis be used to make an accept-or-reject decisio n. Procedures a re outlined 
in Chapter 7 A for de te rmining the rate of re turn inte rnal to nonsimple investments. 
Once you find tbe IRR (or re turn on invested capita l) , you can use the sa me decision 
rule for simple investments. 

• When properly selecting among alte rnative projects by lRR analysis, you must use 
incremental investment . 

• Our purpose is not to encourage you 10 use the TRR approach to compare projects 
with unequal ljves; rathe r, it is to show the correct way to compare them if the IRR 
approach must be used. 

SELF-TEST QUESTIONS 
7s.l Google Jnc. went public on August 20, 2004. The initia l public offering price was 

$108 per share. If the stock traded al $490.92 on August 19, 2011. what would the 
compound annual re turn on investment be for the investors who purchased the 
stock and he ld it fo r e ight years? 



(a) 354% 
(b)44.31% 
(c) 20.89% 
(d) 71 % 

7s.2 You are considering an open-pit mining operation. The cash flow pattern is 
somewhat unusual since you must invest in some mining equipment, conduct 
operations for two years, and then restore the sites to their original condition. 
You estimate the net cash flows to be as follows: 

0 -$1,600,000 

1 1,500,000 

2 1,500,000 

3 -700,000 

What is the approximate rate of return of this investment? 
(a) 25% 
(b)38% 
(c) 42% 
(d)62% 

7s.3 The following infinite cash flow has a rate of return of 20%. Compute the 
unknown value of X. 

0 

$16,205 

(a) $3,028 
(b)$5,510 
(c) $5,028 
(d) $5,236 

'' '; 

$2000 

x 
• ,, 
I. 
I ... .... 

~-' ._,_,. _:,: ._,_ .. 

x

' I· 
I' ... 
I ,,,,.., 

--3----- -4: 
/ 

/ 

$2000 

6 

x • 
7 

--- .. ------ ----~ Repeating pattern 

x • I 

:-a 
I 
I 

8 

7s.4 Consider the investment project with the net cash flows as shown in the follow
ing table. What would be the value of X if the project's IRR is 23%? 

Mv~~@!1(1"f14~l!!Jtiji~ li1:i('.'~TI 
0 -$12,000 

1 $2,500 

2 $5,500 

3 x 
4 x 
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(a) $4,500 
(b)$4,750 
(c) $6,890 
(d)$6,500 

7s.5 You purchased a stamping machine for $100,000 to produce a new line of prod
ucts. The stamping machine will be used for five years, and the expected salvage 
value of the machine is 20% of the initial cost. The annual operating and main
tenance costs amount to $30,000. If each part stamped generates $12 revenue, 
how many parts should be stamped each year just to break even? Assume that 
you require a 15% return on your investment. 
(a) 5,000 
(b)4,739 
(c) 4,488 
(d)2,238 

7s.6 You are considering purchasing a new punch press machine. This machine will 
have an estimated service life of 10 years. The expected after-tax salvage value at 
the end of service life will be 10% of the purchase cost. Its annual after-tax oper
ating cash flows are estimated to be $60,000. If you can purchase the machine at 
$308,758, what is the expected rate of return on this investment? 
(a) 12% 
(b) 13.6% 
(c) 15% 
(d) 17.2% 

7s.7 Consider the following projects' cash flows: 

0 -$1,000 -$3,000 

1 $200 $2,000 

2 $500 $2,000 

3 $600 -$1,500 

4 $400 $2,000 

Which of the following statements is correct? 
(a) Project A is the only simple investment. 

$2,000 -$4,000 

-$600 -$1,000 

-$600 $6,000 

-$600 0 

-$600 $2,000 

(b) Project A and D arc the only projects that will have a unique positive rate of 
return. 

(c) Project Bis the only nonsimple investment. 
(d) None of the above. 

7s.8 You are evaluating five investment projects. You have already calculated the rate 
of return for each alternative investment and incremental rate of return for the 
two alternatives. In calculating the incremental rate of return, a lower cost invest
ment project is subtracted from the higher cost investment project. All rate of 
return figures are rounded to the nearest integers. 



A 35,000 12 28 20 36 27 

B 45,000 15 12 40 22 

c 50,000 13 42 25 
D 65,000 20 -5 

E 80,000 18 

If all investment alternatives are mutually exclusive and the MARR is 12%, 
which alternative should be chosen? 
(a) D 
(b)E 
(c) B 
(d) Do nothing 

7s.9 Consider the following project balance profiles for proposed investment projects. 

Project Balances 

·n·i-.:/Y::<J0·/.•/i:'i'\:\:/i.f ... :.:;s:;;:~j~'~r;.tX1b~~~~:mfR~~f€&TI!fill 
0 

1 

2 

NPW 

Rate used 

-$600 

200 

300 

15% 

-$500 

300 

650 

$416.00 

? 

-$200 

0 

150 

Statement 1-For Project A, the cash now at the end of year 2 is $100. 
Statement 2-For Project C, its net future worth at the end of year 2 is $150. 
Statement 3-For Project B, the interest rate used is 25%. 
Statement 4-For Project A, the rate of return should be greater than 15%. 

Which of the statement(s) above is (are) correct? 
(a) Just Statements 1 and 2 
(b) Just Statements 2 and 3 
(c) Just Statements 1 and 3 
( d) Just Statements 2, 3, and 4 

7s.10 Consider the following investment projects. 

0 

1 

2 

IRR 

-$1,200 

600 

1,000 

19.65% 

-$2,000 

1,500 

1,000 

17.54% 
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Determine the range of MARR for which Project 2 would be preferred over 
Project 1. 
(a) MARR s 12.5% 
(b) 13% s MARR s 15% 
(c) 16% s MARR 
(d) Not enough information to determine 

7s.11 The following information on two mutually exclusive projects is given below: 

0 -3.000 -s.ooo 
1 1.350 1,350 

2 1,800 1.800 

3 1,500 5,406 

IRR 25% 25% 

Which of the following statements is correct? 
(a) Since the two projects have the same rate of return, they are indifferent. 
(b) Project A would be a better choice because the required investment is small

er with the same rate of return. 
(c) Project B would be a better choice as long as the investor's MARR is less 

than 25%. 
(d) Project Bis a better choice regardless of the investor's MARR. 

PROBLEMS 
Note: The symbol i* represents the interest rate that makes the present worth of the 
project equal to zero. The acronym IRR represents the internal rate of return of the 
investment. For a simple investment, IRR = i*. For a nonsimple investment, i* gener
ally is not equal to IRR. 

Concept of Rate of Return 
7.1 If you invest $2,000 in a stock and its value is doubled in five years, what is the 

return on your stock investment? 

7.2 You purchased a piece of property at $450,000 six years ago. You can sell the 
property at $650,000. What is the rate of return on this real estate investment? 

7.3 Suppose you deposited $1,200 five years ago and another $800 three years ago in 
your savings account. If your current account balance shows $2,800, what is the 
rate of return on your deposit? 

7.4 Assume that you are going to buy a new car worth $28,000. You will be able to 
make a down payment of $5,000. The remaining $23,000 will be financed by the 
dealer. The dealer computes your monthly payment to be $1540, for 60 months 
of financing. What is the dealer's annual rate of return on this car loan? 

7.5 Mr. Smith wishes to sell a bond that has a face value of $1,000. The bond bears 
an interest rate (coupon rate) of 7.5%, with bond interest payable semiannually. 
Four years ago, the bond was purchased at $900. At least a 9% annual return 



(APR) on the investment is desired. What must be the minimum selling price now 
for the bond in order for Mr. Smith to make the desired return on the investment 
after making eight interest payments? 

7.6 The city of Houston made a $10 million public investment in the arts five years 
ago and the citizens of Houston are getting a 54% rate of return on their tax 
investment. What kind of proceeds from the investment in the arts is being made? 

7.7 John Whitney Payson, who purchased a painting by Vincent van Gogh for 
$80,000 in 1947, sold it for $53.9 million in 1988. If Mr. Payson had invested his 
$80,000 in another investment vehicle (such as stock), how much annual interest 
would he need to have earned in order to accumulate the same wealth as he did 
from the painting investment? Assume for simplicity that the investment period 
is 40 years and that the interest is compounded annually. 

Methods for Finding Rate of Return 

7.8 You are purchasing a factory at $550,000. Your projected cash flow streams from 
the factory will be $135,000 in year 1, $152,000 in year 2, and $285,000 in year 3. 
What is the rate of return on this factory investment? 

7.9 Best Foods forecasts the following cash flows on a special meat packing operation 
under consideration. 

What is the rate of return on this investment'? 

7.10 Consider a project that will bring in upfront cash inflows for the first two years 
but require paying some money to close the project in the third year. 

This is a simple borrowing project. Determine the borrowing rate of return. 

7.11 Consider four projects with the following sequences of cash flows: 

Net Cash Flow 

0 -$25,000 -$23,000 $43,233 -$56,500 

$12,000 $32,000 -$18,000 -$2,500 

2 $23,000 $32,000 -$18,000 -$6,459 

3 $34,000 -$25,000 -$18,000 $88,345 
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(a) Identify all the simple investments. 
(b) Identify all the nonsimple investments. 
(c) Compute the i* for each project using Excel. 
(d) Which project has no rate of return? 

7.12 Consider an investment project with the following net cash flows: 

i:iit~~~1Ui1if~~'.~l¢,~ij\jj~W'.i1 
0 -$1,500 

1 x 
2 $650 

3 x 

What would be the value of X if the project's IRR is 10%? 

7.13 Consider the investment project with the following net cash flows: 

0 -$12,000 

1 $2,500 

2 $5,500 

3 x 
4 x 

What would be the value of X if the project's IRR is 25%? 

7.14 An investor bought 100 shares of stock at a cost of $10 per share. He held the 
stock for 15 years and then sold it for a total of $4,000. For the first three years, 
he received no dividends. For each of the next seven years, he received total 
dividends of $50 per year. For the remaining period, he received total dividends 
of $100 per year. What rate of return did he make on the investment? 

7.15 Consider the following sets of investment projects: 

Net Cash Flow 

0 -$250 -$200 -$70 -$300 -$90 

1 $60 $90 $20 $220 -$100 

2 $970 $90 $10 $40 -$50 

3 $60 SS $40 $0 

4 $60 -$180 -$20 $150 

s $60 $40 $150 

6 $50 $30 $100 

7 $40 $100 

8 $30 

9 $20 

10 $10 



(a) Classify each project as either simple or nonsimple. 
(b) Compute the i* for Project A, using the quadratic equation. 
(c) Obtain the rate(s) of return for each project by plotting the PW as a function 

of interest rate. 

7. I 6 Consider the following projects: 

Net Cash Flow 

0 -$1,800 -$1,900 -$2,200 

1 $500 $800 $5,600 

2 $100 $600 $4,900 

3 $100 $500 -$3,000 

4 $1,000 $700 -$7,000 

5 -$1,400 

6 $2,100 

7 $900 

(a) Classify each project as either simple or nonsimple. 
(b) Identify all positive i*s for each project. 

-$3,000 

$360 

$4,675 

$2,288 

(c) Plot the present worth as a function of interest rate (i) for each project. 

7.17 Consider the following financial data for a project: 

Initial investment 

Project life 

Salvage value 

Annual revenue 

Annual expenses (including income taxes) 

(a) What is the i* for this project? 

$20,000 

Syears 

$0 

$9,500 

$3,400 

(b) If the annual expenses increase at a 7% rate over the previous year's expenses, 
but annual revenue is unchanged, what is the new i*? 

Internal-Rate-of-Return Criterion 
7. 18 A corporation is considering purchasing a machine that will save $200,000 per year 

before taxes. The cost of operating the machine, including maintenance, is $80,000 
per year. The machine, costing $150,000, will be needed for five years after which it 
will have a salvage value of $25,000. If the firm wants a 15% rate of return before 
taxes, what is the net present value of the cash flows generated from this machine? 

7.19 Consider an investment project with the following cash flows: 

0 -$5,000 

1 $0 

2 $4,840 

3 $1,331 

ComputcthelRRforthisinvestment.lsthisprojectacceptablcatMARR = 10%? 
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7.20 Consider the following project's cash flows: 

0 -$3,000 

$800 

2 $900 

3 x 

Assume that the project's IRR is 10%. 
(a) Find the value of X. 
(b) Is this project acceptable at MARR = 8%? 

7.21 You arc considering a luxury apartment building project that requires an invest
ment of $12,500,000. The building has 50 units. You expect that the maintenance 
cost for the apartment building will be $250,000 in the first year, and to rise 
to $300,000 in the second year, and to continue to increase by $50,000 in sub
sequent years. The cost to hire a manager for the building is estimated to be 
$80,000 per year. After five years of operation, the apartment building can be 
sold for $14,000,000. What annual rent per apartment unit will provide a return 
on investment of 15%? Assume that the building will remain fully occupied 
during the five years. 

7.22 A machine costing $25,000 to buy and $3,000 per year to operate will save 
mainly labor expenses in packaging over six years. The anticipated salvage value 
of the machine at the end of six years is $5,000. For the machine to recoup a 12% 
return on investment (rate of return), what minimum required annual savings in 
labor must this machine provide? 

7.23 You are considering a CNC machine. This machine will have an estimated 
service life of 10 years with a salvage value of 10% of the investment cost. Its 
expected savings from annual operating and maintenance costs are estimated 
to be $60,000. To expect a 15% rate of return on investment, what would be the 
maximum amount that you arc willing to pay for the machine? 

7.24 Your firm has purchased an injection molding machine at a cost of $100,000. The 
machine's useful life is estimated to be eight years. Your accounting department 
has estimated the capital cost for this machine at about $25,455 per year. To 
expect a 15% return on your investment, how much additional annual revenue 
(after deducting any operating expenses) must be generated? 

7.25 Champion Chemical Corporation is planning to expand one of its propylene 
manufacturing facilities. At /1 = 0, a piece of property costing $1.5 million 
must be purchased for the expanded plant site. The building, which needs to be 
expanded at the beginning of the first year, costs $3 million. At the end of the 
first year, the company needs to spend about $4 million on equipment and other 
start-up needs. Once the plant becomes operational, it will generate revenue 
in the amount of $3.5 million during the first operating year. This amount will 
increase at an annual rate of 5% over the previous year's revenue for the next 
nine years. After l 0 years. the sales revenue will stay constant for another 3 years 
before the operation is phased out. (The plant will have a project life of 13 years 
after construction.) The expected salvage value of the land would be about 



$2 million, the building about $1.4 million, and the equipment about $500,000. 
The annual operating and maintenance costs are estimated to be about 40% of 
the sales revenue each year. What is the IRR for this investment? If the com
pany's MARR is 15%, determine whether this expansion is a good investment. 
(Assume that all figures include the effect of income tax.) 

7.26 Recent technology has made possible a computerized vending machine that can 
grind coffee beans and brew fresh coffee on demand. The computer also makes 
possible such complicated functions as changing $5 and $10 bills and tracking 
the age of an item and then moving the oldest stock to the front of the line, thus 
cutting down on spoilage. With a price tag of $4,500 for each unit, Easy Snack has 
estimated the cash flows in millions of dollars over the product's six-year useful 
life, including the initial investment, as follows: 

0 -$20 

1 $8 

2 $17 

3 $19 

4 $18 

s $10 

6 $3 

(a) If the firm's MARR is 18%, is this product worth marketing according to the 
IRR criterion? 

(b) If the required investment remains unchanged but the future cash flows are 
expected to be 10% higher than the original estimates, how much increase in 
IRR do you expect? 

(c) If the required investment has increased from $20 million to $22 million but 
the expected future cash flows are projected to be 10% smaller than the 
original estimates, how much decrease in IRR do you expect? 

7.27 InterCell Company wants to participate in the upcoming World's Fair in Korea. 
To participate, the firm needs to spend $1.5 million in year 0 to develop a show
case. The showcase will produce a cash flow of $3.75 million at the end of year 1. 
Then at the end of year 2, $2.31 million must be expended to restore the land 
on which the showcase was presented to its original condition. Therefore, the 
project's expected net cash flows are as follows (in thousands of dollars): 

0 -$1,SOO 

1 $3,750 
2 -$2,310 

(a) Plot the present worth of this investment as a function of i. 
(b) Compute the i*s for this investment. Is this a pure investment? 
( c) Would you accept this investment at MARR= 14 % ? 
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Incremental-Investment Analysis for Comparing Mutually 
Exclusive Alternatives 

7.28 Consider two investments with the fo llowing sequences of cash flows: 

Net Cush Flow 

II Project A Project B 

0 -$30.000 -$15,000 

I $2,000 $LO,OOO 

2 $6,000 $10,000 

3 $12,000 $10,000 

4 $24 .000 $10,000 

5 $28,000 $5.000 

(a) Compute the r:' for each investme nt. 
(b) Plot the present-worth curve for each project on the same chart and find the 

inte rest rate that makes lhe two projects eq uivale nt. 
(c) Tf A and Bare mutually exclusive investment projects, which project is more 

economically desirable a t MARR of 15%? 

7.29 Consider two investments with the fo llowing sequences of cash nows: 

Net Cash !"low 

n Project A Project B 

0 -$3,000 -$3,000 

I $1,500 $300 

2 $1.200 $600 

3 $600 $600 

4 $600 $1,200 

5 $300 $2, 100 

At MARR of 12%, which project would you select? 

7.30 Conside r two investmellls with the following sequences of cash flows: 

Net Cash Flow 

n Project A Project B 

0 - $150,000 -$120,000 

$30,000 $25,000 

2 $25.000 $15,000 

3 $120,000 $110.000 

(a) Compute the TRR for each investment. 
(b) At MARR = 15% . de termine the acceptability of each project. 
(c) If A and Bare mutually excl usive projects. which project would you select 

o n the basis o f the ra te of re turn on incre ment al investment? 



7.31 Consider two investments with the following sequences of cash flows: 

0 

1 

2 

3 

Net Cash Flow 

-$100.000 

$10.SOO 

$60,000 

$80,000 

-$100.000 

$70,000 

$50,000 

$20,500 

(a) Compute the IRR for each investment. 
(b) At MARR = 10%, determine the acceptability of each project. 
(c) If A and Bare mutually exclusive projects, which project would you select 

on the basis of the rate of return on incremental investment? 

7.32 With $10,000 available, you have two investment options. The first option is to 
buy a certificate of deposit from a bank at an interest rate of 10% annually for 
five years. The second choice is to purchase a bond for $10,000 and invest the 
bond's interest payments in the bank at an interest rate of 9%. The bond pays 
10% interest annually and will mature at its face value of $10,000 in five years. 
Which option is better? Assume your MARR is 9% per year. 

7.33 Consider the following two mutually exclusive investment projects: 

Net Cash Flow 

.. '::oD~atr.·~:'._)J=·.~=)i=:,;·s.~v;;=.Mm:i~}~I~~![JJ}(?DW~:i'l.imJ~'~fi~.:MlWKC 
0 

1 

2 

IRR 

-$2,200 

1,200 

1,650 

18.07% 

-$2,000 

1,200 

1,400 

18.88% 

Determine the range of MARR where Project 2 would be preferred over Project 
1 with "do-nothing" alternative. 
(a) MARR :5 11.80% 
(b) MARR :::: 11.80% 
(c) 11.80% :5 MARR :5 18.88% 
(d) MARR :5 18.88% 

7.34 A manufacturing firm is considering the following mutually exclusive alternatives: 

Net Cash Flow 

·.'·:-:r~_:@·;·,.:.::.'.U~Jfi-~Tf\fffS-fi3:¥~~J~~w~ 
0 

1 
2 

-$2,000 

$1,400 

$1,640 

-$3,000 

$2,400 

$2,000 

Determine which project is a better choice at MARR = 15% on the basis of the 
IRR criterion. 
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7.35 Consider the following two mutually exclusive alternatives: 

1 

2 

3 

Net Cash Flow 

$5,000 

$5,000 

$5,000 

$6,100 

$6,100 

$6,100 

(a) Determine the IRR on the incremental investment in the amount of$2,000. 

(b) If the firm's MARR is 10%, which alternative is the better choice? 

7.36 Consider the following two mutually exclusive investment alternatives: 

7.37 

Net Cash Flow 

0 -$16,000 -$20,000 

1 $7,500 $5,000 

2 $7,500 $15,000 

3 $7,500 $8,000 

IRR 19.19% 17.65% 

(a) Determine the IRR on the incremental investment in the amount of $4,000. 
(Assume that MARR= 10%.) 

(b) If the firm's MARR is 10%, which alternative is the better choice? 

Consider the following two investment alternatives: 

Net Cash Flow 

0 -$10,000 

1 $5,500 

2 $5,500 

3 $5,500 

IRR 30% 

PW(1S%) ? 

The firm's MARR is known to be 15%. 
(a) Compute the IRR of Project B. 
(b) Compute the PW of Project A. 

-$20,000 

$0 

$0 

$40,000 

? 

$6,300 

( c) Suppose that Projects A and Bare mutually exclusive. Using the IRR, which 
project would you select? 

7.38 You are considering two types of automobiles. Model A costs $18,000, and 
Model B costs $15,624.Although the two models are essentially the same, Model 
A can be sold for $9,000 after four years of use while Model B can be sold for 
$6,500 after the same amount of time. Model A commands a better resale value 
because its styling is popular among young college students. Determine the rate 



of return on the incremental investment of $2,376. For what range of values of 
your MARR is Model A preferable? 

7.39 A plant engineer is considering two types of solar water-heating systems: 

Initial cost $5,000 $7,000 

Annual savings $700 $1,000 

Annual maintenance $100 $50 

Expected life 20years 20years 

Salvage value $400 $500 

The firm's MARR is 10%. On the basis of the IRR criterion, decide which sys
tem is the better choice. 

7.40 Fulton National Hospital is reviewing ways of cutting the costs for stocking medi
cal supplies. Two new stockless systems are being considered to lower the hospi
tal's holding and handling costs. The hospital's industrial engineer has compiled 
the relevant financial data for each system, as follows, where dollar values are in 
millions: 

Start-up cost $0 $2.5 $5 

Annual stock-holding cost $3 $L4 $0.2 

Annual operating cost $2 $1.5 $1.2 

System life Syears Syears Syears 

The system life of eight years represents the contract period with the medical 
suppliers. If the hospital's MARR is 10%, which system is more economical? 

7.41 Consider the following investment projects: 

0 

1 

2 

-$1,000 

$500 

$2,500 

Assume that MARR = 15%. 

Net Cash Flow 

-$5,000 

$7,500 

$600 

(a) Compute the IRR for each project. 

-$2,000 

$1,500 

$2,000 

(b) If the three projects are mutually exclusive investments, which project should 
be selected according to the IRR criterion? 

7.42 Consider the following two investment situations: 
II In 1980, when W.M. Company went public, 100 shares cost $1,650. That 

investment was worth $12,283,904 after 32 years (2012) with a rate of return 
of around 32%. 

Im In 1990, if you bought 100 shares of First Mutual Funds it would have cost 
$5,245. That investment would have been worth $289,556 after 22 years. 
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Which of the following statements is correct? 
(a) If you had bought only 50 shares of the W.M. Company stock in 1980 and 

kept them for 32 years, your rate of return would be 0.5 times 32%. 
(b) If you had bought 100 shares of First Mutual Funds in 1990, you would have 

made a profit at an annual rate of 30% on the funds remaining invested. 
(c) If you had bought 100 shares of W.M. Company in 1980 but sold them after 

IO years (assume that the W.M. Company stock value increased at an annual 
rate of 32% for the first 10 years) and immediately put all the proceeds into 
First Mutual Funds, then after 22 years the total worth of your investment 
would be around $1,462,885. 

(d) None of the above. 

7.43 The GeoStars Company, a leading wireless communication device manufacturer. 
is considering three cost-reduction proposals in its batch-job shop manufactur
ing operations. The company has already calculated rates of return for the three 
projects along with some incremental rates of return. A 0 denotes the do-nothing 
alternative. The required investments are $420,000forA1' $550,000 for A2• and 
$720,000 for A3• If the firm's MARR is 15%, which system should be selected? 

::::.iij~9!~~!@~-!i# ':·.i~~*fjl~I:iijJif~~·;~ift!~~'i' 
Ai -Ao 18% 

A2 -Ao 20% 

A3 -Ao 25% 

A2-A1 10% 

A3-A1 22% 

A3 -A2 23% 

7.44 An electronic circuit board manufacturer is considering six mutually exclusive 
cost-reduction projects for its PC-board manufacturing plant. All have lives of 
10 years and zero salvage value. The required investment, the estimated after-tax 
reduction in annual disbursements, and the gross rate of return arc given for each 
alternative in the following table: 

-;m;gwf!1.t1:1111&!!i~~!:!l@!;!~~~!l%tt%\~!~~;:!!Yle1~Ma.1.~)!f:ii.!'~-m-
A I $60,000 $22,000 34.8% 

A2 

A3 
A4 

As 

A6 

$100,000 

$110,000 

$120,000 

$140,000 

$150,000 

$28.200 25.2% 

$32,600 26.9% 

$33,600 25.0% 

$38,400 24.3% 

$42.200 25.1% 

llte rate of return on incremental investments is given for each project as follows: 

}~~~~~~i'I~l~~li':l[l,if~ll~~~:ifl!l~'!§~f!ll@1.::rn·· 
A2-A1 8.9% 

A3 -A2 42.7% 

A4-A3 0.0% 

As -A4 20.2% 

A6 -As 36.3% 



Which project would you select according to the rate of return on incremental 
investment if it is stated that the MARR is 15%? 

7.45 Suppose we have four mutually exclusive projects, D1, D2, D3, and D4, whose 
internal rates of return on incremental investment between the projects is given 
as follows: 

IRR (Dl - D2) = 27.62% 
IRR {Dl - D3) = 14.26% 
IRR {Dl - D4) = 25.24% 
IRR (D3 - D2) = 30.24% 
IRR (D2- D4) = 17.34% 
IRR (D3 - D4) = 16.14% 

Which project should be selected at MARR 15%? 

7.46 Baby Doll Shop currently manufactures wooden parts for dollhouses. Its 
sole worker is paid $8.10 an hour and, using a handsaw, can produce a year's 
required production (1,600 parts) in just eight weeks of 40 hours per week. 
That is, the worker averages five parts per hour when working by hand. The 
shop is considering the purchase of a power band saw with associated fixtures 
in order to improve the productivity of this operation. Three models of power 
saw could be purchased: Model A (economy version), Model B (high-powered 
version), and Model C (deluxe high-end version). The major operating differ
ence between these models is their speed of operation. The investment costs, 
including the required fixtures and other operating characteristics, are sum
marized as follows: 

Production rate (parts/hour) 5 10 15 20 
Labor hours required (hours/year) 320 160 107 80 
Annual labor cost (@ $8.10/hour) $2,592 $1,296 $867 $648 
Annual power cost $400 $420 $480 

Initial investment $4,000 $6,000 $7,000 
Salvage value $400 $600 $700 
Service life (years) 20 20 20 

Assume that MARR = 10%. Are there enough potential savings to make it 
economical to purchase any of the power band saws? Which model is most eco
nomical according to the rate-of-return principle? (Assume that any effect of 
income tax has already been considered in the dollar estimates.) (Source: This 
problem is adapted with the permission of Professor Peter Jackson of Cornell 
University.) 

7.47 An oil company is considering changing the size of a small pump that currently is 
in operation in an oil field. If the current pump is kept, it will extract 50% of the 
known crude oil reserve in the first year of operation and the remaining 50% in 
the second year. A pump larger than the current pump will cost $1.6 million, but 
it will extract 100% of the known reserve in the first year. The total oil revenues 
over the two years are the same for both pumps: $20 million. The advantage of 
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the large pump is that it allows 50% of the revenue to be realized a year earlier 
than the small pump. The two options are summarized as follows: 

Investment, year 0 $0 

Revenue, year 1 $10 million 

Revenue, year 2 $10 million 

$1.6 million 

$20 million 

$0 

If the firm's MARR is known to be 20%, what do you recommend, according to 
the IRR criterion? 

Unequal Service Lives 
7.48 Consider the following two mutually exclusive investment projects: 

Net Cash Flow 

0 -$100 -$200 

1 $60 $120 

2 $50 $150 

3 $50 

IRR 28.89% 21.65% 

Assume that MARR = 15%. Which project would be selected under an infinite 
planning horizon with project repeatability likely, according to the IRR criterion? 

7.49 A company has to decide between two machines that do the same job but have 
different lives. 

Net Cash Flow 

-$40,000 -$55,000 

-$15,000 -$10,000 

-$15,000 -$10,000 
-$15,000 -$10,000 

-$10,000 

Which machine should the company buy, al an interest rate of 10%, based on the 
principle of internal rate of return? 

7.50 Consider the following two mutually exclusive investment projects: 

0 

1 

Net Cash Flow 

-$10,000 
$5,000 

2 $5,000 
3 $5,000 

-$15,000 

$20,000 



(a) To use the IRR crite rion, what assumption must be made in order to com
pare a set of mutua lly exclusive investments with unequal service lives? 

(b) With the assumption defined in part (a). determine the range of MARR that 
will indicate the selection of Project A I. 

Short Case Studies w ith Excel 
7.51 Merco, Inc .. a machinery builder in Louisville. Kentucky. is considering making 

an investment of $ 1.250,000 in a complete structu ra l-bcam-fllbrica tion system. 
The increased productivity resulting from the installation of the drilling system 
is central to the project's justification. Merco estimates the following figures as a 
basis for calculating producti vity: 
• Increased fabrica ted-steel production: 2,000 LOns/year 
• Average sales price per ton of fabricated steel: $2,566.50 
• Labor rate: $ I 0.50/hour 
• Tons of steel produced in a year: LS.000 
• Cost of steel per ton (2.205 lb):$ 1.950 
• Number of workers on layout. hole making. sawing, and material handling: 17 
• Additional maintena nce cost: $128.500/year 

With the cost of steel at S 1.950 per ton and the direct-labor cost of fabrica ting 
l lb at 10 cents. the cost of producing a ton of fabricated steel is about $2. 170.50. 
With a selling price of $2.566.50 per ton. the resulling contribution to overhead 
and profit becomes $396 per ton. Assuming that Merco will be able to sustain 
an increased production of 2.000 tons per year by purcha ing the system. the 
projected additional contribution has been estimated to be 2.000 tons X $396 = 
$792.000. 

Since the drilling system has the capacity to fabrica te the full range of struc
tural steel. two workers can run the system. one operating the saw and the other 
operating the drill. A third worker is req uired to operate a crane for loading 
and unloading materials. Merco estimates that to perform equiva lent work with 
a conventional manufacturing system would require, on average, an additional 
14 people fo r center punching, hole making with a radial or magnetic dri ll. and 
material handling. ~n1is factor translates into a lnbor savings in the nmount of 
$294.000 per year ( 14 x $ 10.50 x 40hours/week x 50wceks/ycar ). The sys
tem can last for 15 yea rs with an estimated after-tax salvage value of $80.000. 
However. after nn annual deduction of $226.000 in corporate incom<.: taxes. the 
net investment costs. as well as savings, are as fo llows: 

• Project investment cost:$ L.250.000 
• Projected annual net savings: 

( $792.000 + $29-t.000) - $128.500 - $226.000 = $73 1.500 

• Projected after-tax salvage value at the end of year IS: $80.000 
(a) What is the projected IRR on this investment? 
(b) If Merco·s MA RR is known to be 18%. is this investment justifi able'? 

7.52 Critics have charged that the commercial nuclear power industry docs not con
sider the cost of '·decommissioning." or .. mothballing," a nuclear power plant 
when doing an economic analysis and that the analysis is the refore unduly 
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optimistic. As an example, consider the Tennessee Valley Authority's Bellefont 
twin nuclear generating facility under construction at Scottsboro in northern 
Alabama. The initial cost is $1.5 billion, and the estimated life is 40 years. The 
annual operating and maintenance costs the first year are assumed to be 4.6% 
of the first cost in the first year and are expected to increase at the fixed rate of 
0.05% of the first cost each year. Annual revenues have been estimated to be 
three times the annual operating and maintenance costs throughout the life of 
the plant. From this information, comment on the following statements: 
(a) The criticism of excessive optimism in the economic analysis caused by the 

omission of mothballing costs is not justified since the addition of a cost to 
mothball the plant equal to 50% of the initial cost decreases the 10% rate of 
return only to approximately 9.9%. 

(b) If the estimated life of the plant is more realistically taken as 25 years instead 
of 40 years, then the criticism is justified. When the life is reduced to 25 years, 
the rate of return of approximately 9% without a mothballing cost drops to 
approximately 7.7% with a cost to mothball the plant equal to 50% of the 
initial cost added to the analysis. 

7 .53 The B&E Cooling Technology Company, a maker of automobile air conditioners, 
faces an impending deadline to phase out the traditional chilling technique, which 
uses chlorofluorocarbons (CFCs), a family of refrigerant chemicals believed to 
attack the earth's protective ozone layer. B&E has been pursuing other means 
of cooling and refrigeration. As a near-term solution, its engineers recommend 
a cooling technology known as an absorption chiller, which uses plain water as 
a refrigerant and semiconductors that cool down when charged with electricity. 
B&E is considering two options: 
II Option 1: Retrofit the plant now to adopt the absorption chiller and continu

ing to be a market leader in cooling technology. 
II Option 2: Defer the retrofit until the federal deadline, which is three years 

away. With expected improvement in cooling technology and technical know
how, the retrofitting cost will be cheaper then. But there will be tough market 
competition, and revenues would be less than that from Option 1. 

The financial data for the two options are as follows: 

::::-rn::,~: --;TI:TI-1]@_~~lTii@@filffifil--~~~~;~-~-TI@TI-~,~[.g~0s,-
Investment timing Now 3 years from now 

Initial investment $6 million $5 million 
System life 8 years Syears 

Salvage value $1 million $2 million 

Annual revenue $15 million $11 million 

Annual O&M costs $6million $7 million 

(a) What assumptions must be made in order to compare these two options? 
(b) If B&E's MARR is 15%, which option is the better choice according to the 

IRR criterion? 

7.54 Reconsider the chapter opening story about the return on investment on college 
education. According to a recent study, attending a university full-time costs the 
average student more than $17,000 a year. But here's the magic number that 



makes it all worthwhile: Over the years, university graduates earn an average of 
almost $10,000 a year more than high-school graduates do-and that's an after
tax figure. One recent attempt was made to estimate the median future earnings 
by two groups-high-school graduates and college graduates. Suppose that net 
incomes after n years from high-school graduation are as follows: 
Iii High-school graduates: Net income= $13,529 ln(n+17) -$14,788 
iii8 College graduates: Net income= $36,529 ln(n + 17) - $64,021, (n > 4) 

Here n represents the year after high school graduation. Now estimate your col
lege expenses for four years and determine the rate of return on your college 
education. 

But you would expect that some degrees to lead to more lucrative occupa
tions than others. It is the right time of year to take a fresh look at an old ques
tion: Why bother going to college? With all the accompanying fees and debts, is 
doing so still worth it? 
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CHAPTER 7A 
Resolution of Multiple 
Rates of Return 

T
o comprehend the nature of multiple i*s, we need to understand the invest
ment situation represented by any cash flow. TI1e net-investment test will 
indicate whether the i* computed represents the true rate of return earned 
on the money invested in a project while the money is actua lly in the project. 

As we shall see, the phenomeno n of multiple i*s occurs only when the ne t-investment 
test fails. When multiple positive rat es of re turn for a cash flow arc found , in general, 
none is suitable as a measure of project profitability, and we must proceed to the next 
analysis step: introducing an ex ternal rate of return. 

i'/!1!!111 Net-Investment Test 
A project is said to be a net investment when the project balances computed at the pro
ject's i* values, PB ( i* )"'are all less tlrnn or equal to zero throughout the life of the invest
ment with 110 < 0. TI1c investment is net in the sense tha t the firm does not overdraw 
on its re turn at any point and hence is nor indebted to the project. This type of project is 
called a pure inl'esfJuent. [On the other hand, pure borrowing is defined as the situation 
where PB ( i* )11 values a re a LI positive or zero throughout the life o f the loan. with Ao> 0. ] 
Simple i11ves1111ems ivill alivays be pure i11 vestme111s. Therefore, if a nonsimple project pass
es the net-investment test (i.e., it is a pure investment), then the accept-or-reject decision 
rule will be the same as in the simple-investment case given in Section 7.3 .2. 

Tf any of the project balances calculated at the project 's i* is positive, the project 
is not a pure investment. A positive project balance indicates that, at some time dur
ing the project life, the firm acts as a borrower [PB(i*),, > O] ra ther than an investor 
[PB ( i* ),, < O] in the project. This type of investment is called a mixed investment. 

EXAMPLE 7 A. I Pure versus Mixed Investments 

Consider the following four investment projects with known i* values: 

n A B c D 
0 -$1,000 -$1,000 -S l ,000 - $ 1.000 

I - $1,000 $1,600 $500 $3,900 

2 $2,000 - $300 -$500 - $5,030 
.., 
..) $1,500 - $200 $2,000 $2, 145 

i* 33.64% 21.95% 29.95% (10%,30%,50%) 

De termine which projects are pure investments. 
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SOLUTION 

Given: Four projects with cash flows and i*s as shown in the preceding table. 
Find: Which projects are pure investments. 
We will first compute the project balances at the projects' respective i*s. If multiple 
rates of return exist, we may use the largest value of i* greater than zero. (In fact, it 
does not matter which rate we use in applying the net-investment test. If one value 
passes the net-investment test, they will all pass. If one value fails, they will all fail.) 

Project A: 

PB(33.64% )0 = -$1,000; 

PB(33.64%) 1 = -$1,000(1 + 0.3364) + (-$1,000) = -$2,336.40; 

PB ( 33.64% )i = -$2,336.40 ( l + 0.3364) + $2,000 = -$I, 122.36; 

PB(33.64%)J = -$1,122.36(1 + 0.3364) + $1,500 = 0. 

(-, -, -, 0): Passes the net-investment test (pure investment). 

Project B: 

PB (21.95% )0 = -$1,000; 

PB(21.95%)i = -$1,000(1+0.2195) + $1,600 = $380.50; 

PB (21.95% h = +$380.50( 1 + 0.2195) - $300 = $164.02; 

PB(21.95%)J = +$164.02(1 + 0.2195) - $200 = 0. 

(-, +, +, 0): Fails the net-investment test (mixed investment). 

Project C: 

PB (29.95% )0 = -$1,000; 

PB(29.95%) 1 = -$1,000(1 + 0.2995)+ $500 = -$799.50; 

PB (29.95% )i = -$799,50{ I + 0.2995) - $500 = -$1,538.95; 

PB(29.95%)J = -$1.538.95(1+0.2995) +$2,000 = 0. 

( -, -, -, 0): Passes the net-investment test (pure investment). 

Project D: 

There are three rates of return. We can use any of them for the net-investment test. 
We use the third rate given, 50%, as follows: 

PB ( 50% )0 = -$1,000; 

PB{50%) 1 = -$1,000(1 + 0.50) + $3,900 = $2400; 

PB(50%h = +$2,400(1 + 0.50) - $5,030 = -$1,430; 

PB(50%h = +$1,430(1 + 0.50) - $2,145 = 0. 

( - , +. - . 0): Fails the net-investment test (mixed investment). 
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COMMENTS: As shown in Figure 7A.l, Projects A and C arc the only pure invest
ments. Project B demonstrates that the existence of a unique i* is a necessary, but 
not sufficient, condition for a pure investment. 

Project A ProjedB 
Pure Investment Mixed Investment 

3,000 3.<KK> 

2,000 2.<KJO 

1,000 l.IKKI 
~ 

() 
~ ii 0 

3 4 = () 
2 3 4 a.. 2 a. 

-1,000 N -1.000 N 

----l J:1~;22 
----

-2.000 -2.1100 

-3.000 
-2.236 ___ 

-3,IKKI 

Project C Project D 
Pure lnve~1ment Mixed Investment 

3.000 3.IKJO 2.400 -----
2,000 2.<KIO 

1,000 1.<KK> 
~ 0 ~ 0 

ii 0 
3 4 = () 

2 4 a. I 2 a. 
-1.000 r---- N -1,()()() N --- 1. ----

-799 ---- ----
-2.000 -1.539 - 2,()()() -1,430 

-3,000 -3.<KK) 

Figure 7A.I Net-investment test 

U9J The Need for an External Interest Rate 
Even for a nonsimple investment, in which there is only one positive rate of return, the 
project may fail the net-investment test, as demonstrated by Project Bin Example 7 A.I. 
In this case, the unique i* still may not be a true indicator of the project's profitability. 
That is, when we calculate the project balance at an i* for mixed investments, we no
tice an important point. Cash borrowed (released) from the project is assumed to earn 
the same interest rate through external investment as money that remains internally 
invested. In other words, in solving for a cash flow for an unknown interest rate, it is 
assumed that money released from a project can be reinvested to yield a rate of return 
equal to that received from the project. In fact, we have been making this assumption 
whether a cash flow produces a unique positive i* or not. Note that money is borrowed 
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from lhe project only when PB ( i*) > 0, and the magnitude of the borrowed amount 
is the project balance. When PB ( i*) < 0, no money is borrowed even though the cash 
now may be positive at Lhat time. 

In reality, it is not always possible for cash borrowed (released) from a project to 
be re invested to yield a rate of return equal to that received from the project. I nstcad, it 
is likely that the ra te of re turn availflble on a capital investment in the business is much 
different-usually higher-from the rate of return available on other ex ternal invest
ments. Tirns, it may be necessary to compute project ba lances for a project's cash flow 
at two different inte rest rates-one on the internal investment and one on the external 
investments. As we will see later. by separating the interest rates. we can measure the 
true rate of return of any internal portion of an investme nt project. 

Because the ne t-investment test is the only way to accurately predict project 
borrowing (i.e., exte rnal investment) , its significance now becomes clear. In order to 
ca lculate accurately a project's true IRR, we should always test a soluti on by the net
investment test and. if the test fa ils, take the further analytical step of introducing an 
external interest rate. Even the presence of a unique positive i* is a necessary, but not 
sufficient, condition to predict net investment. so if we rind a unique value, we should 
still subject the project to the net-investment test. 

il!SI Calculation of Return on Invested Capital 
for Mixed Investments 

A fa iled ne t-investment test indicates a combination of internal and exte rna l invest
ment. When this combination exjs ts, we must calculate a rate of re turn on the porlion 
of capital that remains invested inte rna lly. This rate is defined as the true IRR for the 
mixed investment and is commonly known as the return on invested capital (RIC). 

How do we determine the true I RR of a mixed investment? Insofar as a project is 
no1 a net invcstmenl. the money from one or more periods when the project has a net 
outflow of money (positi ve project ba lance) musl lat e r be re turned to the project. This 
mo ney can be put into the fam 's investment pool until such time when it is needed in 
the project. The inte rest rate of this investment pool is the inte rest rate a t which the 
money can, in fact , be invested outside the project. 

Recall that the PW method assumed that the interest rate charged to any funds 
withdrawn from a firm's investment pool would be equal to the MARR. In this book, 
we use the MA RR as a n established external interest rate (i.e., the rate earned by 
money invested outside of the project). We can the n compute the true lRR, or RIC, as 
a function of the MA RR by finding the va lue of IRR that will make the te rminal pro
ject balance equal to zero. (This definition implies that the firm wants to full y recover 
any investment made in the project and pays off any borrowed funds at the end of the 
project life.) This way of computing rate of return is an accurate measure of the profit
ability of the project rcprcsen1ed by the cash now. The following procedure outlines 
the steps for determining the I RR for a mixed investment: 

Step 1: ldenti fy the MARR (or exte rnal interest ra te). 

Step 2: Calculate PB (i,MARR),, o r simply PB,,, according to the following rule : 
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~ Comp'"y;, '"'"Uog 

Terminal 
balance 
PB(i*),v = 0 

\ 
\ 
\ 
\ 
\ 
\ 7 

Figure 7A.2 Computational logic to find the true IRR for a mixed investment 

PB ( i, MARR )o = Ao. 

PB (' MARR) = { PBoO + i) + A 1• if PB0 < 0. 
1
' 

1 PB0(l +MARR)+ A,, if PBo > 0. 

PB(' MARR) = {PB,.- 1(1 + i) +A,., if PB11 _1 < 0. 
'· II PB11-1< I + MARR) + A, •• if PB,._, > 0. 

(As defined in the text,A11 stands for the net cash flow at the end of period n. 
Note also that the terminal project balance must be zero.) 
Step 3: Determine the value of i by solving the terminal-project-balance 
equation: 

PB(i,MARR),. = 0. 

That interest rate is the IRR for the mixed investment. 
Using the MARR as an external interest rate, we may accept a project if the 

IRR exceeds MARR and should reject the project otherwise. Figure 7 A.2 summa
rizes the IRR computation for a mixed investment. 

EXAMPLE 7 A.2 IRR for a Nonsimple Project: Mixed 
Investment 

Reconsider the defense contractor's flight-simulator project in Example 7.6. 
The project was a nonsimple and mixed investment. To simplify the decision
making process, we abandoned the IRR criterion and used the PW to make an 
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accept-or-reject decision. Apply the procedures outlined in this chapter to find the 
true IRR, or return on invested capital, of this mixed investment: 

(a) Compute the IRR (RIC) for this project, assuming MARR= 15%. 
(b) Make an accept-or-reject decision based on the results in part (a). 

SOLUTION 

Given: Cash flow shown in Example 7.6; MARR= 15%. 
Find: (a) IRR and (b) determine whether to accept the project. 

(a) As calculated in Example 7.6, the project has multiple rates of return (10% 
and 20% ). This project is obviously not a pure investment as shown in the 
following table: 

Net-Investment Test Using I* = 20% 

Beginning balance $0 -$1,000 $1,100 

Return on investment $0 -$200 -$220 

Payment -$1,000 $2,300 -$1,320 

Ending balance -$1,000 $1,100 $0 

(Unit: $1,000) 

Because the net-investment test indicates external as well as internal invest
ment, neither 10% nor 20% represents the true internal rate of return of this 
project. Since the project is a mixed investment, we need to find the true IRR 
by applying the steps shown previously. 

At n = 0, there is a net investment for the firm so that the project-balance 
expression becomes 

PB(i, 15%)0 = -$1,000,000. 

The net investment of $1,000,000 that remains invested internally grows at i for 
the next period. With the receipt of $2,300,000 in year 1, the project balance 
becomes 

PB(i, 15%) 1 = -$1,000,000(1 + i) + $2,300,000 

= $1,300,000 - $1,000,000i 

= $1,000,000(1.3- i). 

At this point, we do not know whether PB ( i, 15%) 1 is positive or negative. We 
need to know this information in order to test for net investment and the pres
ence of a unique i*. Net investment depends on the value of i, which we want to 
determine. Therefore, we need to consider two situations, ( 1) i < 1.3 and i > 1.3: 

•Case 1: i < t.3-PB (i, 15} 1 > 0. 

Since this condition indicates a positive balance, the cash released from the 
project would be returned to the firm's investment pool to grow at the MARR 
until it is required to be put back into the project. By the end of year 2, the 
cash placed in the investment pool would have grown at the rate of 15% 
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[to $1,000,000(1.3 - i)(l + 0.15)] and must equal the investment into the 
project of $1,320,000 required at that time. Then the terminal balance must be 

PB(i, 15% )z = $1,000,000( l.3 - i) ( l + 0.15) - $1,320,000 

= $175,000 - $1,150,000i = 0. 

Solving for i yields 

IRR= 0.1522, or 15.22%. 

• Case2: i > 1.3- PB(i, 15%) 1 < 0. 

The firm is still in an investment mode. Therefore, the balance at the end of 
year 1 that remains invested will grow at a rate of i for the next period. Because 
of the investment of $1,320,000 required in year 2 and the fact that the net in
vestment must be zero at the end of the project life, the balance at the end of 
year 2 should be 

PB (i, 15% )i = $1,000,000 (1.3 - i )( 1 + i) - $1,320,000 

= -$20,000 + $300,000i - $l,OOO,OOOi2 = 0. 

Solving for i gives 

IRR= 0.1 or 0.2 < 1.3, 

which violates the initial assumption ( i > 1.3). Therefore, Case 1 is the 
correct situation. 

(b) Case 1 indicates that IRR > MARR, so the project would be acceptable, result
ing in the same decision obtained in Example 7.6 by applying the PW criterion. 

COMMENTS: In this example, we could have seen by inspection that Case 1 was 
correct. Since the project required an investment as the final cash flow, the project 
balance at the end of the previous period (year 1) had to be positive in order for 
the final balance to equal zero. However, inspection does not typically work for 
more complex cash flows. In general, it is much easier to find the true IRR by using 
the Goal Seek function in Excel. Table 7 A.1 illustrates how you may obtain the 
true IRR by using the Goal Seek function. In doing so, you may need the following 
steps: 

• Step 1: Specify the MARR in cell B4 and the guessed RIC in cell BS. Enter cash 
flow information into the cells B9 through Bl 1. 

• Step 2: Designate cells C9 through Cl 1 as project balance for each period. To 
calculate the project balance figure as a function of both MARR and RIC, we 
need an "IF" statement in Excel. In a formula, the arguments are separated by 
commas, so for this example, let us put our formula in cell ClO: 

=IF(C9<0,C9* (1 +$B$5)+B10,C9*(1 +$B$4 )+BIO). 

This says, IF the value in C9 is Jess than 0, calculate C9*(1 +$B$5)+B10 and enter 
this value in ClO and if it is greater than zero, calculate C9*(1+$B$4)+B10 and 
enter this value in ClO. Repeat the process for cell Cll. 
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TABLE 7 A . I Calculating the Return on Invested Capital (or True IRR) by Using Excel 

A B c D I E I F I G I 
1 - I 2 Example 7A.2 Calculating the Return on Invested Capital (RIC) -3 
4 MARR = 15% I - i 5 Guess RIC 15.217% I 

6 
7 Period Cash Flow PB(l,MARR) I I I 

8 
9 0 -$1 ,000.00 -$1 ,000.00 / =IF(C9<0,C9"(1+SBSS)+B10,C9"(1+SBS4)+B10) 

10 1 $2,300.00 $1,147.83 ~ =IF(C10<0.C10"{1-.SBS5)+B11 ,C10"(1+SB$4)+B11)I 
11 2 -$1,320.00 S0.00 I< 

12 -13 - - Mixed Investment 14 I 'Y I B J - Goal Sttlc 15 -16 $1,500.00 - Sttcd: SC:Sll @lJ - Cl> 

17 0 $1 ,000.00 -- c: 
/ --............. 18 Toyallc: 0 l'O 

- iii $500.00 
/ 19 By {hangng eel: sass ~ + ID - S0.00 20 u ,, -

! [_CmctJ J - Cl> -$500.00 l 1 
21 l OK ·er - ._ 
22 a. -$1 ,000.00 - --23 -$1,500.00 ._ -
24 ._ 
25 

• Step 3: Go to the .. Tools" menu. and click on the •·Goal Seek'" command. Then you 
wi ll sci.! the .. Goal Seek" dia log box as shown in Table 7 A.l. Make $C$11 as the .. Set 
Cell." enter ··O" to "To value." and $8$5 as "By changing cell."111en click "OK." 

• Step 4: Check the RIC displayed in cell BS. l n our example. this value is 15.22%. 
If thi~ figure is the same as the rate of return. you wiU bave a pure investment. 
For a mixed investment. the RlC will be different from any of the rate-of-re turn 
figures. 

H 

............. 

---

• 

2 



CHAPTER EIGHT--------

Benefit-Cost 
Analysis 

Broadband for All, Worth the Price? Is it worth $40 billion to 
provide an entire natio n with access to broadband? To the Australian 
government, the s imple answer is yes. 

In 2009, the Australian government established The National 

Broadband Network Co. limited (N BN Co.) and made plans to build 
a high-speed Internet network across the entire country. The plan will 

result in approximately 15,000 jobs and will span a period of ten years . 
It is considered an essential step in building the infrastructure of the 
natio n and is meant to transform businesses, healthcare, and education. 



Utilizing fixed fiber optic cables and satellite transmission, the NBN fore
casts data transmission speeds of minimally 12 megabits per second. This 

will vary based on various factors, most notably the business/user's service 
plan provider, equipment setup, and in-premises connections. 

The NBN has assured chat taxpayers will gee their money back and ben

efit from chis project, with expected annual returns of 7%. Funding for the 

project involves approximately $27 billion of government capital; the balance 

of the expenditure is co be secured by the NBN through private investors 
whether local or overseas. 

Bue the hefty price tag has caused quite a stir. While the government 
promises chose who are opposed have a different view, many detrac

tors believe the government should conduce a rigorous be n efit-cos t 

a nalysis of che project. They contend that such an analysis would result 

in definit ive proof chat chis project would have little value co taxpayers in 
the long run. 

Meanwhile, che process has already started, with only 4000 of potentially 

13 millio n users hooked up. Only cime--or possibly a further, more in-depth 

analysis- will cell whether chis is a successful endeavor. 

M 
any engineers arc employed in public-works areas such as airport con
struction, highway construction, and water projects. One of the most im
portant aspects of any public project is to quantify the benefits in dollar 
terms. For example. in any airport runway expansion, what is the econom

ic benefit of reducing airport delay? From the airline's point of view, taxiing and ar
rival delays mean added fuel costs. From the ai rport's point of view, delays mean lost 
revenues in landing and departure fees. From the public's point of view, delays mean 
Jost earnings, as people to spend more time traveling and less time earning a living. 
Comparison of the investment costs of a project with the project's potential benefits. 
a process known as hcncfi t-cost amtl) !iis. is an important feature of the economic 
analysis method. 

11 11 11 
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Up to this point, we have focused our attention on investment decisions in the 
private sector; the primary objective of these investments was to increase the wealth of 
corporations. In the public sector, federal, state, and local governments spend hundreds 
of billions of dollars annually on a wide variety of public activities, such as expanding 
airport runways. In addition, governments at all levels regulate the behavior of indi
viduals and businesses by influencing the use of enormous quantities of productive 
resources. How can public decision makers determine whether their decisions, which 
affect the use of these productive resources, are, in fact, in the best public interest? 

Benefit-cost analysis is a decision-making tool for systematically developing useful 
information about the desirable and undesirable effects of public projects. In a sense, 
we may view benefit-cost analysis in the public sector as profitability analysis in the 
private sector. In other words, benefit-cost analyses attempt to determine whether the 
social benefits of a proposed public activity outweigh the social costs. Usually, public 
investment decisions involve a great deal of expenditure, and their benefits are expect
ed to occur over an extended time. Examples of benefit-cost analyses include studies 
of public transportation systems, environmental regulations, public safety programs, 
education and training programs, public health programs, flood control systems, water 
resource development projects, and national defense programs. 

Benefit-cost analysis problems have three goals: (1) maximize the benefits for any 
given set of costs (or budgets), (2) maximize the net benefits when both benefits and 
costs vary, and (3) minimize costs in order to achieve any given level of benefits (often 
called cost-effectiveness analysis). These types of decision problems will be considered 
in this chapter. 

El] Evaluation of Public Projects 
To evaluate public projects designed to accomplish widely differing tasks, we need to 
measure the benefits or costs in the same units in all projects so that we have a common 
perspective by which to judge them. In practice, this requirement means expressing 
benefits and costs in monetary units, a process that often must be performed without 
accurate data. In performing benefit-cost analysis, we define users as the public and 
sponsors as the government. 

The general framework for benefit-cost analysis can be summarized as follows: 

1. Identify all users' benefits (favorable outcomes) and disbenefits (unfavorable 
outcomes) expected to arise from the project. 

2. Quantify, as well as possible, these benefits and disbenefits in dollar terms so that 
different benefits and the respective costs of attaining them may be compared. 

3. Identify the sponsor's costs and quantify them. 
4. Determine the equivalent net benefits and net costs at the base period; use a dis

count rate appropriate for the project. 
5. Accept the project if the equivalent users' net benefits exceed the equivalent 

sponsor's net costs. 

We can use benefit-cost analysis to choose among alternatives in allocating funds 
for such projects as the construction of a mass-transit system, building an irrigation 
dam, highway maintenance, or implementing an air-traffic control system. If the pro
jects are on the same scale with respect to cost, it is merely a question of choosing the 
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project where the benefits exceed the costs by the greatest amount. The steps previ
ously outlined are for a single (or independent) project evaluation. As in the case for 
the internal rate of return criterion, when comparing mutually exclusive alternatives, 
an incremental benefit-cost ratio must be used. Section 8.2.2 illustrates this important 
issue in detail. 

8.1.1 Valuation of Benefits and Costs 
In the abstract, the framework we just developed for benefit-cost analysis is no dif
ferent from the one we have used throughout this text to evaluate private investment 
projects. The complications, as we shall discover in practice, arise in trying to identify 
and assign values to all the benefits and costs of a public project. 

8.1.2 Users' Benefits 
To begin a benefit-cost analysis, we identify all project benefits and disbenefits to the 
users, bearing in mind the indirect consequences resulting from the project-the so
called secondary effects. For example, the construction of a new highway will create 
new businesses such as gas stations, restaurants, and motels (benefits), but it will also 
divert some traffic from the old roads, and, as a consequence, some businesses may be 
lost (disbenefits). Once the benefits and disbenefits are quantified, we define the over
all user's benefit B as follows: 

B = benefits - disbenefits. 

In identifying the user's benefits, we classify each as a primary benefit-a benefit 
directly attributable to the project-or a secondary benefit-a benefit indirectly attrib
utable to the project. As an example, the U.S. government at one time was considering 
building a superconductor research laboratory in Texas. Such a move would bring many 
scientists and engineers, along with other supporting people, to the region. Primary 
national benefits may include the long-term benefits that accrue as a result of various 
applications of the research to U.S. businesses. Primary regional benefits may include 
economic benefits created by the research laboratory activities, which would generate 
many new supporting businesses. The secondary benefits might include the creation of 
new economic wealth as a consequence of any increase in international trade and the 
income of various regional producers attributable to a growing population. 

The reason for making this distinction between primary and secondary benefits is 
that it may make our analysis more efficient. If primary benefits alone are sufficient to 
justify project costs, the secondary benefits need not be quantified. 

8. 1.3 Sponsor's Costs 
We determine the cost to the sponsor by identifying and classifying the expenditures 
required and any savings (or revenues) to be realized. The sponsor's costs should include 
both capital investments and annual operating costs. Any sales of products or services 
that take place on completion of the project will generate some revenues-for example, 
toll revenues on highways. These revenues reduce the sponsor's costs. Therefore, we cal
culate the sponsor's costs by combining these cost and revenue elements: 

Sponsor's costs= capital costs +operating and maintenance costs - revenues. 
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8.1 .4 Social Discount Rate 
As we briefly mentioned in Chapter 5, the selection of an appropriate MARR for evaluat
ing an investment project is a critical issue in the private sector. In public-project analyses, 
we also need to select an interest rate, called the social di'icount rate, in order to determine 
equivalent benefits as well as the equivalent costs. Selection of the social discount rate in 
public-project evaluation is as critical as the selection of an MARR in the private sector. 

Historically, present-worth calculations were initiated to evaluate public water 
resources and related land-use projects in the 1930s. Since then, the growing tendency 
has been for analysts to use relatively low rates of discount compared with the rates 
existing in markets for private assets. During the 1950s and into the 1960s, the rate for 
water resource projects was 2.63%, which, for much of this period, was even lower than 
the yield on long-term government securities. The persistent use of a lower interest rate 
for water resource projects has been a political issue. 

In recent years, with the growing interest in performance budgeting and systems 
analysis that started in the 1960s, government agencies have begun to examine the 
appropriateness of the discount rate in the public sector in relation to the efficient 
allocation of resources in the economic system as a whole. Two views of the basis for 
determining the social discount rate prevail: 

1. Projects without private counterparts: The social discoulll rate should reflect only 
the prevailing government borrowing rate. Projects such as dams designed purely 
for flood control, access roads for noncommercial uses, and reservoirs for com
munity water supply may not have corresponding private counterparts. In such 
areas of government activity where benefit-cost analysis has been employed in 
evaluation, the rate of discount traditionally used has been the cost of government 
borrowing. In fact, water resource project evaluations follow this view exclusively. 

2. Projects with private counterparts: The social discount rate should represent 
the rate that could have been earned had the funds not been removed from the pri
vate sector. If all public projects were financed by borrowing at the expense of 
private investment, we may have focused on the opportunity cost of capital in 
alternative investments in the private sector in order to determine the social dis
count rate. So, in the case of public capital projects similar to projects in the private 
sector that produce a commodity or a service to be sold on the market (such as 
electric power), the discount rate employed is the average cost of capital as will 
be discussed in Chapter 11. The reasons for using the private rate of return as the 
opportunity cost of capital for projects similar to those in the private sector are 
(1) to prevent the public sector from transferring capital from higher yielding to 
lower yielding investments and (2) to force public-project evaluators to employ 
market standards when justifying projects. 

The Office of Management and Budget (OMB) holds the second view. Since 1972, the 
OMB has annually updated the discount rates to be used in various federal projects. 
For calendar year 2011, discount rates for public investment and regulatory analyses2 

are as follows: 

• Base-Case Analysis. Constant-dollar benefit-cost analyses of proposed invest
ments and regulations should report net present value and other outcomes 

2 The Office of Management and Budget, The White House, www.whitchousc.gov/omb/circulars_ 
a094#8. 



• Calculate all users' benefits in dollar terms 
• Calculate all users' disbenefits in dollar terms 
•Compute the net users' benefits(= benefit - disbenefits) 

• Determine the non-recurring costs such as capital expenditure and residual value at the end of 
project period 

• Determine the recurring costs such as operating and maintenance costs, renovation costs 
• Determine any annual revenues (rees) generated from the project such as toll revenues in 

providing service 
•Calculate the net annual sponsor's cost(= non-recurring costs+ recurring costs- revenues or 

fees charged- residual value) 

•Determine the interest rate to use in benefit-cost analysis 
• Determine the equivalent net benefits 
• Determine the equivalent sponsor's cost 
• Calculate the benefit-cost ratio 

Figure 8.1 Key steps in performing benefit-cost analysis for a typical public 
project 
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determined using a real discount rate of 7%. This rate approximates the marginal 
pretax rate of return on an average investment in the private sector in recent years. 
Significant changes in this rate will be reflected in future updates of this circular. 

• Other Discount Rates. Analyses should show the sensitivity of the discounted 
net present value and other outcomes to variations in the discount rate. The im
portance of these alternative calculations will depend on the specific economic 
characteristics of the program under analysis. For example, in analyzing a regula
tory proposal whose main cost is to reduce business investment, net present value 
should also be calculated using a discount rate higher than 7%. 

Many state and city governments use discount rates different from the federal gov
ernment, typically ranging from 3% to 8%, depending on the nature of the project. So, 
it is important to check the appropriate interest rate to use before conducting any pub
lic project analyses. Figure 8.1 summarizes the key steps involved in any benefit-cost 
analysis for a typical public project. 

EJE Benefit-Cost Analysis 
An alternative way of expressing the worthiness of a public project is to compare the 
user's benefits (B) with the sponsor's costs (C) by taking the ratio B/C. In this section, 
we shall define the benefit-cost (B/C) ratio and explain the relationship between the 
conventional PW criterion and the B/C ratio. 

8.2.1 Definition of Benefit-Cost Ratio 
For a given benefit-cost profile, let B and C be the present worth of benefits and costs, 
defined by 
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where 

N 

B = _Lbn(l + i)-n, 
n=O 

N 
C = ,Lcn(l + i)-n, 

n=O 

bn =benefits at the end of period n, 
c,, =expenses at the end of period n, 
N = project life, and 

i =sponsor's interest rate (social discount rate). 

(8.1) 

(8.2) 

The sponsor's costs ( C) consist of the capital expenditure (/) and the annual oper
ating costs ( C') accrued in each successive period. (Note the sign convention we use in 
calculating a benefit-cost ratio: Since we are using a ratio, all benefit and cost flows are 
expressed in positive units. Recall that in previous equivalent worth calculations, our 
sign convention was to explicitly assign"+" for cash inflows and"-" for cash outflows.) 
Let us assume that a series of initial investments is required during the first K periods 
while annual operating and maintenance costs accrue in each following period. Then 
the equivalent present worth for each component is 

K 
I= _Lcn(l + i)-n, (8.3) 

n=O 

N 

C' = _2 c,.(1 + i)-", (8.4) 
n=K+l 

and C =I+ C'. 

The B/C ratio is defined as 

B B 
BC(i) = C = 

/ 
+ C' where I+ C' > 0. (8.5) 

If we are to accept a project, BC(i) must be higher than 1. Note that the acceptance 
rule by the B/C-ratio criterion is equivalent to that for the PW criterion as illustrated 
in Figure 8.2. Note also that we must express the values of B, C', and I in present-worth 

B 
--->1 

I+ C' 

~ 
B > (/ + C') 

~ 
B-(1+ C')>O 

PW (i) = B - C > 0 

Figure 8.2 Relationship between B/C ratio 
and PW criterion 
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equivalents. Alternatively, we can compute these values in terms of annual equivalents 
and use them in calculating the B/C ratio. The resulting B/C ratio is not affected. 

EXAMPLE 8.1 Benefit-Cost Ratio 

A public project being considered by a local government has the following esti
mated benefit-cost profile (see Figure 8.3): 

Assume that i = 10%,N= 5 and K= 1. Compute B, C. l. C', and BC(10%). 

0 $10 

$10 

2 $20 $5 

3 $30 $5 

4 $30 $8 

5 $20 $8 

-$10 

-$10 

$15 

$25 

$22 

$12 

K= I 
N = 5 

0 

$10 $10 

Investment (en) 

Ye11rs 

Recurring costs (en) 

Figure 8.3 Classification of a project's cash flow clements into benefits and costs 

DISSECTING THE PROBLEM 

METHODOLOGY 

Given: b,,. c,,, K = 1, N = 5, and i = 10% per year. 
Find: BC(i). 

SOLUTION 

We calculate B as follows: 

B = $20(P/F, 10%,2) + $30(P/F, l0%,3) 

+ $30(P/ F, 10%, 4) + $20(P/ F. 10%, 5) 

= $71.98. 

We calculate C as follows: 

C = $10 + $10(P/F, l0%, 1) + $5(P/F, 10%,2) 

+ $5(P/F, l0%,3) + $B(P/F, 10%,4) + $8(P/F, 10%,5) 

= $37.41. 
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We calculate I as follows: 

I= $10 + $10(P/F, 10%, 1) 
= $19.09. 

We calculate C' as follows: 

C'=C-1 
= $18.32. 

Using Eq. (8.5), we can compute the B/C ratio as 

0 - $71.98 $71.98 
BC( lO Yo) - $19.09 + $18.32 = -$3-7.4-1 

= 1.92 > 1. 

The B/C ratio exceeds 1, so the user's benefits exceed the spon
sor's costs. 

COMMENTS: Since governments do not pay taxes, depreciation and income taxes are 
not issues in BC analysis. 

8.2.2 Incremental B/C-Ratio Analysis 
Let us now consider how we choose among mutually exclusive public projects. As we 
explained in Chapter 7, we must use the incremental-investment approach in compar
ing alternatives on the basis of any relative measure, such as IRR or B/C. 

To apply incremental analysis, we compute the incremental differences for each 
term (B, /,and C') and take the B/C ratio based on these differences. To use BC(i) on 
an incremental investment, we may proceed as follows: 

1. Eliminate any alternatives with a B/C ratio less than 1. 
2. Arrange the remaining alternatives in increasing order of the denominator 

(/ + C'). Thus, the alternative with the smallest denominator should be the first 
(j), the alternative with the second smallest (k) should be the second, and so forth. 

3. Compute the incremental differences for each term (B, /,and C') for the paired 
alternatives U. k) in the list: 

llB =Bk - Bi; 

Ill= h - Ji; 

llC' =Ck - Cj. 

4. Compute BC(i) on incremental investment by evaluating 

BC(ih-i = Ill !BaC' 

If BC(i)k-i > 1, select the k alternative. Otherwise, select the j alternative. 
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5. Compare the selected alternative with the next one on the list by computing the 
incremental benefit-cost ratio. Continue the process until you reach the bottom of 
the list. The alternative selected during the last pairing is the best one. 

We may modify the decision procedures when we encounter the following 
situations: 

• If ill + ilC' = 0, we cannot use the benefit-cost ratio because this relation
ship implies that both alternatives require the same initial investment and 
operating expenditures. In such cases, we simply select the alternative with 
the largest B value. 

• In situations where public projects with unequal service lives are to be compared 
but the alternative can be repeated, we may compute all component values (B, 
C' and /) on an annual basis and use them in incremental analysis. 

EXAMPLE 8.2 Incremental Benefit-Cost Ratios 

Consider three investment projects: A 1, A2, and A3. Each project has the same ser
vice life, and the present worth of each component value (B, I, and C') is computed 
at 10% as follows: 

Projects 

B $12,000 $35,000 

I $5,000 $20,000 $14,000 

C' $4,000 $8,000 $1,000 

PW(i) $3,000 $7,000 $6,000 

(a) If all three projects are independent, which projects would be selected, based on 
BC(i)? 

(b) If the three projects are mutually exclusive, which project would be the best 
alternative? Show the sequence of calculations that would be required in order 
to produce the correct results. Use the B/C ratio on incremental investment. 

------ - - -- -------------------~------ ---------------------------

DISSECTING THE PROBLEM 

Given:/, B, and C' for each project, i = 10% per year. 
Find: Select the best project. 

~-----~------ --- -·-----·---·------- ---...-------

METHODOLOGY 

Calculate the BC(i) for each 
project and compare the pro
jects incrementally. 

SOLUTION 

(a) Since PW ( i)., PW ( i)i, and PW (ih are positive, all of the projects 
would be acceptable if they were independent. Also, the BC(i) 
value for each project is higher than l, so the use of the benefit
cost ratio criterion leads to the same accept-reject conclusion as 
under the PW criterion: 

BC(i) 1.33 1.25 1.40 
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Figure 8.4 BenefiH:ost ratio graph of Example 8.2 

Benefit-cost analysis may be graphically illustrated as shown 
in Figure 8.4. B/C = 1 represents the 45° line where any project 
located above this line is selected. The slope made by connecting 
the origin (0, 0) with each point of the project location represents 
the B/C ratio. 

(b) If these projects are mutually exclusive, we must use the principle 
of incremental analysis as shown in Figure 8.5. If we attempt to 
rank the projects according to the size of the B/C ratio, obviously, 
we will observe a different project preference. For example, if we 
use BC(i) on the total investment, we see that A3 appears to be 
the most desirable and A2 the least desirable project; however, se
lecting mutually exclusive projects on the basis of B/C ratios is 
incorrect. Certainly, with PW(ih > PW(i)J > PW(i)i, project 
A2 would be selected under the PW criterion. By computing the 
incremental B/C ratios, we will select a project that is consistent 
with the PW criterion. We will first arrange the projects by increas
ing order of their denominator (I + C') for the BC(i) criterion: 
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I+ C' $9,000 $15,000 $28,000 

We now compare the projects incrementally as follows: 

• A 1 versus A3: With the do-nothing alternative, we first drop from 
consideration any project that has a B/C ratio smaller than 1. 
In our example, the B/C ratios of all three projects exceed l, so 
the first incremental comparison is between A 1 and A3: 

. $21,000 - $12,000 
BC(ih- 1 = ($14,000 - $5,000) + ($1,000 - $4,000) 

= 1.50. 

A= Slope 

Acceptance Region 

,' 
Ale( / " ,' I 

~,///' 
~ 
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, 
," 

" " " " " 
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Figure 8.5 Incremental benefit-eost analyses. The slope of line A3 - A 1 indi· 
cates a AB/AC ratio > 1. This is also true for line A2-A3, indicating A2 will 
be the ultimate choice 
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Since the ratio is higher than 1, we prefer A3 over A 1. Therefore, 
A3 becomes the "current best" alternative. 

• A3 versus A2: Next we must determine whether the incremental 
benefits to be realized from A2 would justify the additional ex
penditure. Therefore, we need to compare A2 and A3 as follows: 

. $35,000 - $21,000 
BC(ih-3 = ($20,000 - $14,000) + ($8,000 - $1,000) 

= 1.0769. 

The incremental B/C ratio again exceeds 1, and therefore, we 
prefer A2 over A3. With no further projects to consider, A2 
becomes the ultimate choice. 

~~~~~~~~~~~~~~~~~~ 

COMMENTS: Figure 8.5 illustrates also elimination of inferior alternatives. When we 
compare A3withA1, where A3 has a higher sum of I + C', we are basically attempt
ing to determine the slope (A) created by connecting Al and A3. If this slope is 
higher than 1, the higher cost alternative(/ + C') is preferred. In our case, this slope 
happens to be A = 1.5, so A3 is selected. Then we compare A3 with A2. The slope 
created by connecting A3 with A2 gives .1. = 1.0769, which is higher than 1; so A2 is 
the better choice. 

mt] Profitability Index 
Another method similar to the benefit-cost ratio is called the profitability index. This 
index attempts to identify the relationship between the costs and benfits of a proposed 
project through the use of a ratio. 

8.3.1 Definition of Profitability Index 
Unlike the benefit-cost ratio, the profitability index, PI (i), considers only the initial 
capital expenditure as cash outlay, and annual net benefits are used-the ratio of the 
present value of the future expected cash flows after initial investment divided by the 
amount of the initial investment. 

B - C' 
PI (i) = I , I > 0. (8.6) 

The profitability index measures the bang for the buck invested. In a way, it is a 
measure of capital efficiency. A ratio of 1.0 is logically the lowest acceptable measure 
on the index. With a PI(i) <1, the project's present value of the future cash flow streams 
is less than the initial investment. As the values on the profitability index increase, so 
does the financial attractiveness of the proposed project. In fact, this profitability index 
is not limited to the public project evaluation. It is also commonly used in ranking 
investments in the private sector. As is the case with the benefit-cost ratio, we select 
all independent projects whose PI ratio is higher than 1 as long as the budget permits. 
Figure 8.6 illustrates the conceptual differences between the benefit-cost ratio and the 
profitability index. 
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Figure 8.6 Conceptual difference between the benefit
cost ratio and the profitability index 

EXAMPLE 8.3 Profitability Index Ratio 

Assume a five-year program that will commit the government to the stream of real 
(or constant-dollar) expenditures to generate a series of real benefits for a public 
project. Assume that i = 7%, N = 5 and K = 1. Compute PI (7%) and determine 
whether it is worth funding the program. 

0 $10 -$10 

1 $20 -$20 

2 $35 $5 $30 
3 $30 $5 $25 
4 $20 $7 $13 

5 $10 $7 $3 

DISSECTING THE PROBLEM 

Given: b,,, c,., N = 5, and i = 7% per year. 
: Find: PI(i). 

------- J _________ ----- --·-----· 

METHODOLOGY 

Use Eq. (8.6). 

' SOLUTION 

We calculate B - C' as follows: 
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B - C' = $30(P/F, 7%,2) + $25(P/F, 7%,3) 

+ $13(P/F, 7%,4) + $3(P/F, 7%,5) 

= $58.66. 
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We calculate I as follows: 

I= $10 + $20(P/ F, 7%, 1) 

= $28.69. 

Using Eq. (8.6), we can compute the PI as 

0 - $58.66 -
PI ( 7 Yo ) - $

28
.
69 

- 2.04 > 1. 

The PI exceeds 1, so the project is worth undertaking. 

COMMENTS: The PI value of 2.04 indicates that for every dollar spent by the gov
ernment, the project will generate $2.04 benefits. What does our conclusion have to 
say about the PI rule? In the case of limited funds, the PI measures the "bang for 
the buck," so it could be used as a tool to rank the projects according to its capital 
efficiency. 

8.3.2 Incremental Pl Ratio Analysis for Mutually Exclusive 
Alternatives 

Because PI is a ratio, like BC(i) and IRR, it ignores differences of scale for mutually 
exclusive projects. This, however, can be corrected by using incremental analysis. We 
write the incremental cash flows after subtracting lower cost investment alternative from 
the higher cost alternative. If the incremental PI is higher than 1, we choose the alterna· 
tive with the higher cost of investment. This way of selecting the alternative will ensure 
that we will pick the same project that would be selected under the NPW analysis. 

In situations where we need to compare projects with unequal service lives. we may 
compute all component values (B, C'. and/) on an annual basis and use them in incre· 
mental analysis with the assumption that the alternative can be repeated. 

EXAMPLE 8.4 Incremental Profitability Index 

Reconsider the three investment projects: A 1. A2, and A3 in Example 8.2. Each 
project has the same service life, and the present worth of each component value 
(B, I, and C') is computed at 10% as follows: 

Projects 

B $12,000 $35,000 $21,000 

I $5,000 $20,000 $14,000 

C' $4,000 $8,000 $1,000 

PW(i) $3,000 $7,000 $6,000 

(a) If all three projects are independent, which projects would be selected based on 
PI(i)? 
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(b) If the three projects are mutually exclusive, which project would be the best al
ternative? Show the sequence of calculations that would be required in order to 
produce the correct results. Use the PI on incremental investment. 

-·-----------~--

DISSECTING THE PROBLEM 

Given:/, B, and C' for each project, i = 10% per year. 

Find: Select the best project based on Pl. 
------------+-----------------------------------
METHODOLOGY 

Calculate the PI(i) for each 
project and compare the pro
jects incrementally. 

SOLUTION 

(a) As before, all of the projects would be acceptable if they were 
independent. Also, the PI(i) value for each project is higher than 
1, so the use of the profitability index criterion leads to the same 
accept-reject conclusion as under the PW criterion: 

PI(i) 1.6 1.35 1.43 

(b) If these projects are mutually exclusive, we must use the principle 
of incremental analysis. If we attempt to rank the projects accord
ing to the size of the PI ratio, obviously, we will observe a differ
ent project preference. For example, if we use PI(i) on the total 
investment, we see that Al appears to be the most desirable and 
A2 the least desirable project; however, selecting mutually exclu
sive projects on the basis of PI ratios is incorrect. Certainly, with 
PW{ih > PW(ih > PW(i)i, project A2 would be selected 
under the PW criterion. By computing the incremental PI ratios, 
we will select a project that is consistent with the PW criterion. We 
will first arrange the projects by increasing order of their denomi
nator I for the PI(i) criterion: 

I $5,000 $14,000 $20,000 

With the do-nothing alternative, we first drop from consideration 
any project that has a PI ratio less than 1. In our example, the PI 
ratios of all three projects exceed 1, so the first incremental com
parison is between A 1 and A3. We now compare the projects incre
mentally as follows: 

• A 1 versus A3: 

. ($21,000 - $1,000) - ($12,000 - $4,000) 
PI (i)J_, = ($14,000 - $5,000) 

= 1.33 > 1. 
Since the ratio is higher than 1, we prefer A3 over A I. Therefore, 
A3 becomes the "current best" alternative. 
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• A3 versus A2: Next we must determine whether the incremental 
benefits to be realized from A2 would justify the additional ex
penditure. Therefore, we need to compare A2 and A3 as follows: 

. ($35,000 - $8,000) - ($21,000 - $1,000) 
PI(ih-3 = ($20,000 - $14,000) 

= 1.17 > 1. 

The incremental PI ratio again exceeds l, and therefore, we 
prefer A2 over A3. With no further projects to consider, A2 
becomes the ultimate choice. 

Note that this is exactly the same conclusion that we 
obtained under the benefit-cost analysis. 

EJll Highway Benefit-Cost Analysis3 

In this section, we will examine how a benefit-cost analysis may be used in making 
investments in highway improvement projects. The improvement may reduce the num
ber or severity of crashes, eliminate long delays during peak hours, or reduce travel 
time {by providing a shorter route). In highway benefit-cost analysis, the usual proce
dure is that benefits are first estimated in physical terms and then valued in economic 
terms. This means that the analyst has to first estimate the number of crashes elimi
nated, the amount of travel time saved, and/or the number of vehicle-miles reduced 
before assigning or calculating monetary values. 

8.4.1 Define the Base Case and the Proposed Alternatives 
Every analysis requires a definition of the base case and proposed altcrnative(s). 

• The base case is not necessarily a "do-nothing" alternative, but it is generally the 
"lowest" capital cost alternative that maintains the serviceability of the existing 
facility. In other words, the base case should include an estimate of any physical and 
operational deterioration in the condition of the facility and the costs associated 
with the periodic need to rehabilitate the major elements of the facility through 
the analysis period. 

• The proposed alternatives are specific and discrete sets of highway improvements 
that can be undertaken. These improvements generally change travel times, vehicle 
operating costs, and/or safety characteristics from the base case. Proposed alter
natives must also be reasonably distinct from one another, and each alternative 
should be specified with as much detail as possible to estimate costs (capital and 
maintenance) and effects on travel time, operating costs, and safety. 

• We also need to define the analysis period that will be used in the benefit-cost 
analysis. For many highway improvement projects. it is quite common to use an 
analysis period of 20 years or longer. 

3 This section is based on materials from "Benefit-Cost Analysis for Transportation Projects." Benefit 
Cost Analysis Guidance, Minnesota Department of Transportation, June 2005. 
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8.4.2 Highway User Benefits 
The benefits of a transportation investment are typically estimated by comparing the 
amount of travel time, vehicle miles traveled, and expected number of crashes for the 
alternative with the base case. Specifically, consider the following: 

1. Travel-lime Savings: These typically generate the greatest benefit. Savings are 
calculated on the basis of the difference in travel time between the base case and 
an alternative. Travel time is often expressed as vehicle-hours traveled (VHT) and 
can be estimated with various computer models. The estimation of travel-time 
savings should include both the driver and passengers (vehicle occupancy rates). 
In many cases, vehicle occupancy rates vary between peak and off-peak hours as 
well as between alternatives. The valuation of travel-time savings is calculated by 
standardized cost-per-hour-person figures for different types of vehicles (auto or 
truck). 

2. Vehicle Operating Cost Savings: When transportation improvements are made, 
the cost of operating vehicles along a particular facility or set of facilities can 
change. Operating costs can change because the number of miles driven varies 
(as in the case of a shorter bypass or a reduction in diversion of trips) or be
cause of variation in the number of stops or speed-cycle changes. The number of 
vehicle-miles traveled (VMT) is the most common variable that affects vehicle 
operating costs. Once the change in vehicle miles is estimated, the valuation of 
vehicle operating costs is calculated for standardized cost-per-mile figures for dif
ferent types of vehicles (auto or truck). 

3. Safety Benefits: Safety benefits are one of the principal benefits that can result 
from transportation improvements. Benefits occur when the number of crashes 
is reduced and/or the severity of the crashes is diminished on a facility or set 
of facilities because of the transportation improvement. Standard engineer
ing methods can be used to evaluate both the potential crash reductions and/or 
changes in severity. 

8.4.3 Sponsors' Costs 
In economic terms, the transportation investment cost is determined by the amount of 
resources used/consumed over the course of a project. The total value of construction 
and any additional maintenance costs must be estimated. It is important to note that 
the analysis does not emphasize who incurs the cost but rather aims to include any and 
all costs that are involved in developing the project. 

1. Capital Costs: These costs make up the total investment required to prepare a 
highway improvement for service from engineering through landscaping. When 
possible, capital costs should be grouped into similar life-cycle categories, includ
ing engineering, right of way, major structures, grading, subbase and base, surfac
ing, and miscellaneous items. 

2. Major Rehabilitation Costs: Within a benefit-cost analysis period, future invest
ments may be needed to maintain the serviceability of a major transportation 
facility. For example, with a new or reconstructed highway, pavement overlays 
may be required 8, 12, or 15 years after the initial construction year. The cost of 
overlays or other major preservation activities should be included in the analysis 
and allocated to the year in which they are anticipated to occur. 
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3. Routine Annual Maintenance Costs: When evaluating transportation investments, 
it is important to account for the future operating and maintenance costs of the 
facility. Bridges require preventive maintenance, and roadway lanes have to be 
plowed and patched each year. In the case of upgraded roadways, it is necessary to 
estimate the marginal or additional maintenance costs that would be required for 
the alternative, compared with the base case. For a new facility, the entire additional 
maintenance costs should be included as the incremental increase in costs. 

4. Remaining Capital Value (RCV): Many components of a project retain some 
residual useful life beyond the benefit-cost analysis period (typically. 20 years). 
At the end of the analysis period, the infrastructure that has been put in place 
generally has not been completely worn out and will continue to provide benefits 
to drivers and travelers into the future. It is important to reflect this value in the 
analysis. Typically, we calculate the remaining capital value by determining the 
percentage of useful life remaining beyond the analysis period and multiplying 
that percentage by the construction cost for that component. Figure 8.7 summa
rizes the framework to be used in estimating the user's benefits and sponsor's 
cost in a highway improvement project. 

8.4.4 Illustrating Case Example 
This case example illustrates how the Minnesota Department of Transportation (Mn/ 
DOT) made a decision to implement a highway improvement project. The base case 
was just maintaining the existing highway, and the proposed alternative case was to 
widen the existing highways from four lanes to six lanes. In doing economic analysis, 
Mn/DOT assumed that the construction would begin in 2007 and completed by the end 
of 2010. Mn/DOT used a study period of 20 years in justifying the improvement project. 

• Users' benefits: In estimating the technical as well as financial data related to the 
project, we may proceed as follows: 
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TABLE 8.1 Example of n Total Highway User Benent Tallying Spreadsheet4 

iif&y ... ;/{. ,, ·,, .. 

2011 1 $5,373,985 $22,348,044 $4,079,014 $31,801,043 
2012 2 $5,222,634 $24,236,203 $3,774,352 $33,233,189 
2013 3 $5,075,546 $26,049,598 $3,485,631 $34,610,775 
2014 4 $4,932,600 $27,790,302 $3,212,120 $35,935,022 
2015 5 $4,793,680 $29,460,334 $2,953,122 $37,207,136 

2016 6 $4,658,672 $31,061,668 $2,707,967 $38,428,308 
2017 7 $4,527,467 $32,596,229 $2,476,016 $39,599,712 

2018 8 $4,399,957 $34,065,893 $2,256,656 $40,722,506 
2019 9 $4,276,038 $35,472,493 $2,049,300 $41,797,832 

2020 10 $4,155,609 $36,817,816 $1,853,388 $42,826,813 
2021 11 $4,038,572 $38,103,604 $1,668,382 $43,810,559 
2022 12 $3,924,831 $39,331,558 $1,493,770 $44,750,159 
2023 13 $3,814,294 $40,503,338 $1,329,059 $45,646,690 . 

2024 14 $3,706,869 $41,620,560 $1,173,779 $46,501,208 

2025 15 $3,602,470 $42,684,802 $1,027,482 $47,314,754 

2026 16 $3,501,011 $43,697 ,603 $889,737 $48,088,352 

2027 17 $3,402,410 $44,660,465 $760,133 $48,823,008 

2028 18 $3,306,585 $45,574,849 $638,277 $49,519,712 

2029 19 $3,213,460 $46,442,185 $523,794 $50,179,438 

2030 20 $3,122,957 $47,263,862 $416,323 $50,803,142 

2011-2030 $83,049,648 $729,781,406 $38,768,303 $851,599,358 

1. First, it is necessary to assemble highway user data from the database kept by the 
Mn/DOT (VMT, VHT, other operating costs and safety information) for the first 
year of benefits and the final year of analysis at a minimum. (If detailed annual 
estimates are not available, we could interpolate between these two data points to 
compute information for each year in the analysis time frame.) 

2. Compute the difference in travel time, vehicle operating costs, and safety between 
the base case and the alternative for each year in the analysis. Table 8.1 sum
marizes the VMT benefits, VHT benefits, and accident reduction savings due to 
the proposed highway improvement project. Note that these benefit figures are 
incremental benefits over the base case. 

4 The detailed procedure to obtain these savings figures is not presented here but can be found in 
the Benefit-Cost Analysis Guidance by the State of Minnesota, Department of Transportation. 
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TABLE 8.2 Calculate Total Present Cost for the Base Case and Alternative(s) 

2008 $0 $94,115,754 $0 $0 $0 $0 $94,115,754 

2009 $0 $90,933,096 $0 $0 $0 $0 $90,933,096 

2010 $0 $87,858,064 $0 $0 $0 $0 $87,858,064 

2011 1 $0 $0 $391,887 $218,226 $0 $0 -$173,662 

2012 2 $0 $0 $378,635 $210,846 $0 $0 -$167,789 

2013 3 $0 $0 $384,120 $203,716 $0 $0 -$180,404 

2014 4 $0 $0 $353,460 $196,827 $0 $0 -$156,633 

2015 5 $0 $0 $341,507 $190,171 $0 $0 -$151,336 

2016 6 $0 $0 $329,959 $183,740 $0 $0 -$146,218 

2017 7 $0 $0 $470,084 $177,527 $0 $0 -$292,557 

2018 8 $0 $0 $448,041 $171,523 $0 $0 -$276,518 

2019 9 $0 $0 $297,604 $165,723 $0 $0 -$131,881 

2020 10 $7,497,177 $0 $37,080 $160,119 $0 $0 -$7,374,138 

2021 11 $7,243,649 $0 $27,075 $154,704 $0 $0 -$7,116,019 

2022 12 $0 $0 $268,421 $149,473 $0 $0 -$118,949 

2023 13 $0 $0 $259,344 $144,418 $0 $0 -$114,926 

2024 14 $0 $0 $250,574 $139,534 $0 $0 -$111,040 

2025 15 $0 $0 $242,101 $134,816 $0 $0 -$107,285 

2026 16 $0 $0 $503,821 $130,257 $0 $0 -$373,564 

2027 17 $0 $0 $226,004 $125,852 $0 $0 -$100,152 

2028 18 $0 $0 $218,361 $121,596 $0 $0 -$96,765 

2029 19 $0 $0 $364,368 $117,484 $0 $0 -$246,883 

2030 20 $0 $0 $203,842 $113,511 $9,673,099 $91,944,562 -$82,361, 793 

2011-2030 $14,740,826 $272,906,915 $5,996,288 $3,210,064 $9,673,099 $91,944,562 $173,108,403 
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• Total Sponsor's Costs: In estimating the sponsor's cost (in this case, the state of 
Minnesota), the following procedures are assumed: 
1. Construction costs for the proposed alternative are estimated and allocated 

to the anticipated year of expenditure. In this case example, it is assumed that 
the base case has construction costs in the 10th and 11th years to maintain the 
existing traffic flows. 

2. Maintenance costs for each year are estimated over the analysis period, as the 
proposed alternative has a significant effect on maintenance costs (much dif
ferent from the base case). 

3. Existing infrastructure typically retains some remaining capital value (RCV) 
at the end of the benefit-cost analysis period. When calculating the remaining 
capital value, we must estimate the useful life of the investment elements. The 
capital costs are broken into elements such as preliminary engineering, right 
of way, major structures, roadway grading and drainage, roadway sub-base and 
base, and roadway surface. The remaining capital values are estimated at the 
end of their useful lives. Since all investment elements last more than the analy
sis period of 20 years, we estimated these values at the end of 20 years, using the 
guideline suggested by the Mn/DOT. 

4. Table 8.2 shows the total present cost as the sum of the discounted annual costs 
found for each year in the analysis period. We calculate annual costs by adding 
the construction and recurring maintenance costs and subtracting the discount
ed remaining capital value for each year in the analysis. 

• Benefit-Cost Ratio Calculation: With the benefits and sponsor's costs determined, 
we are ready to calculate the benefit-cost ratio by using Eq. (8.5). This is summa
rized in Table 8.3. The B/C ratio is 6.10, indicating that for each dollar of expendi
ture, it is generating $6.10 of benefits in present worth. This is an exceptionally good 
highway improvement project in terms of spending taxpayers' money. Of course, 
there are many uncertain parameters assumed in this analysis, so it is important to 
conduct a series of sensitivity as well as risk analyses before undertaking a large
scale investment such as this highway project. 

TABLE 8.3 Summary of Benetit-Cost Analysis for the Proposed Highway Improvement Project 

BENEFIT-COST ANALYSIS 
SUMMARY RESULTS 

Net Cost of Project (mil.$) $173.11 PRESENT VALUE OF ITEMIZED BENEFITS (mil.$) 

Present Value of Benefits (mil. $) $1,055.86 VMTSavings 

Net Present Value (mil.$) $882.75 VHTSavings 

Benefit I Cost Ratio 6.10 Accident Reduction Benefits 

PRESENT VALUE OF TOTAL BENEFITS (mil.$) 

PRESENT VALUE OF ITEMIZED COSTS (mil.$) 

Capital Cost Differential 

Maintenance Cost Differential 

Remaining Capital Value Differential 

PRESENT VALUE OF TOTAL COSTS (mil.$) 

$96.97 

$915.47 

$43.42 

$1,055.86 

$258.17 

-$2.79 

$82.27 

$173.11 
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SUMMARY 
Ill Benefit-cost analysis is commonly used to evaluate public projects. Several facets 

unique to public-project analysis are neatly addressed by benefit-<:ost analysis: 
1. Benefits of a nonmonetary nature can be quantified and factored into the analysis. 
2. A broad range of project users distinct from the sponsor are considered; benefits 

and disbenefits to all these users can (and should) be taken into account. 

liill Difficulties involved in public-project analysis include 
1. Identifying all the users of the project. 
2. Identifying all the benefits and disbenefits of the project. 
3. Quantifying all the benefits and disbenefits in dollars or some other unit of 

measure. 
4. Selecting an appropriate interest rate at which to discount benefits and costs to a 

present value. 

li The B/C ratio is defined as 

BC (i) = ~ = 1 : C' where I + C' > 0. 

The decision rule is that, if BC ( i) > 1, the project is acceptable. 

Ill The profitability index is defined as 

B- C' 
PI (i) = I , I > 0. 

The profitability index measures the bang for the buck invested. In a way, it is a 
measure of capital efficiency. 

em When comparing mutually exclusive projects based on either B/C or PI. we need to 
use the incremental analysis. 

SELF-TEST QUESTIONS 
8s. l A city is trying to decide whether to build a parking garage. An engineering 

plan calculates that the building will cost $2 million with costs of $200,000 per 
year to operate. Our analysis of operating revenue determines that the garage 
will start to earn revenues of $500,000 per year in the second year. The city is 
interested in knowing whether this project will be profitable over the next eight 
years at 6%. The project's B/C ratio is closest to 
(a) 1 
(b)0.87 
(c) 1.33 
(d)2.50 

8s.2 A city government is considering increasing the capacity of the current waste
water treatment plant. The estimated financial data for the project are as 
follows: 



Capital investment 

Project life 

Incremental annual benefits 

Incremental annual costs 

Salvage value 

Discount rate 

$1.200,000 

25 years 

$250,000 

$100.000 

$50,000 
6% 

What would be the benefit-cost ratio for this expansion project? 
(a) 3.26 
(b)3.12 
(c) 1.30 
(d) 2.23 

8s.3 Auburn Recreation and Parks Department is considering two mutually exclu
sive proposals for a new softball complex on a city-owned lot. 

Al 

A2 

3.000 
4,000 

$194,000 

$224,000 
$87.SOO 

$105,000 

$800,000 

s1.ooo.ooo 
The complex will be useful for 30 years and has no appreciable salvage value 
(regardless of seating capacity). Assuming an 8% discount rate, which of the 
following statements is incorrect? 
(a) Select Al because it has the largest B/C ratio. 
(b) Select Al because it has the most benefits per seating capacity. 
(c) Select Al because it has the largest PW. 
(d) Select Al because the incremental benefits generated from A2 are not large 

enough to offset the additional investment ($200,000 more than A 1 ). 

8s.4 The city of Jefferson is reviewing the benefits and costs of a potential universal 
water-metering program. Two options are considered: 
• Option I: Treated Surface Water Only Benefits of Deferring/Downsizing 

Water and Sewer Projects-$28.l million 
Costs of Metering-$9.3 million Benefit-Cost Ratio-3.02 

• Option 2: Treated Surface Water Supplemented By 40 MUDay Groundwater 
Benefits of Deferring/Downsizing Water and Sewer Projects-$38.9 million 
Costs of Metering (and groundwater devclopment)-$14.7 million 
Benefit-Cost Ratio-2.65 

Which option should the city implement, assuming that the city has enough 
money to fund either project? 
(a) Option 1. 
(b) Option 2. 
(c) Neither. 
( d) Both options. 

8s.5 The Texas Department of Transportation is considering in improving accident 
prevention countermeasures on the state's accident-prone public highways and 
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bridges. The following set of projects has been recommended for evaluation at 
three different locations and assumes the budget is $20 million. All alternatives 
are mutually independent projects. 

I-A $45 12 3.75 

I-B 30 9 3.33 

II II-A 35 6 5.83 

II-B 20 12 1.67 

III III-A 25 2 12.5 

III-B 30 7 4.29 

Determine the best combination of projects within the budget constraint. 
(a) II-Band III-B only 
(b) I-A, II-A, and III-B 
(c) 1-B, III-A, and III-B 
(d) 11-B and IIl-B 

Ss.6 The Ulrich Corporation is trying to choose between the following two mutually 
exclusive design projects. If the required rate of return is 10%, which of the fol
lowing statements is correct? 

0 -$55,000 

1 $38,000 

2 $38,000 

PI index 1.19 

ROR 24.56% 

(a) Select A2 because it has a higher PI. 
(b) Select A2 because it has a higher RO R. 

-$18,500 

$15,000 

$15,000 

1.40 

39.29% 

(c) Select Al because its incremental PI exceeds 1. 
(d) Not enough information to decide. 

8s. 7 A regional airport is considering installing a new baggage handling system. Two 
different vendors submitted bids on the system. The airport is to replace its cur
rent system. The cash flows that describe each baggage handling system with 
respect to the current system are given below. 

ROR 
Pl (4%) 

$48,170 

5% 

1.07 

$65,880 

7% 

1.22 

$17,710 

15.73% 

1.97 



Which of the following sta te me nts is correct? 

(a) Vendor B is pre fe rred as long as the airport's inte rest ra te is less than or 
equa l to 15.73% 

(b. Vendor B is preferred as long as the airport's inte rest ra te is more tha n 5%. 

(c) Vendor Bis preferred as lo ng as the airport 's inte rest rate is Jess than 7%. 

(d) Vendor A is preferred if the a irpo rt 's interest rate is more than L5.73%. 

PROBLEMS 
Be nefi ts-Cost Ana lyses 

8.1 A local government is conside ring promoting to urism in the city. It will cost 
$8,000 to develop a plan.111e an ticipated annual benefits and costs are as follows: 

Annual benefits: Increased loca l income a nd tax collections $ 125,000 

Annual support service: Parking lot expansion, rest room. $50,000 
patrol car, and street repair 

If the city governmen t uses a discount rate of 8% a nd a study pe riod of fi ve 
years. is this to urism project justifiable according to the benefit-cost a na lysis? 

8.2 A city government is conside ring increasing the capacity of the current waste 
wmer treatment p lant. The estimated financial data for the project a re as fo llows: 

Description 

Capita l investment 

Project life 

Incrementa l a nnual benefits 

Incremental annua l costs 

Salvage value 

Discount rnte 

Ontn 

$1.000,000 

20 years 

$220.000 

SS0,000 

$40,000 

5% 

Calcu la te the benefit-cost ra tio fo r this capacity expansion project. 

8.3 A city government is considering two types of town-clump sanitary systems. 
Design A requires an initial outlay of $400.000 with annual operating and main
tenance costs of $50.000 for the next 15 years: design B calls for an investment of 
$300.000 with annual operating and maintenance coSIS of $80,000 per year for the 
next 15 years. Fee collections from the residents would be $85.000 per year. 111e 
interest rate is 8%. and no salvage value is associated with either syste m. 

(a) By the benefit-cost ra tio (BC(i)), which system should be selected? 

(b) If a new design (design C). which requires a n initi al outlay of $350,000 a nd 
annua l operating and maintenance costs of $65,000, is proposed, would your 
a nswer to (a) change? 

Increm e ntal Be ne fi t-Cost Ana lysis 
8.-t The U.S. government is considering building apartments for its employees 

working in a foreign country and currently living in locally owned housing. 
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A comparison of two possible buildings indicates the following: 

Original investment by government agencies 

Estimated annual maintenance costs 

Savings in annual rent now being paid to 
house employees 

$8,000,000 

$240,000 

$1,960,000 

$12,000,000 

$180,000 

$1,320,000 

Assume the salvage or sale value of the apartments to be 60% of the first 
investment. Use 10% and a 20-ycar study period to compute the B/C ratio on 
incremental investment, and make a recommendation as to the best option. (Do 
not assume a do-nothing alternative.) 

8.5 Two different routes are under consideration for a new interstate highway: 

The "long" route 

1hmsmountain shortcut 

22 miles 

lOmiles 

$21 million 

$45 million 

$140,000 

$165,000 

For either route, the volume of traffic will be 400,000 cars per year. These cars 
are assumed to operate at $0.25 per mile. Assuming a 40-year life for each road 
and an interest rate of 10%, determine which route should be selected. 

8.6 Three public investment alternatives are available: Al, A2, and A3. Their respec
tive total benefits, costs, and first costs are given in present worth as follows: 

B 

I 

C' 

$400 

$100 

$100 

$700 

$300 

$200 

$500 

$200 

$150 

These alternatives have the same service life. Assuming that there is no do
nothing alternative, which project would you select, calculating on the basis of 
the benefit-<:ost ratio on incremental investment (BC(i))? 

8.7 A city that operates automobile parking facilities is evaluating a proposal to 
erect and operate a structure for parking in its downtown area. Three designs 
for a facility to be built on available sites have been identified as follows, where 
all dollar figures are in thousands: 

Cost of site $240 $180 $200 

Cost of building $2,200 $700 $1,400 

Annual fee collection $830 $750 $600 

Annual maintenance cost $410 $360 $310 

Service life 30years 30 years 30years 

At the end of the estimated service life, the selected facility would be torn down 
and the land would be sold. It is estimated that the proceeds from the resale of 



the land will be equal to the cost of clearing the site. If the city's interest rate is 
known to be 10%, which design alternative would be selected on the basis of 
the benefit-cost criterion? 

8.8 The federal government is planning a hydroelectric project for a river basin. In 
addition to producing electric power, this project will provide flood control, irriga
tion, and recreational benefits. The estimated benefits and costs expected to be 
derived from the three alternatives under consideration are listed as follows: 

Initial cost $8,000,000 $10,000,000 $15,000,000 

Annual benefits: 

Power sales $1,000,000 $1,200,000 $1,800,000 

Flood-control savings $250,000 $350,000 $500,000 

Irrigation benefits $350,000 $450,000 $600,000 

Recreation benefits $100,000 $200,000 $350,000 

O&Mcosts $200,000 $250,000 $350,000 

The interest rate is 10%, and the life of each project is estimated to be 50 years. 
(a) Find the benefit-cost ratio for each alternative. 
(b) Select the best alternative, according to BC(i). 

8.9 A local government is considering four possible countermeasures to reduce 
crimes in the municipal park. Since each option has a different program 
length of duration, all benefits and costs are expressed in terms of equivalent 
annual values. Because of a limited budget, only one countermeasure will be 
implemented. Which countermeasure would you recommend based on the 
B/C analysis? 

Program 1 

Program2 

Program3 

Program4 

$14,350 

$11,350 

$35,000 

$42,000 

$1,430 

$1,835 

$19,500 

$24,000 

10.03 

6.19 

1.79 

1.75 

8.10 The government is considering undertaking one of the four projects A 1, A2, A3, 
and A4. These projects are mutually exclusive, and the estimated present values 
of their costs and of their benefits are shown in millions of dollars as follows: 

Al 
A2 

A3 

A4 

$40 

$150 

$70 

$120 

$8S 
$110 

$25 

$73 
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All of the projects have the same duration. Assuming that there is no do
nothing alternative, which alternative would you select? Justify your choice by 
using a benefit-cost ratio on incremental investment (BC(i)). 

Profitability Index 

8.11 Consider the following two projects: 

Investment 
Required 
atn=O 

$900,000 $1,200,000 

·1@1)~)~'&1.1%t/v/flN%iYf lffit1W@W11§YiiftfN00iiB!fftillifitW'~ti*lGE1'.~ Jl111111;11\~ll\'1iht#0\J.',,.,q,\f,~Y/l/f/U111ito1hi'i(.h'·,i[llifN!!~iliff'iD}liJift'{0j\',jj 

1 $400,000 $200,000 

2 $340,000 $300,000 

3 

4 

5 
6 

$300,000 

$240,000 

$200,000 

$150,000 

$350,000 

$440,000 

$400,000 

$350,000 

(a) Calculate the profitability index for A 1 and A2 at an interest rate of 6%. 
(b) Determine which project(s) you should accept (1) if you have enough money 

to undertake both and (2) if you could take only one due to a budget limit. 

8.12 Consider the following two mutually exclusive projects: 

1 $100,000 $200,000 

2 $100,000 $200,000 

3 $100,000 $200,000 

4 $240,000 $300,000 

5 $200,000 $300,000 

6 $180,000 $250,000 

7 $180,000 $250,000 

8 $180,000 $150,000 

9 $180,000 $100,000 

10 $180,000 $50,000 



(a) Which project has the higher profitability index at i = 7%? 
(b) Which project would you choose if you can raise an unlimited amount of 

funds in financing either project at 7%? Use the profitability index rule. 

Short Case Studies 
8.13 The city of Portland Sanitation Department is responsible for the collection and 

disposal of all solid waste within the city limits. The city must collect and dispose 
of an average of 300 tons of garbage each day. The city is considering ways to 
improve the current solid-waste collection and disposal system: 
Iii!! The present collection and disposal system uses Dempster Dumpmaster 

front-end loaders for collection and disposal. Each collecting vehicle has a 
load capacity of 10 tons, or 24 cubic yards, and dumping is automatic. The 
incinerator in use was manufactured in 1962. It was designed to incinerate 
150 tons every 24 hours. A natural gas afterburner has been added in an 
effort to reduce air pollution; however, the incinerator still does not meet 
state air-pollution requirements. Prison-farm labor is used for the opera
tion of the incinerator. Because the capacity of the incinerator is relatively 
low, some trash is not incinerated but is taken to the city landfill instead. 
The trash landfill and the incinerator are located approximately 11 miles 
and 5 miles, respectively, from the center of the city. The mileage and costs 
in person-hours for delivery to the disposal sites are excessive; a high 
percentage of empty vehicle miles and person-hours are required because 
separate methods of disposal are used and the destination sites are remote 
from the collection areas. The operating cost for the present system is 
$905,400. This figure includes $624,635 to operate the prison-farm incin
erator, $222,928 to operate the existing landfill, and $57,837 to maintain the 
current incinerator. 

11!1 The proposed system calls for a number of portable incinerators, each with 
100-ton-per-day capacity for the collection and disposal of refuse waste from 
three designated areas within the city. Collection vehicles will also be staged 
at these incineration disposal sites with the necessary plant and support 
facilities for incinerator operation and collection-vehicle fueling and wash
ing, and with support building for stores as well as shower and locker rooms 
for collection and site personnel. The pickup and collection procedure 
remains essentially the same as in the existing system. The disposal-staging 
sites, however, are located strategically in the city according to the volume 
and location of wastes collected; thus, long hauls are eliminated and the 
number of miles the collection vehicles must travel from pickup to disposal 
site and back is reduced. 

Four variations of the proposed system arc being considered, containing one, 
two, three, and four incinerator-staging areas, respectively. The type of incinera
tor used in each variation is a modular prepackaged unit, which can be installed 
at several sites in the city. All of the four units meet state and federal standards 
on exhaust emissions. The city of Portland needs 24 units, each with a rated 
capacity of 8.5 tons of garbage per 24 hours. The price per unit is $137,600, which 
means a capital investment of about $3,302,000. The estimated plant facilities, 
such as housing and foundation, are estimated to cost $200,000 per facility. 
This figure is based on a plan incorporating four incinerator plants strategically 
located around the city. Each plant would house eight units and would be capa
ble of handling 100 tons of garbage per day. Additional plant features, such as 
landscaping, are estimated to cost $60,000 per plant. 
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The annual operating cost of the proposed system would vary according to 
the type of system configuration. It takes about 1.5 to 1.7 MCF of fuel to incin
erate 1 ton of garbage. The conservative 1.7 MCF figure was used for total cost, 
resulting in a fuel cost of $4.25 per ton of garbage at a cost of $2.50 per MCF. 
Electric requirements at each plant will be 230 kW per day. For a plant operat
ing at full capacity, that requirement means a $0.48-per-ton cost for electricity. 
Two workers can easily operate one plant, but safety factors dictate that there 
will be three operators at a cost of $7.14 per hour per operator. This translates 
to a cost of $1.72 per ton. The maintenance cost of each plant is estimated to be 
$1.19 per ton. Since the proposal for three plants will require fewer transporta
tion miles, it is necessary to consider the savings accruing from this operating 
advantage. For example, the configuration with three plant locations will save 
6.14 miles per truck per day on average. At an estimated $0.30-per-mile cost, this 
would mean that an annual savings of $15,300 would be realized from minimum 
trips to the landfill. Labor savings are also realized because the shorter routes 
would permit more pickups per day. This plan thus offers an annual labor sav
ings of $103,500 for three incinerators. The following table summarizes all costs, 
in thousands of dollars, associated with the present and proposed systems. 

Capital costs 

Incinerators 

Plant facilities 

Annex buildings 

Additional features 

Total 

Annual O&M costs 

Annual savings 

Pickup transportation 

Labor 

$905.4 

$3,302 

$600 

$91 

$60 

$4,053 

$342 

$13.2 

$87.6 

$3,302 $3,302 $3,302 

$900 $1,260 $1,920 

$102 $112 $132 

$80 $90 $100 

$4,384 $4,764 $5,454 

$480 $414 $408 

$14.7 $15.3 $17.1 

$99.3 $103.5 $119.40 

A bond will be issued to provide the necessary capital investment at an interest 
rate of 8% with a maturity date 20 years. 

The proposed systems are expected to last 20 years with negligible salvage 
values. If the current system is to be retained, the annual O&M costs would be 
expected to increase at an annual rate of 10%. The city will use the bond inter
est rate as the interest rate for any public-project evaluation. 
(a) Determine the operating cost of the current system in terms of dollars per 

ton of solid waste. 



(b) Determine the economics of each solid-waste disposal alternative in terms 
of dollars per ton of solid waste. 

(c) Select the best alternative based on the benefit-cost ratio. 

8.14 Atlanta Regional Commission is considering expanding Hartsfield (Atlanta) 
International Airport. Three options have been proposed to handle the growth 
expected at Hartsfield: 
BID Option 1: Build five new runways, a new concourse adjacent to a new east

side terminal, and close-in parking. Cost estimate: $1.5 billion. 
IE! Option 2: Construct a more expensive version of Option 1, putting the new 

concourse adjacent to the fifth runway. Cost estimate: $1.6 billion. 
Iii Option 3: In addition to the five new runways in Options 1 and 2, build a 

sixth runway north of the current airport boundaries in the College Park
East Point-Hapeville corridor side terminal. Cost estimate: $5.9 billion. 

A study indicates that a north runway (e.g., the sixth runway in Option 3) 
would displace more than 3,000 households and 978 businesses. A south run
way (Option 2) could dislocate as many as 7,000 households and more than 900 
businesses. Under any scenario of airport expansion, there still will be some 
flight delays. However, some plans project longer delays than others. Figure 8.8 
illustrates the three options under consideration, and the accompanying table 
summarizes some projections for the year 2015 under the no-build scenario. 

+ 
Virginia A vc. 

N 

1-75 

1-85 South Terminal Loop Road 

1-285 

Figure 8.8 Proposed future expansion plan for Atlanta Hartsfield 
Airport 
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Average departure delay 
Average arrival delay 

Average taxiing time 26.04 

7.08 

18.54 

19.66 

6.68 

19.99 

5.71 
3.91 

12.80 

The committee has six months to study each option before making a final 
recommendation. What would you recommend? 



Development 
of Project Cash 
Flows 



_CH_ A_PT_E_R NINE~~~~~~~~-

Accounting 
for Depreciation 
and Income Taxes 
Enjoy a Lump Sum Tax-Benefit Now or Take Deferred 
Benefits Over the Life of Equipment? In September 20 I 0, 
in an effort to fu r ther speed along the ailing U.S. economy's recovery, 

President Obama proposed a new bill intended to save businesses 

money. Categorized by the administration as "the largest temporary 
investment incentive in American history,'' it would allow businesses 

to deduct any new equipment purchases from their incomes in 20 I I; 

the intent being to incentivize spending, increase the demands for 
goods, and create jobs. 

While the government would be shelling out $200 bi ll ion to 
bus inesses owners, the Treasury wou ld recoup this relief; estimates 

are that the overall price tag will drop to $30 billion over the next 

ten years.As businesses would eventually take deductions for the 
depreciated value, the plan is very simple: businesses spend their tax 

savings on equipment purchases now (which is equivalent to buying 
equipment at a discount), but give up their future annual depreciation 

allowances when the economy gets better. 

So if a company decides to take advantage of this one-time offer 
and purchases state-of-the-art equipment at a discount, how does the 

loss of future deductions of the depreciated value affect t he bottom 
line of the business? What will happen in a few years when more 

efficient machinery becomes available? Or the machinery starts to 
break down? Is it worth waiting? 

Consider a manufacturer who purchased an industrial robot to be 
used in its spot-welding operation. It cost $220,000 and would qualify 
for the benefits of writing off the entire cost during the first year of 



purchase. Now ask yourself: How does the cost of this system affect the 
financial position of the firm? In the long run, the system promises to create 

more wealth for the organization by increasing product quality and cutting 
down inspection time. In the short run. however. the high cost of the system 
will negatively impact the organization's bottom line because it involves high 

initial coses chat are only gradually rewarded by the benefits of the system. 
Another consideration should come to mind.This state-of-the-art 

equipment will inevitably wear out over time. Even if its productive service 
extends over many years, the cost of maintaining its high level of functioning 
will increase as the individual hardware pieces wear out and need to be 
replaced. Of even greater concern is the question of how long the system 

will be state-of-the-art. When will the competitive advantage the firm has 
just acquired become a competitive disadvantage due to obsolescence? 

11 11 11 
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0 
nc or the facts of lifo that organizations must contend with is tha t fixed assets 
lose their value - even as they continue to fu nction and con tribute 10 the 
engineering projects 1lwt l.!ntploy them. This loss or va lul.!, called dcprccin· 
lion, ca n involve dcteri orat io11 and obsolescence. Why do engineers need 

to understand lhe concept of asset depreciation? All cash flows described in Chapters 
5 through 7 arc cash flows after taxcs. In order to de te rmine the effccts of income taxes 
on project cash flows, we need to understand how a company calculates the profit (or 
net income) gained [rom undertak ing a project. where depreciation expenses play a 
very critical role. 111e main function of depreciat ion accounl ing b 10 accounL for the 
cost of fixed assets in a pauern that matches their decline in valut.: over time. The cost 
of the industrial robot we have just described. for example. will be allocated over sev
era l years in the firm's financial statt.:ments so that its paucrn of costs roughly matches 
its pall em of service. In this way, as we sha ll sec, deprcciat ion accounting enables the 
firm to stabi lize the statements of financia l position thm it distributes to stockholders 
and the outside world. 

On a project level. engineers must be able LO assess how the rt.:a lity of depreciating 
fixed assets inrluences the invcstm t.:nt valut.: of a given project. To make this assess
ment. they net.:d to estimate the allocation of capirnl costs over thc life of the project: 
this requires an underscanding of the conventions and techniques that accountants use 
10 depreciate assets. which we'll review in this chapter. 

We begin by discussing the nature of acqui ring fixed assets. the significance of de
preciation. and income taxes. We then focus our a11cn1ion almos1 t.:xclusively on the 
rules and laws that govern asset depreciation and the me thods that accountants use 10 

alloca te depreciation expenses. Knowledge of these rules will prepare you to a sess the 
depreciation of assets acquired in engineering projects. 

~ Accounting Depreciation 
The acquisition of fixed assets is an important acti\'ity for a busint.:S'> organization. l l1is 
condition is true whether the organi1a1ion is starting up or is acquiring new assets 10 

remain competitive. In engineering t.:conomics. the te rm co!\t is used in many ways. Like 
o ther disbursemen ts. the costs of fixed assets must be recorded as expense on a firm's 
balance sheet and income s1<1te111cn1. I lowcver. unlike costs such as maintennnce, 
ma terial. and labor. fixed assets art.: no1 lrt.:a tcd simply as expenses 10 be accoumed for 
during the year that they arc ncquired. Rathe r, these assets arc capitali1.cd: that is, their 
costs nre distributed by subtracting them as expenses from gross income-one part at 
a time over a number of periods.1l1c systemntic allocation of th t.: initial cost of an asset 
in parts over a time. known as its depreciable life. is what we mean by accounting clc
prcci:llion. sometimes referred to more generally as a!\!\cl depreciation. 

·nlC process of depreciating an asst.:! requires that wc make several preliminary 
delc rminntions: ( I) What is the cost of the asset? (2) What ill 1he depreciable life of 
the asset? (3) What is the asset's value at the end of its usdul life'?(~) What me thod of 
dcprccin tion do we choose? In this section. we wi ll discuss each of these four fac tors. 

9. I. I Depreciable Property 
As a starl ing point. it is important to recognize what constitulcs a dcprcciahle assct 
that is, a property for which a firm may take deprccia1ion dt.:ductions against income. 
For the pu rposes of U.S. tax Jaw. any depreciable property must 
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1. be used in business or held for the production of income; 
2. have a definite service life, which must be longer than one year; and 
3. be something that wears out, decays, gets used up, becomes obsolete, or loses 

value from natural causes. 

Depreciable property includes buildings, machinery, equipment, vehicles, and some 
intangible properties.2 Inventories are not depreciable property, because they are held 
primarily for sale to customers in the ordinary course of business. If an asset has no 
definite service life, the asset cannot be depreciated. For example, you can never de
preciate land. However, any land improvements such as driveways, parking lots, fences, 
landscaping, and lighting have limited useful lives, so they are subject to capitalization 
(depreciation). 

As a side note, we should add that, while we have been focusing on depreciation 
within firms, individuals may also depreciate assets as long as the assets meet the con
ditions listed previously. For example, an individual may depreciate an automobile if 
the vehicle is used exclusively for business purposes. 

9.1.2 Cost Basis 
The cost basis of an asset represents the total cost that is claimed as an expense over an 
asset's life-the sum of the annual depreciation expenses. Cost basis generally includes 
the actual cost of an asset and all incidental expenses, such as freight, site preparation, 
and installation.3 Total cost, rather than the cost of the asset only, must be the basis for 
depreciation charged as an expense over an asset's life. Besides being used in figuring 
depreciation deductions, an asset's cost basis is used in calculating the gain or loss to 
the firm if the asset is ever sold or salvaged. 

EXAMPLE 9. I Determining the Cost Basis 

Raymond Stamping Services purchased a stamping machine priced at $21,500. The 
firm had to pay a sales tax of $1,200 on this purchase. Raymond also paid the in
bound transportation charges of $525 on the new machine, as well as a labor cost of 
$1,350 to install the machine in the factory. In addition, Raymond had to prepare 
the site before installation at a cost of $2,125. Determine the cost basis for the new 
machine for depreciation purposes. 

DISSECTING THE PROBLEM 
---····-······,······~-~-· ----------

Given: Invoice price = $22,700, freight = $525, installation cost = 
$1,350, and site preparation= $2,125. 
Find: The cost basis. 

2 Intangible property is property that has value but cannot be seen or touched. Some intangible prop
erties are ( l) copyrights and patents, (2) customer and subscription lists, (3) designs and patterns, and 
14) franchises. Generally, you can either amortize or depreciate intangible property. 
· tr you purchase an asset by trading in an old but similar asset, the cost basis for the new asset will be 
adjusted by the amount of gain or loss, or simply by its net book value. Example 9.6 will illustrate the 
process of calculating the cost basis with trade-in allowances. 
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METHODOLOGY 
Compute the cost basis. 

SOLUTION 
The cost of the machine that is applicable for depreciation is computed 
as follows: 

Cost of a new stamping machine 

Freight 

Installation labor 

Site preparation 

Cost of machine (cost basis) 

$22,700 

$525 

$1,350 

$2,125 

$26,700 

COMMENTS: Why do we include all the incidental charges relating to the acquisi
tion of a machine in its cost? Why not treat these incidental charges as expenses of 
the period in which the machine is acquired? The matching of costs and revenue 
is a basic accounting principle. Consequently, the total costs of the machine should 
be viewed as an asset and allocated against the future revenue that the machine 
will generate. All costs incurred in acquiring the machine are costs of the services 
to be received from using the machine. 

9.1.3 Useful Life and Salvage Value 
How long will an asset be useful to the company? What do statutes and accounting 
rules mandate about assessing an asset's span of economic value? These questions 
must be answered when we are determining an asset's depreciable life, that is, the num
ber of years over which the asset is to be depreciated. 

Historically, depreciation accounting included choosing a depreciable life that 
based on the service life of an asset. Determining the service life of an asset, how
ever, was often very difficult, and the uncertainty of these estimates frequently led to 
disputes between taxpayers and the Internal Revenue Service (IRS). To alleviate the 
problems, the IRS now publishes guidelines on lives for categories of assets, known 
as asset depreciation ranges, or ADRs. These guidelines specify a range of lives for 
classes of assets, based on historical data. allowing taxpayers to choose a depreciable 
life within the specified range for a given asset. An example of AD Rs for some assets 
is given in Table 9.1. 

An asset's estimated value at the end of its life is its salvage value; it is the amount 
eventually recovered through sale, trade-in, or salvage. The eventual salvage value of an 
asset must be estimated when the depreciation schedule for the asset is established. If 
this estimate subsequently proves to be inaccurate, then an adjustment must be made. 

9.1.4 Depreciation Methods: Book and Tax Depreciation 
One important distinction regarding the general definition of accounting depreciation 
must be introduced. Most firms calculate depreciation in two different ways, depend
ing on whether the calculation is (I) intended for financial reports (book depreciation 
method), such as for the balance sheet or income statement, or (2) intended for the 
Internal Revenue Service (IRS) for the purpose of calculating taxes (tax depreciation 
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TABLE 9.1 Asset Depreciation Ranges (ADRs) 

Office furniture, fixtures, and equipment 8 10 12 
Information systems (computers) 5 6 7 

Airplanes 5 6 7 

Automobiles and taxis 2.5 3 3.5 

Buses 7 9 11 

Light trucks 3 4 5 

Heavy trucks (concrete ready mixer) 5 6 7 

Railroad cars and locomotives 12 15 18 

Tractor units 5 6 7 

Vessels, barges, tugs, and water transportation 
14.5 18 21.5 

systems 

Industrial steam and electrical generation or 
17.5 22 26.5 

distribution systems 

Manufacturer of electrical machinery 8 10 12 

Manufacturer of electronic components, 
5 6 7 

products, and systems 

Manufacturer of motor vehicles 9.5 12 14.5 

Telephone distribution plant 28 35 42 

method). (See Figure 9.l.) In the United States, this distinction is totally legitimate 
under IRS regulations, as it is in many other countries. Calculating depreciation differ
ently for financial reports and for tax purposes allows for the following benefits: 

• The book depreciation enables firms to report depreciation to stockholders and 
other significant outsiders on the basis of the matching concept. Therefore, the ac
tual loss in value of the assets is generally reflected. 

• The tax depreciation method allows firms to benefit from the tax advantages of de
preciating assets more quickly than would be possible under the matching concept. 
In many cases, tax depreciation allows firms to defer paying income taxes. This 
deferral does not mean that they pay less tax overall because the total depreciation 
expense accounted for over time is the same in either case. However. because tax de
preciation methods generally permit a higher depreciation in earlier years than do 
book depreciation methods, the tax benefit of depreciation is enjoyed earlier, and 
firms usually pay lower taxes in the initial years of an investment project. Typically, 
this factor leads to a better cash flow position in early years with the added cash 
leading to increased future wealth because of the time value of the funds. 
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Book Depreciation 

Tax Depreciat ion 

• Used in reporting 
ne t income 10 investors 
and slockholders 

• Used in pricing 
decis ions 

• Used in calculating 
income taxes for the IRS 

• Used in engineering 
economic decisions [ 

Straigh t-line 

Declining balance 

Units-of-production 

3-year 
5-year 

Personal - 7-year 
property 10-year 

15-year 
20-year 

Real ._ 27.5-year 
property 39-year 

Figure 9. 1 Types of accounting depreciation and their primary 
purposes 

~ Book Depreciation Methods 
Consider a machine purchased for $10,000 with an estimated life of five years and es
timated salvage value of $2,000. The objective of depreciation accounting is to charge 
this net cost of $8,000 as an expense over the five-year period. How much should be 
charged as an expense each year? ll1ree different methods can be used to calculate 
the periodic depreciation allowances for financial reporting: (1) the straight-line (SL) 
method, (2) the declining-balance (DB) me thod, and (3) the unit-of-production meth
od. In engineering economic analysis, we are interested primarily in depreciation in the 
context of income-tax computation . Nonetheless, a number of reasons make the study 
of book depreciation methods useful: 

• Fixst, many product pricing decisio ns are based on boo k depreciation methods. 
• Second, tax depreciation methods are based largely on the same principles that are 

used in book depreciation methods. 
• Third, firms continue to use book depreciation methods for financial reporting to 

stockholders and outside parties. 
• Finally, book depreciation methods are still used for state income-tax purposes in 

many states and foreign countries. 

9.2. 1 Straight-Line Method 
The straight-line (SL) method of depreciation inte rpre ts a fixed asset as an asset that 
provides its services in a uniform fashi on. That is, the asse t provides an equal amount 
of service in each year of its useful li fe. In other words, the depreciation rate is 1/N, 
where N is the depreciable life. Example 9.2 illustrates the stra ight-line depreciation 
concept. 
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EXAMPLE 9.2 Straight-Line Depreciation 

Consider the following data on an automobile: 

Cost basis of the asset(/)= $10,000; 
Useful life (N) = 5 years; 

Estimated salvage value (S) = $2,000. 

Compute the annual depreciation allowances and the resulting book values using 
the straight-line depreciation method. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Create a straight-line depreciation 
table. 

Given: I= $10,000, S = $2,000, and N = Syears. 

Find: Dn and Bn for n = 1to5. 

SOLUTION 

The straight-line depreciation rate is! or 20%. Therefore, the annual 
depreciation charge is 

Dn = (0.20)($10,000 - $2,000) = $1,600. 

Then the asset would have the following book values during its use
ful life, where B,, represents the book value after the depreciation 
charge for year n: 

B,, = I - (Di + D2 + D3 + · · · + D,,). 

Therefore, the depreciation schedule based on the straight-line 
1 method is as follows: 

0 $10,000 

1 $1,600 $8,400 

2 $1,600 $6,800 

3 $1,600 $5,200 

4 $1,600 $3,600 

I 5 $1,600 $2,000 
I 
I 

---- ----~----~---------------1 __________ -~·· --------- -

COMMENTS: We can easily generate a depreciation schedule just like what we have 
shown by using a built-in financial command, =SLN (cost, salvage, life) in Excel. 
One way to automate the process of generating a depreciation schedule is to develop 
an Excel worksheet as the one shown in Table 9.2. First, we determine the type of de
preciation method, such as, in this example. the straight-line method. Then we enter 
the cost basis in cell 02, the depreciable life in cell 03, and the salvage value in cell 
04. Then. we can generate the depreciation schedule in cells C9-C13, and also plot 
the annual depreciation, as well as book value, as a function of age. 
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TABLE 9.2 An Excel Worksheet to Calculate the Depreciation Amounts by the 
Straight-Line Method 

A B c D E F I G H I I I J 
1 Depreciation Method SL Straight-Una Method 

2 Cost Basis (S) 10,000 $12,000 

3 Depreciable Life 5 $10,000 
4 Salvage Value ($) 2,000 $8,000 

.........._ 
-
~ i,,:fr:&iiS\::;;,;.,. .. --.......... 5 ·'i;:.r.;·:i;;:::•·:·t\•;i'i/ $6,000 ,__ en 

6 Period Beginning Depreciation Ending ---......._ 
7 (n) Book Value Amount Book Value $4,000 -
8 1: 1 . .,:xx:;.;:;.x::Jt<X~';:.ix::,.:-,y,:.::v.-"-'••··.:,:·.·,.,, ... , ... , ··,,·:0_',;&U'.:;:y~}.':('JSX:i:S;:J,i'ib·:,;;:,."".,,::1:-. $2,000 - -
9 1 $10,000 $1,600 $8,400 $0 

10 2 $8,400 $1,600 $6,800 1 2 3 4 5 

11 3 $6,800 $1,600 $5,200 -- Series2 $8,400 $6,800 $5,200 $3,600 $2,000 

12 4 $5,200 $1,600 $3,600 -+- Series1 $1,600 $1,600 $1,600 $1,600 $1,600 
13 5 $3,600 ~ $1,600 $2,000 

14~ \\:!/:Xi:\;\·.:/;•:.:.:-:::;:)· /.:·;:::'.,':::: , .. .-.....•... , ' ::1:!/};i::'.'.V/:''YYD!::\:p.:.•'i' r::······.,' 

Y=(SDS2-$D$4)1$D$31 

9.2.2 Declining-Balance Method 
The second concept recognizes that the stream of services provided by a fixed asset 
may decrease over time; in other words, the stream may be greatest in the first year 
of an asset's service life and least in its last year. This pattern may occur because the 
mechanical efficiency of an asset tends lo decline with age, because maintenance costs 
tend to increase with age, or because of the increasing likelihood that better equipment 
will become available and make the original asset obsolete. This reasoning leads to a 
method that charges a larger fraction of the cost as an expense of the early years than 
of the later years. This method, the declining-balance method, is the most widely used. 

Depreciation Rate 

The declining-balance method of calculating depreciation allocates a fixed fraction of 
the beginning book balance each year. The fraction a is obtained from the straight-line 
depreciation rate ( 1/ N) as a basis: 

a= (1/N)(multiplier). (9.1) 

The most commonly used multipliers in the United States are 1.5 (called 150% DB) and 
2.0 (called 200% DDB. or double-declining-balance). So, a 200%-DB method specifies 
that the depreciation rate will be 200% of the straight-line rate. As N increases, a de
creases, thereby resulting in a situation in which depreciation is highest in the first year 
and then decreases over the asset's depreciable life. 

EXAMPLE 9.3 Declining-Balance Depreciation 

Consider the following accounting information for a computer system: 

Cost basis of the asset (/) = $10,000; 

Useful life (N) = 5 years; 

Estimated salvage value (S) = $2,000. 



9.2 Book Depreciation Methods 393 

Compute the annual depreciation allowances and the resulting book values using 
the double-declining-balance depreciation method. 

DISSECTING THE PROBLEM 

METHODOLOGY 

- - ----------------~----~------------- --- --- -- - ----- --~-

i 
i 

! Given: I= $10,000, S = $2,000, and N = Syears. 

~ Find: Dn and B11 for n = 1 to 5. 

SOLUTION 

Create a double-declining-balance 
depreciation schedule in Excel. 

The book value at the beginning of the first year is $10,000, and the 
1 declining-balance rate a is ~(2) = 40%. Then the depreciation de

duction forthe firstyearwill be $4,000(40% x $10,000 = $4,000). 
To figure out the depreciation deduction in the second year, we 

1 
2 
3 
4 
5 

, must first adjust the book value for the amount of depreciation we 
deducted in the first year. The first year's depreciation is subtracted 
from the beginning book value ($10,000 - $4,000 = $6,000). 
This amount is then multiplied by the rate of depreciation 
($6,000 x 40% = $2,400). By continuing the process, we obtain 
D3• However, in year 4, B4 would be less than S = $2,000 if the 
full deduction ($864) were taken. Tax law does not permit us to 
depreciate assets below their salvage value. Therefore, we adjust D4 

to $160, making B4 = $2,000. D5 is zero, and B5 remains at $2,000. 
The following table provides a summary of these calculations: 

0.4($10,000) = $4,000 

0.4($6,000) = $2,400 

0.4($3,600) = $1,440 

0.4($2,160) = $864 -1$1601 
0 

Total = $8,000 

$10,000 - $4,000 = $6,000 

$6,000 - $2,400 = $3,600 

$3,600 - $1,440 = $2,160 

$2,160 - $160 = $2,000 

$2,000 - $0 = $2,000 

TABLE 9.3 An Excel Worksheet to Calculate the Depreciation Amounts by the 
Declining-Balance Method (Example 9.3) 

A B c 0 El F I G I H I I -- _I J 
1 Decllnlng Depreciation Method 200"/o 
2 Cost Basis ($) 10,000 

m Book Value • Description 

3 Depreciable Life 5 $12,000 
4 Salvage Value ($) 2,000 $10.000 
5 Decllnlng Balance Rate (a) 0.40 t: sa.ooo :a 
7 Period Benlnnlnn Depreciation Ending 
8 (n) Book Value Amount Book Value 
9 .:i :.=~.:: /i.1/j _!,. ::.:;;·,:.=:u).=::~\)i:(/;::=::·i'::' :?:\1:1.~ /f.";?i't.~·1 _:, :•.//F::-::t:'. ~"/) :';(;·::::·::/:::=:: :.:'.;·,~'.:s~;1;:/~·i{!J:}~'{ :::. ::; : 
10 $10.000 $4,000 $6,000 

2 $6,000 $2,400 $3,600 11 

C) $6,000 
~ $4,000 

I $2,000 
I~ ml Ill $0 

2 3 4 5 
3 $3.600 $1,440 $2,160 
4 $2.160 $160 $2,000 

12 
13 Period (n) 

14 5 $2,000 • so $2.000 

'---f =IF(B 14.(1-$0$5)<$0$4.814·$0$4.B 14 '$0$5) I 
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Table 9.3 also illustrates the process of generating a depreciation schedule in Excel. 
This is basically the same worksheet, where we need to change only the deprecia
tion method from the straight line to the declining balance using a 200% deprecia
tion rate. 

Switching Policy 

When BN > S, we are faced with a situation in which we have not depreciated the 
entire cost of the asset and thus have not taken full advantage of depreciation's tax
deferring benefits. If we would pref er to reduce the book value of an asset to its sal
vage value as quickly as possible, we can do so by switching from DB depreciation to 
SL depreciation whenever SL depreciation results in higher depreciation charges and, 
therefore, a more rapid reduction in the book value of the asset. The switch from DB 
to SL depreciation can take place in any of the 11 years, the objective being to identify 
the optimal year to switch. The switching rule is as follows: If DB depreciation in any 
year is less than (or equal to) the depreciation amount calculated by SL depreciation 
on the basis of the remaining years, switch to and remain with the SL method for the 
duration of the asset's depreciable life. The straight-line depreciation in any year n is 
calculated as: 

Book value at beginning of year 11 - Salvage value 
D = (9.2) 

n Remaining useful life at beginning of year 11 

EXAMPLE 9.4 Declining Balance with Conversion 
to Straight-Line Depreciation (BN > S) 

Suppose the asset given in Example 9.3 has a zero salvage value instead of $2,000: 

Cost basis of the asset (/) = $10,000; 

Useful life (N) = 5 years; 

Salvage value (S) = $0; 

a = (1/5)(2) = 40%. 

Determine the optimal time to switch from DB to SL depreciation and the result
ing depreciation schedule. 

DISSECTING THE PROBLEM 
i 

i Given: I= $10,000,S = $0,N = 5years, and a= 40%. 

I Find: Optimal conversion time; Dn and Bn for 11 = 1 to 5. 
__ L__ - ----------
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METHODOLOGY SOLUTION 
Create a table of depreciation 
amounts in Excel. 

We will first proceed by computing the DDB depreciation for each 
year, as before. The result is shown in Table 9.4(a). Then we compute 
the SL depreciation for each year using Eq. (9.2). We compare the SL 
depreciation with the DDB depreciation for each year and use the 
decision rule to decide when to change. The result is shown in Table 
9.4(b). The switching should take place in the fourth year. 

COMMENTS: As we have seen in Table 9.4, the process of finding when to switch 
from DB to SL can be tedious if done manually. This is where we may use Excel 
to facilitate the calculation process. Table 9.5 demonstrates how we may design 
an Excel worksheet to accomplish this. Another benefit of Excel is its capability 
to plot the depreciation and book value as a function of asset age, just as we have 
seen in Table 9.3. 

Switching Policy from DOB to SL Depreciation with S = 0 

1 $10,000(0.4) = $4,000 $6,000 1 $4,000 

2 $6,000(0.4) = $2,400 $3,600 2 $6,000/ 4 = $1,500 < $2,400 

3 $3,600(0.4) = $1,440 $2,160 3 $3,600/3 = $1,200 < $1,440 

4 $2,160(0.4) = $864 $1,296 4 $2,160/2 = $1,080 > $864 

5 $1,296(0.4) = $518 $778 5 $1,080/1 = $1,080 > $518 

$6,000 

$3,600 

$2,160 

$1,080 

$0 

Note: Without the switching policy, we do not depreciate the entire cost of the asset and thus do not take full advan-
tage of depreciation's tax-deferring benefits. 

TABLE 9.5 An Excel Worksheet to Calculate the Depreciation Amounts with 
DB Switching to SL 

A B c D El 
1 Decllnlng Depreciation Method 200% 
2 Cost Basis <SI 10,000 
3 Depreciable Ute 5 
4 Salvage Value (S) 
5 Decllnlng Balance Rate (a) 0.40 
6 ::\:::?; ::: ...... ,·.)·': :; .. ,:.:ui:·xu+nu:;;;o;:txxv'···''··········.··· · .\<··:·: ... · .. ·: ,., ·•::·'··· ::: 

7 Period Beginning Depreciation Ending 
8 (n) Book Value Amount Book Value 
9 ·: ;.;.;; .. •.;;,·.:·:;:·.:·:•.;•.:· ;;:;;:·.:;·,•;.':\''•':'.:·.:•:::;··,·;::•:';\\.•.;.;·:.•.:·:·:;:;;;,•.;,..;•;·:•;;\;\:;::•:::':::..:::;;.::·'\:··,..;::-::.;.:.:; .. ':::::;:,:.-::::-:.:.:.:.:; 
10 $6,000 
11 $3,600 
12 $2,160 
13 $1,080 
14 so . 

.. c 
:s 
0 
E 
c( 

F LG J _H __ J _I _ J J 

a Book Value • Depreciation 

$12,000 

$10,000 

$8,000 

SS.COO 

$4.000 

$2,000 

$0 

I 
I Ill • 

2 3 4 5 

Period (n) 

l=lf(B14'SD$5<(814-$0$4)/($0$3-A13),(B14·$D$4)/($DS3·A13),B14'$0$5)1 
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9.2.3 Units-of-Production Method 
Straight-line depreciation can be defended only if the fixed asset-say, a machine-is 
used for exactly the same amount of time each year. What happens when a punch-press 
machine is run 1,670 hours one year and 780 the next, or when some of its output is 
shifted to a new machining center? This situation leads us to consider another depre
ciation concept that views the asset as a bundle of service units rather than as a single 
unit as in the SL and DB methods. However, this concept does not assume that the 
service units will be consumed in a time-phased pattern. The cost of each service unit 
is the net cost of the asset divided by the total number of such units. The depreciation 
charge for a period is then related to the number of service units consumed in that 
period. This definition leads to the units-of-production method. By this method, the 
depreciation in any year is given by 

Service units consumed during year n 
D,, = T 1 . . (I - S). ota service umts 

(9.3) 

With the units-of-production method. depreciation charges are made proportional 
to the ratio of actual output to the total expected output; usually, this ratio is figured 
in machine-hours. Advantages of using this method include the fact that depreciation 
varies with production volume, and therefore the method gives a more accurate picture 
of machine usage. A disadvantage of the units-of-production method is that the collec
tion of data on machine use and the accounting methods are somewhat tedious. This 
method can be useful for depreciating equipment employed to exploit natural resources 
if the resources will be depleted before the equipment wears out. It is not. however. 
considered a practical method for general use in depreciating industrial equipment. 

EXAMPLE 9.5 Units-of-Production Depreciation 

A truck for hauling coal has an estimated net cost of $55,000 and is expected to 
give service for 250,000 miles, resulting in a $5,000 salvage value. Compute the 
allowed depreciation amount for truck usage of 30,000 miles. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Compute annual depreciation. 

Given: I = $55,000,S = $5,000. total service units = 250,000 miles, 
and usage for this year = 30,000 miles. 
Find: Depreciation amount in this year. 

SOLUTION 

The depreciation expense in a year in which the truck traveled 
30,000 miles would be 

30,000 miles ( 3 ) 
250•000 miles ($55,000 - $5,000) = 

25 
($50,000) = $6,000. 
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~ Tax Depreciation Methods 
Prio r to he Econom ic Recove ry Ac t o f L98 I, taxpayers could c hoose among severa l 
me thods whe n de preciating assets for tax purposes. 111e most widely used me thods 
we re the straight-line me thod a nd the decli ning-balance me thod. 111e subseq uent im 
positio n 9f the nccelerated cost recovery syslcm (AC RS) a nd the modified accelerated 
cost rcco,·cry system (MACRS) superseded these me thods fo r use in tax purposes. Cur
re nt ly, the MACR S is the me thod used to de te rm ine the a llowed de precia tio n a mo unt 
in the calcu la tion of income taxes.1l1c foregoing histo ry is summarized in Table 9.6. 

9.3. I MACRS Recovery Periods 
Histo rica lly, for tax purposes as well as fo r accounting. a n asset's depreciable life was 
determined by its estimated useful li fe; it was intended that an asset would be fully 
depreciated at a pproximately the e nd of its useful life. With the MACRS sche me. how
ever. accountants totally abandoned this practice, a nd simple r guide lines were set tha t 
created several classes of assets, each with a mo re o r less arbitrary lifespan ca lled a 
recovery period . (Nore: These recovery periods do no t necessa ri ly correspond to ex
pected use ful lives.) 

A s shown in Table 9.7, the MACRS scheme includes e ig ht categories of assets: 3, 5. 
7, 10, 15. 20, 27.5. a nd 39 years. U nder MAC RS, tlte .rnlvnge value of properry is ahvnys 
rreated a 1 zero. MACR S guide lines a rc summarized as fo llows: 

• Investments in some s ho r t- lived assets a rc de prec iated over three years by 200% 
DB a nd the n by a switch to SL depreciation. 

• Compute rs, a u tomobiles. and lig ht trucks are writte n off over five years by 200% 
DB a nd then by switching to SL de preciatio n. 

• Mos types of manufacturing eq uipme nt arc deprecia ted over seven years. but 
some lo ng-li ved assets are written off over I 0 years. Most eq uipment write-offs arc 
calcu la ted by the 200% DB me thod a nd the n by switc hing to SL depreciation. a n 
approach that a llows for faste r write-offs in the firs t few years after an investme nt 
is made. 

• Electric transmission property, any naturnl gas distribution line, sewage-treatment 
plants, and telephone-distribution p lan ts a rc wrillcn off over 15 years by 150% DB 
and he n by switch ing to SL depreciation. 

TABLE 9.6 History ol' Tnx Depredation Methods 

Tax Depreciation 

• Purpose: To compute income iaxes for the IRS. 

• Assets placed in service prior to 198 1: 

Used book de preciation methods (S L. DB. or SOYD*). 

• Assets placed in service from I 98 I to I 986: 

Used ACRS Table. 

• Assets placed in service after I 986: 

Use MACRS Table. 

* SOYD: Sum-of-Years· Digit Method. no longcr used flS a book depreciation 
mc.:thod. 
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3years 

S years 

7 years 

10 years 

15 years 

20years 

27.S years 

39 years 

MACKS Property Classifications (ADR =Asset Depreciation Range) 

ADRS4 

4 < ADR s 10 

10 < ADR s 16 

16 < ADR s 20 

20 < ADR :s 25 

25 s ADR 

Special tools for manufacture of plastic products, fabricated 
metal products, and motor vehicles 

Automobiles, light trucks, high-tech equipment, equipment used 
for R&D, and computerized telephone-switching systems 

Manufacturing equipment. office furniture, and fixtures 

Vessels, barges, tugs, and railroad cars 

Wastewater plants, telephone-distribution plants, or similar utility 
property 

Municipal sewers and electrical power plants 

Residential rental property 

Nonresidential real property, including elevators and escalators 

• Farm buildings, municipal sewers, sewer pipes, and certain other very long-lived 
equipment are written off over 20 years by 150% DB and then by switching to SL 
depreciation. 

• Investments in residential rental property are written off in straight-line fashion 
over 27.5 years. On the other hand, nonresidential real estate (commercial build
ings) is written off by the SL method over 39 years. 

9.3.2 MACRS Depreciation: Personal Property 
Prior to 1986, the rate at which the value of an asset actually declined was estimat
ed, and this rate was used for tax depreciation. Thus, different assets were depreciated 
along different paths over time. The MACRS method, however, establishes prescribed 
depreciation rates, called recovery allowance percentages, for all assets within each 
class. These rates, as set forth in 1986 and 1993, are shown in Table 9.8. 

We determine the yearly recovery, or depreciation expense, by multiplying the 
asset's depreciation base by the applicable recovery-allowance percentage: 

• Half-Year convention: The MACRS recovery percentages shown in Table 9.8 use 
the half-year convention; that is, it is assumed that all assets are placed in service 
at midyear and that they will have zero salvage value. As a result, only a half-year 
of depreciation is allowed for the first year that property is placed in service. With 
half of one year's depreciation being taken in the first year, a full year's deprecia
tion is allowed in each of the remaining years of the asset's recovery period, and 
the remaining half-year's depreciation is incurred in the year following the end 
of the recovery period. A half-year of depreciation is also allowed for the year in 
which the property is disposed of, or is otherwise retired from service, any time 
before the end of the recovery period. 

• Switching from the DB method to the SL method: The MACRS asset is depreci
ated initially by the DB method and then by the SL method. Consequently, the 
MACRS scheme adopts the switching convention illustrated in Section 9.2.2. 
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TABLE 9.8 MACKS Depreciation Schedules for Personal Property with Half-Year 
Convention 

1 33.33 20.00 14.29 10.00 5.00 3.750 
2 44.45 32.00 24.49 18.00 9.50 7.219 
3 14.81* 19.20 17.49 14.40 8.55 6.677 
4 7.41 11.52• 12.49 11.52 7.70 6.177 
5 11.52 8.93* 9.22 6.93 5.713 
6 5.76 8.92 7.37 6.23 5.285 
7 8.93 6.55* 5.90* 4.888 
8 4.46 6.55 5.90 4.522 
9 6.56 5.91 4.462.;. 

10 6.55 5.90 4.461 

11 3.28 5.91 4.462 
12 5.90 4.461 
13 5.91 4.462 
14 5.90 4.461 
15 5.91 4.462 
16 2.95 4.461 
17 4.462 

18 4.461 

19 4.462 

20 4.461 
21 2.231 

*Year to switch from declining balance to straight line. Source: IRS Publication 946, How To De· 
predate Property. U.S. Government Printing Offices, Washington, DC, April 06, 2011. 

To demonstrate how the MACRS depreciation percentages were calculated by the 
IRS using the half-year convention, let us consider Example 9.6. 

EXAMPLE 9.6 MACRS Depreciation: Personal Property 
with Trade-In 

An old automobile is traded for a new automobile with a list price of $30,000. The 
old automobile has a net book value of $5,000, but the dealer has given $6,000 
trade-in allowance, so the total purchase price is $24,000. The automobile will be 
depreciated according to the five-year MACRS class. Determine the cost basis to 
use and compute the MACRS percentages and the depreciation amounts for the 
new automobile. 
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DISSECTING THE PROBLEM 

If you purchase an asset by trad ing in 
an o ld but s imilar asset. the cost basis 
for the new asse t will be adjusted by its 
net book value. 

METHODOLOGY 

Create a table of MACRS depreciation 
amo un ts. 

• Asse t cns t = $29,000 

Given: Five-year asset. half-ye;u convention. a = 40°/i1, trade
in a llowance= $6.000. and S = $0. 

Fincl: (a) Cost basis and (b) MACRS depreciation percentages 
D,, for the new automobile. 

SOLUTION 

(a) Cost basis with trade-in a llowances: 

Cost basis= Cash paid+ Book value 
= $24.000 + $5.000 
= $29,000. 

(b) As shown in Figure 9.2. we can calcula te the depreciation 
amo unts using the percentages taken directly from Table 
9.8, which is supplied by the IRS. 

• Recovery Pe riod = 5-Year MACRS 
• Depreciation Method = Half-year convention. zero salvage va lue. 

200% DO switching to SL 

32% 19.20% 11.52% Ll.52% 5.76% 

$5.568 $3,34 L $3.341 Sl.l67 

Figure 9.2 Featu res of MAC RS depreciation method 

COMMENTS: No te that when an asset is disposed o f before the end of the recovery 
period, o nly half o f lhe norm al deprecia tion is a ll owed. I f, fo r example, the $29,000 
asset were to be disposed of in yea r 2, the MACRS deduction fo r that year would 
be $4.640. A nother way to calcula te the MAC RS clepreciation allowa nces is to use 
Excel. Table 9.9 shows how you might develop a n Excel worksheet to pe rform the 
tax deprecia ti on calcula tions. 



TABLE 9.9 An Excel Worksheet to Calculate Tax Depreciation Amounts 
byMACRS 
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A B c D E F I G I H I I J 
S.Year 
200% 

1 Property Class 
2 Declining Depreciation Method • Book Valuo II Oepreclotion 

3 Cost Bosio (S) $29,000 $35,000 ~---------
4 Deprocloble Life 5 $30,000 
5 Salvage Value (S) 

6 Dedlnlng Balanco Raio (a) 0.40 $25,000 

7 :::<L°8(/ '.:::~\://:~:~: ::\\r?\.tY·i /)U,\/UfH/~ \SDi~·~·~=== Y~FiY\D::0=rntGt.t.W\5t~2~\X\ § $20,000 
8 Period Beginning Depreclollon Ending 
9 (n) Book Valw Amount Book Volw 

0 

~ $15,000 

10 .•.• ,, ••. · .. ·····.··· ii.·i :.•·t ::Y.\L'iD/\);l'!DiliSYVi&'f'.lG?tU\'S:\\W\\JDl1\'tVif 
11 1 $29,000 $5,811[ $23,200 
12 2 $23,200 $9,28il $13,920 
13 3 $13,920 $5,568 \. $8,352 

$10,000 

SS.000 
Ill 

so I II -
2 3 4 5 6 

14 4 $8,352 $3,341 '\. $5,011 
15 5 $5,011 ., $3,341 \51,670 

Porlod(n) 

16 6 $1,670 'S.1,670 \. so 
17 .:::r.\\J:::_::-)_:;·::;=;}:::,<::.::::=;::-::_:?;:;t<:~~~r i:J:.:.:=::.=;=;:::-:;=\:'/i\tf\t>L<<<~:Ni nr:::::·(:;/:/Xi?h\\lt.:\:\~\j: :,=;::=:;::.=./::'i?/'(';/.:::::::.J:\,')/.;.u/:\t:%1C%\£%0'.VilL/BJ/fE+nwn:t::nc·yFf:tLUT<T 

'I "-f =811 '$0$6121 

I =IF(B15'SDS6<(B15-$0$5)/(SDS4·A14+0.5),(B15·SDS5)/($DS4-A14+0.5),B15'SDS6) I 

9.3.3 MACRS Depreciation: Real Property 
Real properties are classified into two categories: ( 1) residential rental properties and 
(2) commercial buildings or properties. When depreciating such property, the straight
line method and the midmonth convention are used. For example, if you placed a prop
erty in service in March, you would get 9.5 months worth of depreciation for year 1. If it 
is disposed of before the end of the recovery period, the depreciation percentage must 
take into account the number of months the property was in service during the year 
of its disposal. Residential properties are depreciated over 27.5 years, and commercial 
properties are depreciated over 39 years. 

EXAMPLE 9.7 MACRS Depreciation: Real Property 

On May 1, Jack Costanza paid $100,000 for a residential rental property. This pur
chase price represents $80,000 for the cost of the building and $20,000 for the cost 
of the land. Nine years and five months later, on October 1, he sold the property 
for $130,000. Compute the MACRS depreciation for each of the 10 calendar years 
during which he owned the property. 

DISSECTING THE PROBLEM 

Given: Residential real property with cost basis = $80,000; the 
building was put into service on May 1. 

Find: The depreciation in each of the 10 tax years the property was 
in service. 
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METHODOLOGY SOLUTION 
Compute depreciation over the 
recovery period using Excel. 

In this example, the midmonth convention assumes that the prop
erty is placed in service on May 15, which gives 7.5 months of depre
ciation in the first year. Remembering that only the building (not 
the land) may be depreciated, we compute the depreciation over a 
27.5-year recovery period using the SL method: 

1 (7.5)$80,000 - 0 = $1,818 2.273% 

12 27.5 

2-9 $80,000 - 0 $2,909 3.636% 
= 

27.5 

10 (9.5)$80,000 - 0 = $2,303 2.879% 

12 27.5 

Notice that the midmonth convention also applies to the year of disposal. 

COMMENTS: As for personal property, we can obtain depreciation calculations for 
real property by using Excel as shown in Table 9.10. Unlike the personal-property 
calculation, you need to specify the month in which the real property was placed 
in service in cell D5. 

TABLE 9.1 O An Excel Worksheet to Generate a Depreciation Schedule 
for a Real Property (Example 9.7) 

A B C DE FIG H J 

2 Cost Basis($) $80,000 
3 Property Class 27 .5· Year l!I Book Value • Depreciation 

4 Holdlng Period In Years 10 $90.000 ....-----------

5 Month Placed In Service 1 ·Mav 
6 Month Taken Out of Service 1 ·0ct $80,000 +...---------
7 Salvage Value ($) $70,000 -+-llo--fl.--D---.------
8 Oepreclatlon Rate 0.03636 
9 Th:GJ/U1Y0>D.F/J:U\:\YJ..~/\/:~Y2/\-:\Xi./:"CL Lr :i;=:·~-:=.-;.·={:\:!~} ,:;=:=i:L:/LHLt\\/ 

$60,000 +tt-11'-11--11--11-____ _ 

10 Period Depreciation Depreclatlcn Ending 
11 (n) Rate Amcunt Book Value 

13 1 .. 0.02273 $1,818 $78,182 

§ $50.000 -t-fl'-1t-11--11---1!--11--tl----tl--tl-

! - $40,000 +tt--it--fl---fl--il---il--il--0---tl--U-

14 2 '().03636 $2,909 $75,273 
15 3 0"13636 $2,909 $72,364 
16 4 0.WH36 $2,909 $69,455 
17 5 0.03636 $2,909 $66,545 
18 6 0.03636' $2,909 $63,636 
19 7 0.03636 \. $2,909 $60,727 so~--------~ 1 2 3 4 5 6 7 8 9 10 
20 8 0.03636 '\. $2,909 $57,818 
21 9 0.03636 \.$2,909 $54,909 

Period (n) 

22 10 0.02879 se.303 $52,606 
23 ·'J'i2Sl/'l0'.G\C:!S'.(JLLL;.!it;!: )\]C;\:!•UU':.'i'IfrX'l'\?i:/'i' '"''''"°''''':s : <.',: .... · ..... ·.·······.··•···•••·•· .................... ·.·. · .. ·.,·.·.····.•.•·•· .. ·,,,, ......... , :• ,•:• :•::·:··••·•·.•• ·:···.··•····.·· .. 

\ ~ =D8'(12·MONTH(D5)+0.5)/12 I 
y :D8'(MONTH(D6)·0.5)/12 I 



~ Corporate Taxes 
As we have seen in Chapters 4 through 7, we make our investment decisions on the 
basis of the net project cash flows, that is, cash flows after taxe~·. In order to calculate the 
amount of taxes involved in project evaluation, we need to understand how businesses 
determine taxable income and thereby net income (profit). 

9.4.1 How to Determine "Accounting Profit" 
Firms invest in a project because they expect it to increase their wealth. If the project 
does this-that is, if project revenues exceed project costs-we say it has generated a 
profit, or income. If the project reduces a firm's wealth - that is, if project costs exceed 
project revenues-we say that the project has resulted in a loss. One of the most impor
tant roles of the accounting function within an organization is to measure the amount 
of profit or loss a project generates each year, or in any other relevant time period. Any 
profit generated will be taxed. The accounting measure of a project's after-tax profit 
during a particular time period is known as net income. 

Treatment of Depreciation Expenses 

Whether you are starting or maintaining a business, you will probably need to acquire 
assets (such as buildings and equipment). The cost of these assets becomes part of your 
business expenses. The accounting treatment of capital expenditures differs from the 
treatment of manufacturing and operating expenses, such as cost of goods sold and 
business operating expenses. 

As mentioned earlier in the chapter, capital expenditures must be capitalized, or 
systematically allocated as expenses over their depreciable lives. Therefore, when you 
acquire a piece of property that has a productive life extending over several years, you 
cannot deduct the total costs from profits in the year the asset was purchased. Instead, 
a depreciation allowance is established over the life of the asset, and an appropriate 
portion of that allowance is included in the company's deductions from profit each 
year. Because it plays a role in reducing taxable income, depreciation accounting is of 
special concern to a company. In the next section, we will investigate the relationship 
between depreciation and net income. 

Calculation of Net Income 

Accountants measure the net income of a specified operating period by subtracting 
expenses from revenues for that period. For projects, these terms can be defined as 
follows: 

1. Gross revenues are the incomes earned by a business as a result of providing 
products or services to customers. Revenue comes from sales of merchandise to 
customers and from fees earned by services performed for clients or others. 

2. Expenses are costs incurred in doing business lo generate the revenues of the 
specified operating period. Some common expenses are the cost of goods sold 
(labor, material, inventory, and supplies), depreciation, the cost of employees' sala
ries, the operating costs (such as the cost of renting buildings and the cost of insur
ance coverage), interest expenses for any business borrowing, and income taxes. 
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TI1c aforementioned business expenses are accounted for in a straightforward fash
ion on a company's income statement ri nd bri lance sheet; the amount paid by the or
ganization for each item translates dolla r for dollar into the expenses listed in financial 
reports for the period. One additiona l category of expenses, the purchase of new as
sets, is treated by depreciating the tota l cost gradually over time. Because capital goods 
nrc given this unique accounting treatment, depreciation is accounted for as a separate 
expense in financial reports. In the next section. we wi ll discuss how depreciation ac
counting is rcnccted in net-income calculations. Once we define the gross incomes and 
expenses, the next step is to determine the corporate taxable income. which is defined 
as follows: 

Taxable income = Gross income (i.e .. revenues) - Allowable deductions. 

TI1e allowable deductions include the cost of goods sold, salaries and wages. ren t. inter
est ex penses. advertising, dcprccin tion, amortization. depic tion, and various tax pay
ments other than federa l income tax. Once taxable income is calculated. income taxes 
arc determined as fol lows: 

Income taxes = (Tax rate) x (Taxable income). 

(We will discuss how we determine the applicable tax rate in Section 9A.2.) We then 
calculate 111.!t income as fo ll ows: 

Net income = Taxable income - Income taxes. 

A more common format is to present the ne t income in the tabular income sta te
ment, such as the one given in Figure 9.3. If the gross income and other expenses re
main the same. any decrease in depreciation deduction will increase the amounr of 
taxable income and thus the income taxes but result in a higher net income. On the 
other hand . any increase in depreciation deduction would result in a smaller amount of 
income taxes but a lower net income. If a firm borrows money to purchase assets or to 
finance a business operation, the interest payment is viewed as an operating expense 
tha t can be deducted from gross income. 

Gross income (Revenue) 
Expenses: 

Cos1 of µoo<I~ ~old 
Deprecia1ion 
l n1crc~1 cxpen\es 
Opera1ing expcn~c~ 

Taxable inco1m: 
Income 1nxcs 

Ne1 income (11ccou111ing profi1 ) 
-----~~~~~~--

Figure 9.3 Tabu lar approach to finding 
the net income 



TABLE 9. 11 U.S. CorporutcTax Schedule (2011) 

Taxable Income 

0-$50,000 

$50,00 I - $75.000 

$75.000 - SI 00.000 

$100.00 I - $335,000 

$335.001 - SI 0.000.000 

$10.000,00 I - $15.000,000 

$15.000,00 I - $18.333.333 

$ 18,333.334 and up 

Marginal Surtux Tu.\. Rate 

15% 

25% 

3-1% 

34% + 5% 

34% 

35% 

35% + 3% 

35% 

Tux Compulntion 

$0 + 0.15(..\ ) 

$7.500 + 0.25( ..\ ) 

$13.750 + 0.34(..\) 

$22.250 + 0.39( ..\) 

$113,900 I- 0.34( ..\) 

$3.-100.000 + 0.35( .u ) 

$5.1 50.000 + 0.38(.U ) 

$6.4 16,666 I· 0.35( ..\ ) 

(..i) denotes the taxable income in excess of 1hc lower bound of each lax bracket. 

9.4.2 U.S. Corporate Income Tax Rates 
Now that we have learned what clements constitute taxable income. we turn our atten
tion to the process of computing income taxes. The U.S. corporate-tax-rate structure 
for 2011 is relntively simple. As shown in Table 9.1 l. there arc four ba ic rate brackets 
(15 %. 25%. 3-1% . and 35% ) plus two surtax rates (5% and 3~o) bai,l.!d on taxable in
comes. U.S. tax rate arc progressive: hence. businessl.!s with lower taxable incomes are 
taxed at lower rates than those with higher taxable incomes. 

Marginal Tax Rate 

The rate applied to the last dollar of income earned is defined as marginal tax rate. In
come of up to $50,000 is taxed at a 15% rate (meaning th at, if your taxable income is 
less than $50.000, your marginal tax rate is 15%): income between $50,000 and $75.000 
is taxed at a 25% rate; and income over $75.000 is taxed nt a 34% rate. A n additi onal 
5% surtax (result ing in 39%) is imposed on a corpora tion's ta xable income in excess 
of $lOO,OIJO. the maximum additional tax being limited to $ 11,750 ($235,000 x 5%). 
This surtax provision phases ou t the benefit of graclunted rates for corporati ons with 
raxablc incomes between $ I 00.000 and $335.000. Another 3% surtax rate is imposed 
on n corpbratc taxab le income in the rnnge $ 15,000,00 1 to $18,333,333. Corporati ons 
with incomes in excess of $18.333.333, in effect, pay a flat tax of 35%. As shown in 
Table 9.11. the corpora te tnx is also progressive up to $18,333,333 in taxable income but 
is essen tially constant thereafter. 

Average Tax Rates 

The a,·cragc tax rutc is the total tnx paid as a percentage of total income earned. This 
can be calculated from the data in Table 9.11. For example. if your corpora tion had a 
taxable income of $ 16.000,000 in 20 11. then the incomc tax owed by the corporation 
for that year would be calculated as follows: 
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First $50,000 15% $7,500 $7,500 

Next $25,000 25% $6,250 $13,750 

Next $25,000 34% $8,500 $22,250 

Next $235,000 39% $91,650 $113,900 

Next $9,665,000 34% $3,286,100 $3,400,000 

Next $5,000,000 35% $1,750,000 $5,150,000 

Remaining $1,000,000 38% $380,000 $5,530,000 

- $5,530,000 - 0 

Average tax rate - $l6,000,000 - 34.56 Yo 

Or, using the tax formulas in Table 9.11, we obtain 

$5,150,000 + 0.38($16,000,000 - $15,000,000) = $5,530,000 

for the total amount of taxes paid. The average tax rate would then be 

$5,530,000/$16,000,000 = 0.3456, or 34.56%, 

as opposed to the marginal rate of 38%. In other words, on average, the company paid 
34.56 cents for each taxable dollar it generated during the accounting period. 

EXAMPLE 9.8 How to Determine Corporate Taxes 

A mail-order computer company sells personal computers and peripherals. The 
company leased showroom space and a warehouse for $20,000 a year and installed 
$290,000 worth of inventory-checking and packaging equipment. The allowed 
depreciation expense for this capital expenditure ($290,000 total) amounted to 
$58,000. The store was completed and operations began on January 1. The com
pany had a gross income of $1,250,000 for the calendar year. Supplies and all oper
ating expenses other than the lease expense were itemized as follows: 

Merchandise sold in the year 

Employee salaries and benefits 

Other supplies and expenses 

$600,000 

$150,000 
$90,000 

$840,000 

Compute the taxable income for this company. How much will the company pay 
in federal income taxes for the year? What is its average corporate tax rate? What 
is the net income? 

----------- ·--- -·- --· ·-· -- ------·--~----------------- ·-·- -· --- . --·-····-------- -·-- -------------------

DISSECTING THE PROBLEM 

Given: Income, foregoing cost information, and depreciation amount. 
Find: Taxable income, amount paid in federal income taxes, and 
average corporate tax rate. 



METHODOLOGY 
Compute taxable income, average 
corporate tax rate, and net income. 
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SOLUTION 
First, we compute the taxable income as follows: 

Gross revenues $1,250,000 

Expenses $840,000 

Lease expense $20,000 

Depreciation $58,000 

Tuxable income $332,000 

Note that capital expenditures are not deductible expenses. Since 
the company is in the 39% marginal tax bracket, the income tax 
can be calculated by the corresponding formula given in Table 9.11, 
$22,250 + 0.39(X - $100,000): 

Income tax = $22,250 + 0.39($332,000 - $100,000) = $112,730. 

The firm's current marginal tax rate is 39%, but its average corpo
rate tax rate is 

$112,730/$332,000 = 33.95%. 

The net income is then 

Net income= $332,000- $112,730 = $219,270. 

9.4.3 Gain Taxes on Asset Disposals 
When a depreciable asset used in business is sold for an amount that differs from its 
book value, the gains or losses have an important effect on income taxes. To calculate 
a gain or loss, we first need to determine the book value of the depreciable asset at the 
time of disposal. 

Book Value Calculation 

For a MACRS property, one important consideration at the time of disposal is whether 
the property is disposed of during or before its specified recovery period. Moreover, 
with the half -year convention, which is now mandated by all MACRS depreciation 
methods, the year of disposal is charged one-half of that year's annual depreciation 
amount, should the disposal occur during the recovery period. For example, Jet's con
sider a five-year MACRS property with a cost basis of $100,000. The book value calcu
lation at the time of disposal looks like the following: 

• Case 1: If you dispose of the asset before the recovery period, say, in year 3, then 

[ 
Q192] BV3 = $100,000 - $100,000 0.20 + 0.32 + -

2
- = $38,400. 
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• Case 2: If you dispose of the asset at the end of its recovery period, say, in year 5, 
then 

[ 
0.1152] BV5 = $100,000 - $100,000 0.20 + 0.32 + 0.192 + 0.1152 + -

2
-

= $11,520. 

• Case 3: If you dispose of the asset after the recovery period, say, in year 6, then 

BV 6 = $100,000 - $100,000[0.20 + 0.32 + 0.192 + 0.1152 + 0.1152 + 0.0576) 

= $0. 

Taxable Gains (or Losses) 
Taxable gains are defined as the difference between the salvage value and the book 
value. If the salvage value is more than the cost basis, these taxable gains can be fur
ther divided into capital gains and ordinary gains. Specifically, we consider two cases 
as follows: 

• Case 1: Salvage value < Cost basis 

In this case, 

Gains(losses) = Salvage value - Book value, 

where the salvage value represents the proceeds from the sale (selling price) less 
any selling expense or removal cost. The gains, commonly known as depreciation 
recapture, are taxed as ordinary income under current tax law. 

• Case 2: Salvage value > Cost basis 

If an asset is sold for an amount more than its cost basis, the gain (salvage value -
book value) is divided into two parts for tax purposes: 

Gains = Salvage value - Book value 

= (Salvage value - Cost basis) + (Cost basis - Book value) 

Capiral gains Ordinary gains 

As shown in Figure 9.4, this distinction is necessary only when capital gains are taxed at 
the capital-gains tax rate and ordinary gains (or depreciation recapture) are taxed at the 
ordinary income-tax rate. Current tax law does not provide a special low rate of taxa
tion for capital gains for corporations. Currently, capital gains are treated as ordinary 
income, but the maximum tax rate is set at the U.S. statutory rate of 35%. Nevertheless, 
the statutory structure for capital gains has been retained in the tax code. This provi
sion could allow Congress to restore preferential treatment for capital gains at some 
future time. 
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--------------------

! Ordinary gains 
or 

depreciation recapture 

Case2 

Cost basis Book value Salvage value 

Total gains 

Figure 9.4 Determining ordinary gains and capital gains 

EXAMPLE 9.9 Gains and Losses on Depreciable Assets 

A company purchased a drill press costing $230,000 in year 0. The drill press, clas
sified as seven-year recovery property, has been depreciated by the MACRS meth
od. If it is sold at the end of three years for (1) $150,000 or (2) $100,000, compute 
the gains (losses) for each situation. Assume that both capital gains and ordinary 
income are taxed at 34%. 

DISSECTING THE PROBLEM 

9.4 Corporate Taxes 409 

Given: Seven-year MACRS asset, cost basis = $230,000, sold three 
years after purchase. 

METHODOLOGY 

We first compute the current 
book value of the machine. From 
the MACRS depreciation sched
ule in Table 9.8, the allowed 
annual depreciation percent
ages for the first three years are 
14.29%, 24.49%, and 17.49%, 
respectively. Since the asset is 
disposed of before the end of its 
recovery period, the deprecia
tion amount in year 3 will be re
duced by half. 

Fmd: Gains or losses, tax effects, and net proceeds from the sale if sold 
for $150,000 or $100,000. 

SOLUTION 

The total depreciation and final book value are calculated as follows: 

Total allowed depreciation = $230,000(0.1429 + 0.2449 + 0.1749/2) 

= $109,308; 

Book value = $230,000 - $109,308 

= $120,692. 
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• Case 1: S = $150,000. 
Since the salvage value is less than the cost basis, there are no 
capital gains to consider. All gains are ordinary gains: 

Ordinary gains = Salvage value - Book value 

= $150,000 - $120,692 

= $29,308. 

So, with an ordinary-gains tax of 34 % for this bracket, we find 
that the amount of tax paid on the gains is 

0.34($29,308) = $9,965. 

Thus, 

Net proceeds from sale = Salvage value - Gains tax 

= $150,000 - $9,965 

= $140,035. 

The computation process is summarized in Figure 9.5. 

• Case 2: S = $100,000. 
Since the book value is $120,692, the amount of loss will be 
$20,693. Since the loss can be applied to offset other gains or 
ordinary income from business to the extent of the loss, this 
has a tax-saving effect. The anticipated tax savings will be 
$120,692(0.34) = $7,036. Therefore, the net proceeds from sale 
will be $107,036. 

Asset purchased al $230.000 (cost basis) 

n A~t kopt fo'3 '"" Y"~ n A~t d•"°"d of" SISO,IXXJ 

0 2 3 4 5 6 7 8 

14.29% 24.49% 

Allowed depreciation 
$109,308 

. I 

8,931;;; >: ; 4~'(6% 
: ··.-:.::·:_::.:":_::":.:. ... :: r··. 
! ."~-.... : .. ·. : : : -' I 

• Book value if you continue to hold the asset 

BV3 = $230,000 - $129,422 = $100.578 

• Book value if you sold the asset before recovery period 

. BV3 = $230,000 - $109,308 = $120,692 

Ordinary gains = $150,000 - $120,692 = $29,308 

Figure 9.S Gain or Joss on a depreciable asset (Example 9.9) 



SUMMARY 
ml Explicit consideration of taxes is a necessary aspect of any complete economic study 

of an investment project. 

II Since we are interested primarily in the measurable financial aspects of depre
ciation, we consider the cff ects of depreciation on two important measures of an 
organization's financial position, net income and cash Dow from operations. Once 
we understand that depreciation has a significant influence on the income and cash 
position of a firm, we will be able to appreciate fully the importance of using depre
ciation as a means to maximize the value both of engineering projects and of the 
organization as a whole. 

1111 Machine tools and other manufacturing equipment and even factory buildings 
themselves arc subject to wear over time. However, it is not always obvious how to 
account for the cost of their replacement. How we determine the estimated service 
life of a machine, and the method used to calculate the cost of operating it, can have 
significant effects on an asset's management. 

III The entire cost of replacing a machine cannot be properly charged to any one year's 
production; rather, the cost should be spread (or capitalized) over the years in which 
the machine is in service. The cost charged to operations of an asset during a par
ticular year is called depreciation. Several different meanings and applications of 
depreciation have been presented in this chapter. From an engineering economics 
point of view, our primary concern is with accounting depreciation-the systematic 
allocation of an asset's value over its depreciable life. 

li!I Accounting depreciation can be broken into two categories: 
1. Book depreciation is the method of depreciation used for financial reports and 

pricing products. 
2. Tax depreciation, governed by tax legislation, is the method of depreciation used 

for calculating taxable income and income taxes. 

Iii The four components of information required in order to calculate depreciation are 
1. The cost basis of the asset 
2. The salvage value of the asset 
3. The depreciable life of the asset 
4. The method of the asset's depreciation 

ml Because it employs accelerated methods of depreciation and shorter-than-actual 
depreciable lives, the Modified Accelerated Cost Recovery System (MACRS) gives 
taxpayers a break by allowing them to take earlier and faster advantage of the tax
deferring benefits or depreciation. 

rm Many firms select straight-line depreciation for book depreciation because of its 
relative case of calculation. 

ml Given the frequently changing nature of depreciation and tax law, we must use 
whatever percentages, depreciable lives, and salvage values were mandated at the 
time an asset was acquired. 

l!I Corporate taxable income is defined as 

Taxable income = Gross income (i.e .• revenues) - Allowable deductions. 

Summary 411 



4 1 2 CHAPTER 9 Accounting for Depreciation and Income Taxes 

l11e allowable deductions include the cost of goods sold. salaries and wages. rent. in
terest. advertising, depreciat ion. amortization. depiction. and various tax payments 
other than federal income tax. 

• For corporat ions. the U.S. tax system has the following characteristics: 
1. Tax rates are progressive: The more you earn . the more you pay. 
2. Tax rates increase in stair step fashion: There are four brackets and two additional 

surtax brackets. giving a tota l of six brackets. 
3. A ll owable exemptions nnd deduct ions may reduce the overall tax assessment. 

• 'lluee distinct terms 10 describe taxes were used in this chapter: 11111rginal t:Lx ra te, 
which is the rate applied 10 the last dollar of income earned: a\·eragc tax rate, which ic; 
the ratio of income tax paid 10 net income: and incremental tax rate, which is the aver
age ra te applied to the incremental income generated by a new investmen t project. 

• Capital gains are curren tly taxed as ordin ary inco me. and the max imum rall! is 
capped at 35%. Capil al losses are deducted from capital gains: net remnining lossc~ 
may be carried backward and forward for considera tion in years other than the cur
rent tax year. 

SELF-TEST Q UESTIO NS 
9s.l A machine. purchased for $50,000, has a depreciable life of five years. It will 

have an expected salvage value of $4.500 at the end of the depreciable life. 
Using the straight-line method, what is the book va lue at the end of year 2'? 
(a) $27.500 
(b) $20.000 

(c) $3 1.800 
(d) $25.000 

9s.2 Consider Problem 9 .I. I f the double-declining balance (200% DB) method i" 
used. what is the depreciation amoun t for year 2'? 
(a) $10.000 

(b) $12.000 
( c) $20.000 

(d) $17.500 

9s.3 Consider problem 9s.2. Suppose the salvage va lue at the end of year 4 is esti
mated to be $10.000 instead of $5.000. If the 200% method is used. what is the 
depreciation amount for year 3? 
a. $5.625 

b. SI 0.000 
c. $12.000 

cl. $18.000 

9s...t A trucking company computes depreciation on its vehicles by a mileage basis. 
Suppose a delivery truck has a cost of $20.000. a sa lvage value of $2.000. and 
an estimated useful life of 200.000 miles. Determine the depreciation rate 
per mile. 



(a) $0.08 
(b) $0.09 
(c) $0.10 
(d) $0.11 

9s.5 A company purchased a drill press priced at $170,000 in year 0. The com
pany additionally incurred $30,000 for site preparation and labor to install the 
machine. The drill press was classified as a seven-year MACRS class property. 
The company is considering selling the drill press for $70,000 at the end of year 4. 
Compute the book value at the end of year 4 that should be used in calculating 
the taxable gains. 
(a) $62,480 
(b)$53,108 
(c) $63,725 
(d)$74,970 

9s.6 Suppose that you placed a commercial building (warehouse) in service in 
January. The cost of property is $300,000, which includes the $100,000 value of 
land. Determine the amount of depreciation that is allowed during the first year 
of ownership. 
(a) $7,692 
(b) $5,128 
(c) $7,372 
(d)$4,915 

9s. 7 Centronix Corporation purchased new equipment with an estimated useful life 
of five years. The cost of the equipment was $200,000, and the residual (salvage) 
value was estimated to be $25,000. In purchasing the new equipment, an old 
machine was traded in that had an original cost of $180,000, and had been depre
ciated at the rate of $18,000 a year. The trade-in allowance was $21,000, and accu
mulated depreciation amounted to $144,000 at the time of the exchange. What 
should be the cost basis of the new equipment for tax depreciation purposes? 
(a) $200,000 
(b) $215,000 
(c) $175,000 
( d) $190,000 

9s.8 Omar Shipping Company bought a tugboat for $75,000 (year 0) and expected 
to use it for five years after which it will be sold for $12,000. Suppose the com
pany estimates the following revenues and expenses from the tugboat invest
ment for the first operating year: 

Operating revenue 

Operating expenses 

Depreciation 

$200,000 

$84,000 

$4,000 

If the company pays taxes at the rate of 30% on its taxable income, what is the 
net income during the first year? 
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(a) $28,700 
(b)$81,200 
(c) $78,400 
(d) $25,900 

9s.9 In Problem 9s.8, assume for the moment that (1) all sales were for cash and (2) 
all costs, except depreciation, were paid during year 1. How much cash would 
have been generated from operations? 
(a) $82,400 
(b) $32,700 
(c) $85,200 
(d)$3,400 

9s.10 Minolta Machine Shop just purchased a computer-controlled vertical drill 
press for $100,000. The drill press is classified as a three-year MACRS prop
erty. Minolta is planning to use the press for five years. Then Minolta will sell 
the press at the end of its service life for $20,000. The annual revenues are 
estimated to be $110,000. If the estimated net cash flow at the end of year 5 is 
$30,000, what are the estimated operating and maintenance expenses in year 5? 
Minolta's income tax rate is 40%. 
(a) $60,000 
(b) $65,000 
(c) $80,000 
(d) $88,333 

9s.11 Consider a five-year MACRS asset, which can be purchased at $80.000. The 
salvage value of this asset is expected to be $42,000 at the end of three years. 
What is the amount of gain (or loss) when the asset is disposed of at the end of 
three years? 
(a) Gain $11,280 
(b) Gain $9,860 
(c) Loss $9,860 
(d) Gain $18,960 

9s.12 You purchased a stamping machine that cost $60,000 five years ago. At that 
time, the machine was estimated to have a service life of five years with salvage 
value of $5,000. These estimates are still good. The property has been depreci
ated according to a seven-year MACRS property class. Now (at the end of year 
5 from purchase) you are considering selling the machine at $10,000. What book 
value should you use in determining the taxable gains? 
(a) $10,000 
(b) $13,386 
(c) $16,065 
(d) $17,520 

PROBLEMS 
Note: Unless otherwise specified, use current tax rates for corporate taxes. Check the 
IRS website for the most current tax rates for corporations. 



Depreciation Concept 
9.1 Identify which of the following expenditures is considered as a capital expendi

ture that must be capitalized (depreciated): 
(a) Purchase land to build a warehouse at $300,000. 
(b) Purchased a copy machine at $15,000. 
(c) Installed a conveyor system at a cost of $55,000 to automate some part of 

production processes. 
(d) Painted the office building, both interior and exterior, at a cost of $22,000. 
( e) Repaved the parking lot at a cost of $25,000. 
(f) Installed a purified water fountain in the employee lounge at a cost of 

$3,000. 
(g) Purchased a spare part for a stamping machine at a cost of $3,800. 
(h) Paid $12,000 to lease a dump truck for six months. 
(i) Purchased a patent on an energy-saving device over five years at a cost of 

$30,000. 

9.2 You purchased a machine four years ago at a cost of $5,000. It has a book value 
of $1,300. It can be sold now for $2,300, or it could be used for three more years, 
at the end of which time it would have no salvage value. Assuming it is kept for 
three more years, what is the amount of economic loss during this ownership? 

Cost Basis 
9.3 A builder paid $120,000 for a house and lot. The value of the land was appraised 

at $65,000, and the value of the house at $55,000. The house was then torn down 
at an additional cost of $8,000 so that a warehouse could be built on the lot at 
a cost of $50,000. What is the total value of the property with the warehouse? 
For depreciation purposes, what is the cost basis for the warehouse? 

9.4 Nelson Company purchased equipment and incurred the following costs: 
li'D Cash price = $55,000 
l!lil Sales taxes = $4,400 
Ill Insurance during transit = $400 
Iii Site preparation, installation, and testing= $2,300 

What amount should be used as the cost basis of the equipment? 

9.5 You purchased a new molding machine for $155,000 by trading in a similar 
machine that had a book value of$18,000.Assuming that the trade-in allowance 
was $20,000 and that $85,000 cash was paid for the new asset, what is the cost 
basis of the new molding machine for depreciation purposes? 

9.6 You acquire a grinder priced al $65,000 by trading in a similar grinder and 
paying cash for the remaining balance. Assuming that the trade-in allowance 
is $11,000 and the book value of the asset traded in is $12,000, what is the cost 
basis of the new grinder for the computation of depreciation for tax purposes? 

9.7 To automate one of its production processes, Milwaukee Corporation bought 
three flexible manufacturing cells at a price of $400,000 each. When they were 
delivered, Milwaukee paid freight charges of $30,000 and handling fees of 
$15,000. Site preparation for these cells cost $50,000. Six employees, each earn
ing $15 an hour, worked five 40-hour weeks to set up and test the manufacturing 

Problems 415 



416 CHAPTER 9 Accounting for Depreciation and Income T.1xes 

cells. Special wiring and other mate rials applicable to the new manufacturing 
cells cost $2,000. Determine the cost basis (the amount to be capitalized) for 
these cells. 

Book Depreciation Methods 
9.8 El Dorado Machinery Company purchased a de livery truck at a cost of $35,000 

on February 8, 20 12. The truck has a useful life of six years with an estimated 
salvage value of $7.000. Compute the annual depreciation for the first two years 
using 
(a) The straight-line me thod. 
(b) The 150% declining-balance me thod. 

9.9 Consider the following data on an nsset: 

Cost of the asset. I 

Useful life. N 

Salvage value. S 

$ 120,000 

5 years 

$30.000 

Compute the annual deprecintion allowances and the resulting book valtu.:s. 
using the following methods: 
(a) The straight-line depreciation me thod 
(b) TI1e declining-balance method 

9.10 Compute the declining-ba lance depreciation schedul e for an asse t with the 
fo llowing data: 

Cost of the asset. / 

Useful life. N 

Salvage vnlue, S 

$90.000 

7 years 

$ 10,000 

9.11 A firm is trying to decide whe ther to keep an item of construction eq uipment 
ano ther year. The firm is using the DOB method for book purposes. and this is 
the fourth year of ownership of the equipment. The item cost $220.000 when it 
was new. What is the depreciation in year three? Assume that the depreciable 
life of the equipment is eight years. with zero salvage value. 

9.12 Consider the following data on an asset: 

Cost of the asset,/ 

Useful li fe. N 

Salvage value. S 

$38.000 

6 years 

so 

Compute the annual depreciation a llowances and the resulting book values by 
using the DOB method and then switching to the SL method. 

9.13 The double-declini ng-balance method is to be used fo r an asset with a cost of 
$90.000. estimated salvage value of $ 12.000. and cstimated usefu l life of five 
years. 



(a) What is the depreciation for the first three tax years, assuming that the asset 
was placed in service at the beginning of the year? 

(b) If switching to the straight-line method is allowed, when is the optimal time 
to switch? 

9.14 Compute the 175% DB depreciation schedule for an asset with the following 
data: 

Cost of the asset, I 
Useful life, N 

Salvage value, S 

(a) What is the value of a? 

$25,000 

5 years 

$3,000 

(b) What is the amount of depreciation for the first full year of use? 
( c) What is the book value of the asset at the end of the fourth year? 

9.15 Sanders LLC purchased new packaging equipment with an estimated useful life 
of five years. The cost of the equipment was $30,000, and the salvage value was 
estimated to be $3,000 at the end of five years. Compute the annual deprecia
tion expenses through the five-year life of the equipment under each of the 
following methods of book depreciation: 
(a) The straight-line method. 
(b) The double-declining-balance method. (Limit the depreciation expense in 

the fifth year to an amount that will cause the book value of the equipment 
at year-end to equal the $3,000 estimated salvage value.) 

9.16 You purchased a molding machine at a cost of $88,000. It has an estimated 
useful life of 12 years with a salvage value of $8,000. Determine the following·: 
(a) The amount of annual depreciation computed by the straight-line method. 
(b) The amount of depreciation for the third year computed by using the double-

declining-balance method. 

Units-of-Production Method 
9.17 New York Limousine Service owns 10 limos and uses the units-of-production 

method in computing depreciations on its limos. Each limo costing $32,000 is 
expected to be driven 200,000 miles and is expected to have a salvage value of 
$3,000. Limo #1 was driven 24,000 miles in year 1 and 28,000 miles in year 2. 
Determine the depreciation for each year and the book value at the end of year 2. 

9.18 A truck for hauling coal has an estimated net cost of $85,000 and is expected to 
give service for 250,000 miles, resulting in a salvage value of $5,000. Compute 
the allowed depreciation amount for the truck usage at 55,000 miles. 

9.19 A diesel-powered generator with a cost of $60,000 is expected to have a useful 
operating life of 50,000 hours. The expected salvage value of this generator is 
$8,000. In its first operating year, the generator was operated for 5,000 hours. 
Determine the depreciation for the year. 

9.20 Ingot Land Company owns four trucks dedicated primarily to its landfill busi
ness. The company's accounting record indicates the following: 
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Truck 

Purchase cost $50,000 $25,000 $18,500 $35,600 

Salvage value $5,000 $2,500 $1,500 $3,500 

Useful life (miles) 200,000 120,000 100,000 200,000 

Accumulated depreciation $0 $1,500 $8,925 $24,075 
as year begins 

Miles driven during year 25,000 12,000 15,000 20,000 

Determine the amount of depreciation for each truck during the year. 

9.21 A manufacturing company has purchased three assets: 

Asset Type 

Initial cost $45,000 $25,000 $800,000 

Book life 12 years 200,000 miles 50 years 

MACRSclass 7 years 5 years 39 years 

Salvage value $3,000 $2,000 $100,000 

Book depreciation DOB Unit production (UP) SL 

The truck was depreciated by the units-of-production method. Usage of the 
truck was 22,000 miles and 25,000 miles during the first two years, respectively. 
(a) Calculate the book depreciation for each asset for the first two years. 
(b) If the lathe is to be depreciated over the early portion of its life by the DOB 

method and then by a switch to the SL method for the remainder of its life. 
when should the switch occur'? 

9.22 Davis Machine Works purchased a stamping machine for $135,000 on Feb
ruary 1, 2012. The machine is expected to have a useful life of 10 years, salvage 
value of $12,000, production of 250,000 units, and number of working hours 
of 30,000. During 2012, Davis used the stamping machine for 2,450 hours 10 

produce 23,450 units. From the information given, compute the book depre
ciation expense for 2012 under each of the following methods: 
(a) Straight-line 
(b) Units of production 
( c) Working hours 
(d) Double-declining-balance (without conversion to straight-line depreciation) 

Tax Depreciation 
9.23 A local private hospital has just purchased a new computerized patient informa

tion system with an installed cost of $220,000. The information system is treated 
as five-year MACRS property. The system would have a salvage value of about 
$20,000 at the end of five years. What are the yearly depreciation allowances'? 

9.24 Belmont Paving Company purchased a hauling truck on January 8, 2012, at 
a cost of $37,000. The truck has a useful life of eight years with an estimated 



salvage value of $6,000. The straight-line method is used for book purposes. For 
tax purposes, the truck would be depreciated by MACRS over its five-year class 
life. Determine the annual depreciation amount to be taken over the useful life 
of the hauling truck for both book and tax purposes. 

9.25 AG&M Cutting Tools Company purchased a new abrasive jet-cutting ma
chine in 2012 at a cost of $180,000. The company also paid $5,000 to have the 
equipment delivered and installed. The cutting machine has an estimated useful 
life of 12 years, but it will be depreciated by MACRS over its seven-year class 
life. 
(a) What is the cost basis of the cutting equipment? 
(b) What will be the depreciation allowance in each year of the seven-year class 

life for the cutting machine? 

9.26 A stamping machine is classified as seven-year MACRS property. The cost 
basis for the machine is $120,000, and the expected salvage value is $10,000 at 
the end of 12 years. Compute the book value at the end of three years for tax 
purposes. 

9.27 A hot-and-cold forming machine was purchased at a cost of $65,000. It has an 
estimated useful life of six years with salvage value of $8,000. It was placed in 
service on March 1 of the current fiscal year, which ends on December 31. The 
asset falls into a seven-year MACRS property category. Determine the annual 
depreciation amounts over the machinery's useful life. 

9.28 In 2012, you purchased a spindle machine (seven-year MACRS property class) 
for $28,000, which you placed in service in January. Compute the depreciation 
allowances for the machine. 

9.29 In 2012, three assets were purchased and placed in service by a firm: 

Machine tools 

CNCmachine 

Warehouse 

March 17 

May25 

June 19 

$5,000 
$125,000 

$335,000 

Compute the depreciation allowances for each asset. 

3 years 

7 years 

39 years 

9.30 On October 3, Kim Bailey paid $250,000 for a residential rental property. This 
purchase price represents $200,000 for the building and $50,000 for the land. 
Five years later, on June 25, she sold the property for $250,000. Compute the 
MACRS depreciation for each of the five calendar years during which she had 
the property. 

9.31 On October 1, you purchased a residential home in which lo locale your profes
sional office for $180,000. The appraisal is divided into $30,000 for the land and 
$150,000 for the building. 
(a) In your first year of ownership, how much can you deduct for depreciation 

for tax purposes? 
(b) Suppose that you sold the property at $197,000 at the end of the fourth year 

of ownership. What is the book value of the property? 
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9.32 Ray Electric Company purchased a 10,000 ft2 office space for $1,000,000 to 
relocate its engineering office on May 1, 2012. Determine the allowed deprecia
tion in years 2012 and 2013. 

(Note: There is no land value included in the purchase price.) 

9.33 Consider the data in the following two tables: 

First cost 

Book depreciation life 

MACRS property class 

Salvage value 

Depreciation Schedule 

1 $8,000 $22,857 $11,429 

2 $8,000 $16,327 $19,592 

3 $8,000 $11,661 $13,994 

4 $8,000 $5,154 $9,996 

5 $8,000 $0 $7,140 

6 $8,000 $0 $7,140 

7 $8,000 $0 $7,140 

8 $0 $0 $3,570 

$80,000 

7 years 

7 years 

$24,000 

$22,857 

$16,327 

$11,661 

$8,330 

$6,942 

$6,942 

$6,942 

$0 

Identify the depreciation method used for each depreciation schedule as one of 
the following: 
(a) Double-declining-balance depreciation 
(b) Straight-line depreciation 
(c) DOB with conversion to straight-line depreciation, assuming a zero salvage 

value 
(d) MACRS seven-year depreciation with the half-year convention 
(e) Double-declining-balance (with conversion to straight-line depreciation) 

9.34 At the beginning of the fiscal year, G&J Company acquired new equipment 
at a cost of $100,000. The equipment has an estimated life of five years and an 
estimated salvage value of $10,000. 
(a) Determine the annual depreciation (for financial reporting) for each of the 

five years of estimated useful life of the equipment, the accumulated depre
ciation at the end of each year, and the book value of the equipment al the 
end of each year by using (1) the straight-line method and (2) the double
declining-balance method. 

(b) Determine the annual depreciation for tax purposes, assuming that the 
equipment falls into the seven-year MACRS property class. 

(c) Assume that the equipment was depreciated under MACRS for a seven
year property class. In the first month of the fourth year, the equipment was 
traded in for similar equipment priced at $112,000. The trade·fo allowance 
on the old equipment was $20,000, and cash was paid for the balance. What 



is the cost basis of the new equipment for computing the amount of depre
ciation for income-tax purposes'? 

9.35 A company purchased a new forging machine to manufacture disks for airplane 
turbine engines. The new press cost $3,800,000, and it falls into the seven-year 
MACRS property class. The company has to pay property taxes to the local 
township for ownership of this forging machine at a rate of 1.2% on the begin
ning book value of each year. 
(a) Determine the book value of the asset at the beginning of each tax year. 
(b) Determine the amount of property taxes over the machine's depreciable life. 

Corporate Taxes and Accounting Profits (Net Income) 
9.36 Lynn Construction Company had a gross income of $34,000,000 in tax-year 1, 

$5,000,000 in salaries, $4,000,000 in wages, $1,000,000 in depreciation expenses, 
a loan principal payment of $200,000, and a loan interest payment of $210,000. 
(a) What is the marginal tax rate for Lynn Construction in tax-year 1? 
(b) What is the average tax rate in tax-year 1? 
(c) Determine the net income of the company in tax-year 1. 

9.37 A consumer electronics company was formed to sell a portable handset system. 
The company purchased a warehouse and converted it into a manufactur
ing plant for $2,000,000 (including the purchase price of the warehouse). It 
completed installation of assembly equipment worth $1,500,000 on December 
3 l. The plant began operation on January 1. The company had a gross income 
of $2,500,000 for the calendar year. Manufacturing costs and all operating 
expenses, excluding the capital expenditures, were $1,280,000. The depreciation 
expenses for capital expenditures amounted to $128,000. 
(a) Compute the taxable income of this company. 
(b) How much will the company pay in federal income taxes for the year? 

9.38 ABC Corporation will commence operations on January 1, 2013. The company 
projects the following financial performance during its first year of operation: 
~ Sales revenues are estimated at $2,500,000. 
Iii Labor, material, and overhead costs are projected at $800,000. 
fiil The company will purchase a warehouse worth $500,000 in February. 

To finance this warehouse, on January 1 the company will issue $500,000 
of long-term bonds, which carry an interest rate of 10%. The first interest 
payment will occur on December 31. 

Iii For depreciation purposes, the purchase cost of the warehouse is divided 
into $100,000 for the land and $400,000 for the building. The building is clas
sified into the 39-year MACRS real-property class and will be depreciated 
accordingly. 

Iii On January 5, the company will purchase $200,000 of equipment that has a 
five-year MACRS class life. 
(a) Determine the total depreciation expenses allowed in 2013. 
(b) Determine ABC's tax liability in 2013. 

Gains or Losses 
9.39 Consider a five-year MACRS asset that was purchased for $76,000. Compute 

the gain or loss amounts if the asset were disposed of in (a) year 3 with a salvage 

Problems 421 



422 CHAPTER 9 Accounting for Depreciation and Income Taxes 

value of $20,000; (b) year 5 with a salvage value of $10,000; (c) year 6 with a 
salvage value of $5,000. 

9.40 An electrical appliance company purchased an industrial robot costing $320,000 
in year 0. The industrial robot, to be used for welding operations, is classified 
as a seven-year MACRS recovery property. If the robot is to be sold after five 
years, compute the amounts of gains (losses) for the following three salvage 
values, assuming that both capital gains and ordinary incomes are taxed at 35%: 
(a) $15,000 
(b) $125,460 
(c) $200,000 

9.41 Auburn Crane, Inc., a hydraulic crane service company, had sales revenues of 
$4,250,000 during tax year 2013. The following table provides other financial 
information relating to the tax year: 

Labor expenses 

Material costs 

Depreciation 

Office supplies 

Debt interest expenses 
Rental expenses 

Proceeds from the sale of old cranes 

$1,550,000 

$785,000 

$332,500 

$15,000 

$42,200 

$45,000 

$43,000 

The sold cranes had a combined book value of $30,000 at the time of sale. 
(a) Determine the taxable income for 2013. 
(b) Determine the taxable gains for 2013. 
(c) Determine the amount of income taxes and gains taxes (or loss credits) for 

2013. 

9.42 Electronic Measurement and Control Company (EMCC) has developed a laser 
speed detector that emits infrared light invisible to humans and radar detectors 
alike. For full-scale commercial marketing, EMCC needs to invest $5 million 
in new manufacturing facilities. The system is priced at $3,000 per unit. The 
company expects to sell 5,000 units annually over the next five years. The new 
manufacturing facilities will be depreciated according to a seven-year MACRS 
property class. The expected salvage value of the manufacturing facilities at 
the end of five years is $1.6 million. The manufacturing cost for the detector is 
$1,200 per unit excluding depreciation expenses. The operating and mainten
ance costs are expected to run to $1.2 million per year. EMCC has a combined 
federal and state income-tax rate of 35%, and undertaking this project will not 
change this current marginal tax rate. 
(a) Determine the incremental taxable income, income taxes, and net income 

that would result from undertaking this new product for the next five years. 
(b) Determine the gains or losses associated with the disposal of the manufac

turing facilities at the end of five years. 

Short Case Studies with Excel 
9.43 A machine now in use that was purchased three years ago at a cost of $4,000 

has a book value of $2,000. It can be sold now for $2,500, or it could be used 



for three more years, at the end of which time it would have no salvage value. 
The annual O&M costs amount to $10,000 for the machine. If the machine is 
sold, a new machine can be purchased at an invoice price of $14,000 to replace 
the present equipment. Freight will amount to $800, and the installation cost 
will be $200. The new machine has an expected service life of five years and 
will have no salvage value at the end of that time. With the new machine, the 
expected direct cash savings amount to $8,000 the first year and $7,000 in O&M 
for each of the next two years. Corporate income taxes are at an annual rate 
of 40%, and the net capital gain is taxed at the ordinary income-tax rate. The 
present machine has been depreciated according to a straight-line method, and 
the proposed machine would be depreciated on a seven-year MACRS schedule. 
Consider each of the following questions independently: 
(a) If the old asset is to be sold now, what would be the amount of its equivalent 

book value? 
(b) For depreciation purposes, what would be the first cost of the new machine 

(depreciation base)? 
(c) If the old machine is to be sold now, what would be the amount of taxable 

gains and the gains tax? 
(d) If the old machine is sold for $5,000 now instead of $2,500, what would be 

the amount of the gains tax? 
(e) If the old machine had been depreciated by 175% DB and then by a switch 

to SL depreciation, what would be the current book value? 
(f) If the old machine were not replaced by the new one and has been depreci

ated by the 175% DB method, when would be the time to switch from DB to 
SL depreciation'? 

9.44 Phillip Zodrow owns and operates a small unincorporated plumbing service 
business, Zodrow Plumbing Service (ZPS). Phillip is married and has two chil
dren, so he claims four exemptions on his tax return. As business grows stead
ily, tax considerations arc important to him. Therefore, Phillip is considering 
incorporation of the business. Under either form of the business (corporation 
or sole ownership), the family will initially own 100% of the firm. Phillip plans 
to finance the firm's expected growth by drawing a salary just sufficient for his 
family's living expenses and by retaining all other income in the business. He 
estimates the income and expenses over the next three years to be as follows: 

Gross income $200,000 $215,000 $230,000 

Salary $100,000 $110,000 $120,000 

Business expenses $25,000 $30,000 $40,000 

Personal exemptions $14,800 $14,800 $14,800 

Itemized deductions $16,000 $18,000 $20,000 

Which form of business (corporation or sole ownership) will allow Phillip to pay 
the lowest taxes (and retain the most income) during the three years? Personal 
income-tax brackets and amounts of personal exemption are updated yearly, 
so you need to consult the IRS tax manual for the tax rates, as well as for the 
exemptions, that are applicable to the tax years. 
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9.45 Julie Magnolia has $50,000 cash to invest for three years. Two types of bonds are 
available for consideration. She can buy a tax-exempt Arizona state bond that 
pays interest of 9.5% per year, or she can buy a corporate bond. Julie's marginal 
tax rate is 25% for both ordinary income and capital gains. Assume that any 
investment decision considered will not change her marginal tax bracket. 
(a) If Julie were looking for a corporate bond that was just as safe as the state 

bond, what interest rate on the corporate bond is required so that Julie would 
be indifferent between the two bonds? There would be no capital gains or 
losses at the time of her trading the bond. 

(b) In (a), suppose at the time of trading (year 3) that the corporate bond is 
expected to be sold at a price 5% higher than its face value. What interest 
rate on the corporate bond is required so that Julie would be indifferent 
between the two bonds? 

(c) Alternatively, Julie can invest the amount in a tract of land that could be sold 
at $75,000 (after she pays the real-estate commission) at the end of year 3. Is 
this investment better than the state bond? 
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Project Cash-Flow 
Analysis 

Coke Leveraging Its Investment in Plant-Based 
Packaging 1 The Coca-Cola Company announced a partnership 

that will license the beverage giant's plant-based packaging to Heinz 

for use in its ketchup packaging. The bottle technology, which Coke 
launched in 2009, uses a plastic sourced from sugarcane waste to 

replace 30 per·cent of the plastic in beverage bottles. The company's 
goal is to eventually achieve I 00 percent renewable sources for its 
packaging,2 and licensing the technology to Heinz will no doubt help 
fund the research process. 

1 ··Heinz and Coke Team up to Squeeze Ketchup into PlantBoulcs.'' GrccnBi7..com. Fcbrunry 
23. 20 11. 
2 ··111e Coca-Cola Company"s New Plant Bottle " Packaging on Stor1; Shelves Nationwide 
Today:· The Nell' York Times. April 4, 2011. 



Heinz plans to introduce PlantBottled ketchup in the summer of 

20 I I across the United States, switching out about 120 million of its 
20 ounce retail and food service bottles with the partly renewable 

packaging. The PlantBottles® will have a special label and environmental 

messages to communicate the benefits of the plant-based packaging to 

shoppers. 
Coke has already planned to invest more than $150 million in the 

PlantBottle technology with a goal of reaching I 00 percent renewable 
and recyclable packaging as soon as the technology allows.Although 
both CEOs declined to share financial details of the licensing agreement, 

adding a no-doubt-significant investment from Heinz into PlantBottle 

technology will also help Coke further its research into renewable 

packaging. 
Although the PlantBottle technology currently costs slightly more to 

produce than traditional plastic- costs that both CEOs repeatedly said 
would not be passed on to shoppers-investing in renewably sourced and 

recyclable packaging provides both more future cost stability and helps 

achieve sustainability goals. 
"Over time, depending where the price of nonrenewable fuels go," 

Heinz CEO Johnson said, "this could be a long-term cost savings because of 

stability. Long-term, we see this as cost benefit." 
On what basis should Coke justify its $150 million investment in the 

PlantBottle technology? Clearly, Coke will continue to expend tens of 
millions dollars to develop the technology, and it will need to spend more to 
build the necessary manufacturing facilities.The question is how to estimate 
the projected cash flows from the PlantBottle-such as potential savings 

from replacing petroleum-based materials and licensing fees from transferring 
technology to other plastic industries. Certainly, Coke's use of PlantBottle 

11 11 11 
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technology can cut the company's carbo n foo tprint by a 12% to 19%. And as 

plastic recycling rates increase, t he carbon impacts of the bott les co ntinue t o 

decline .Then. how should C oke consider this savings? 

T
o j ustify any investment , we need the de tailed project cash nows over the esti
mated product life. Projecting cash flows is the most important-and the most 
difficu lt - s tep in the analysis of a capital project. Typica lly. a capital project 
will initia lly require investment out lays and on ly late r produces an nual ne t 

cash infl ows. A great many variables arc involved in fo recast ing cash fl ows, and many 
indi viduals. ranging fro m engineers to cost account ants and marketing people, pa rtici
pate in the process. This chapte r provides the general pri nciples on which the dete rmi
na tion of a project's cash fl ows is based. 

11•11 Understanding Project Cost Elements 
Firs t. we need to understand the types of costs tha t must be considered in estimating 
project cash flows. Because the re arc man y types of costs. each is classified differently, 
according to the immediate needs of management. For example. engineers may want 
cost data in order to prepare exte rna l reports, prepare p lanning budgets. or make deci
sions. A lso. diffe rent usage cost data demand a different c lassifica tion and definition 
of cost. For example. the preparation of exte rna l finan cia l reports requires the use of 
historical cost data whereas decision mak ing may require current cost or estimated 
fu ture cost data. 

I 0.1 . 1 Classifying Costs for Manufacturing Environments 
Our in itial focus in this chapte r is on mnnufac turing compnnies because the ir basic ac
tivities (such as acqu iring raw mate ria ls, producing fin ished goods. and marketing) arc 
commonly found in most other businesses. 

Manufacturing Costs 

T he many manufact uring costs incurred by a typica l manuracturc r arc ex hibited and 
classified in Figure 10. l. In converti ng raw mate ria ls int o fini shed goods, a manufac
ture r incurs the va rious costs o f operating a ractory. Most manufactur ing companies 
divide manufacturing costs into three broad ca tegories-direct ma te ria ls. direct labor, 
and ma nufacturing overhead . 

• Direct Materia ls: Di rect raw mate ria ls arc any mate ria ls that are used in the final 
product and tha t can be easily traced into it. Some examples are wood in furniture. 
s tee l in bridge construction . paper in printed products. and fabric in clothing. It 
is also importan t to conceptua lize tha t the fini shed product of one company can 
become the raw mate ria ls of a nother company. For example. the computer chips 
pro duced by Inte l® arc a raw mate rial used by DeltlM in its persona l computers. 

• Direct Labor: Just as the te rm ··direct mate ria ls·· refers to mate rials costs for the 
fina l product. .. direct labor·· refers to those labor costs tha t go into the fabricat ion 
of a product. 111e labor costs of assembly- line workers. for example. would be di
rect labor costs as would the labor costs of welders in metal -fabricating industries. 
carpente rs and bricklayers in home-building businesses. and machine operators in 
various manufacturing operatio ns. 
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Figure I 0.1 Various types of manufacturing costs 

• Manufacturing Overhead: The third type of manufacturing cost, manufacturing 
overhead. includes all costs of manufacturing except direct materials and direct 
labor. In particular, it includes such items as indirect materials,3 indirect labor,4 

maintenance and repairs on production equipment, heat and light, property taxes, 
depreciation, insurance on manufacturing facilities, and overtime premium. Unlike 
direct materials and direct labor, manufacturing overhead is not easily traceable 
to specific units of output. In addition, many manufacturing overhead costs do not 
change as output changes as long as the production volume stays within the capacity. 

Nonmanufacturing Costs 

There are two additional types of cost incurred to support any manufacturing: (1) operat
ing costs, such as warehouse leasing and vehicle rentals and (2) marketing (or selling) and 
administrative costs. Marketing or selling costs include all expenses necessary to secure 
customer orders and get the finished product or service into the customer's operations. 
Cost breakdowns of these types provide data for control over selling and administrative 
functions in the same way that manufacturing-cost breakdowns provide data for control 

3 Somelimes. ii may nol be worth lhe effort to trace the costs of relatively insignificant materials to the 
finished products. Such minor items would include the solder used to make electrical connections in 
a computer circuit board or the glue used to bind this textbook. Materials such as solder and glue are 
called indirect materials and are included as part of manufacturing overhead. 
4 Sometimes. we may not be able to trace some of the labor costs to the creation of a product. We treat 
I his type of labor cost as a part of manufacturing overhead along with indirect materials. Indirect labor 
includes lhe wages of janitors. supervisors. material handlers, and night securily guards. Although the 
efforts of lhese workers arc essential to production, it would be either impractical or impossible to 
trace their costs to specific units of product. Therefore, we treat such labor costs as indirect labor. 
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over manufacturing functions. For example, a company incurs costs for the following non
manufacturing items: 

• Overhead: Heat and ligh t, property taxes, depreciation, and simila r items associ
a ted with its selling and adminis trative functions. 

• Marketing: Advertising, shipping, sales travel, sales commissions, and sales salaries. 
• Ad minis tra tive Functions: Executive compensation. gene ral accounting, publ ic rela

tions. and secre tarial support. Administra tive costs include a ll executive. organiza
tional, and cle rical costs associated with the gene ral managemem of an organjzation. 

I 0. 1.2 Classifying Costs for Financial Statements 
For purposes of preparing financial statements, we ofte n classify costs as e ither period 
costs or product costs. To understa nd the diffe rence be tween period costs and prod
uct costs, we must introduce the matching concept essenti a l to accounting studies. Tn 
financial accounting, the matching principle sta tes tha t the costs incurred to ge11cra1e 
particular revenue should be recognized as expenses in the same period that the rev
enue is recognized. This matching principle is the key to distinguish ing between period 
costs and product costs. Some costs arc matched aga inst periods and become expenses 
immediat ely. Other costs, however, a re matched aga inst products and do not become 
expenses until the products are sold , which may be in the fo llowing accoun ting period. 

Period Costs 

Costs th at are charged to expenses in the period they arc incurred are period costs. 
The underlying assumption is thal the associated benefits are received in the sa me 
period as the expenses are incurred. Some specific examples of period costs a re all gen
eral and ad ministrative expenses. selling expenses. insurance. and income-tax expenses. 
Advertising costs, executive salaries, sa les commissions, public- re la ti ons costs. and the 
other nonmanufacturing costs discussed ea rlie r would a lso be period costs. Such costs 
are not related to the production and flow of manufactured goods but are deducted 
from revenue in the income statement. Jn o ther words, period costs will appear on the 
income statement as expenses in the time period in which they occur. 

Product Costs 

Some costs arc better matched against products than they are against periods. Costs of 
this type, called product costs, include those involved in the purchase or manufactur
ing of goods. In the case of manufactured goods, these costs consist of direct materia ls, 
direct labo r, and manufacturing overhead. Product costs arc not viewed as expenses; 
rather. they are the cost of creating inventory. Thus, product costs arc considered an 
asset unti l the related goods are sold. At this point of snle. the costs are released from 
inventory as expenses (typically ca lled cost of goods sold) and matched against sales 
revenue. Since product costs are assigned to in ventories, they arc also known as i11 ven-
10ry cos1s. In theory, product costs include all manufacturing costs- tha t is, a ll costs re
la ting to the ma nufacturing process. Product costs appear on financial state ments when 
the inven tory (or fina l good) is sold, not when the product is ma nufactured. 

Cost Flows in a Manufacturing Company 

To understand product costs more fu lly, we now look brie fl y al the Dow of costs in a 
ma nufacturing company. B y doing so. we wi ll be able to sec how product costs move 
through the various accounts and affect the balance sheet and the income sta tement in 
the course of the manufacture a nd sale of goods. The Dows o f period costs a nd product 
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Figure I 0.2 Cost nows and classifications in a manufaciuring 
company 

costs th rough the financial statements a re illustrated in Figure 10.2. A ll product costs 
filter through the balance-sheet s tatement in the name of " inventory cost." If a product 
is sold. ils inventory costs in the ba lance-sheet statement are tra nsferred to the income 
statement in the name of ··cost of goods sold." TI1ere arc three types of inventory cost 
re(lected in the balance sheet: 

• Raw-mat erials inventory represents the unused portion of the raw materials on 
hand a t the end of th e fi sca l year. 

• Work-in-process inventory consists of the partially comple ted goods on hand in 
the facto ry at year-end . When raw materials arc used in production, their costs a re 
transfe rred to the work-in-process inventory account as direct materials. Note that 
direct-labor costs and manufacturing overhead costs a re a lso added direclly 10 the 
work-in -process e nt ry. TI1c work-in-process concept can be viewed as the assembly 
line in a manufacturing plant where workers a re s tationed and where products 
slowly take shape as they move from one end of the assembly line to the other. 

• Finished-goods inventory shows the cost of finished goods on hnnd and awaiting 
sale to customers at year end. As goods are comple ted, accountants transfer the 
corresponding cost in the work-in-process account into the finished-goods account. 
H erc. the goods awai t sale to a customer. As goods a re sold. their cost is transferred 
from finished goods into cost of goods sold (or cost of revenue). AL this point, we 
fina lly treat the vario us ma terial, labor, and overhead costs tha t were involved in 
the manufacture of the un its being sold as expenses in the income statement. 

I 0.1.3 Classifying Costs for Predicting Cost Behavior 
In project cash-flow ana lysis. we need to pred ict how a certa in cost will behave in 
response to a change in activit y. For example. a manager may want to estimate the 
impact that a 5% increase in production will hnve on the company's total wages be fore 
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a decision to a lte r p roducti on is made. Cost behavior describes how a typica l cost will 
react or respond 10 cha nges in Lhe level of business activity. 

Vo lume Index 

In genernL the operating costs of any company a re likely to respond in some way to 
changes in its opera ling volume. In s tudying cost behavio r, we need to dete rmin e some 
measurable volume or activity that has a strong influence on the amo unt of cost in
curred. The unit of measure used to define volume is called a volume index . A volume 
index may be based on production inputs (such as Lons of coal processed. d irect labor
hours used. or machine-hours worked) or o n production o utputs (such as number of 
kilowatt-hou rs generated). Take a vehic le for example: the n umber of miles driven per 
yea r may be used as a volu me index. O nce we identify a volume index, we try to find 
out how costs vary in respo nse to changes in this vo lume index. 

Fixed a nd Variable C osts 

Accounting systems typically record the cost of resources acq uired a nd track their sub
sequent usage. Fixed costs and va riable costs arc the two most common cost behavio r 
patte rns. TI1c costs in an additional ca tegory known as .. mixed (semivariahlc) costs .. 
co nta in two pa rts: the first part of the cost is fixed. and the other part is variable as the 
volume of output varies. 

• Fixed Costs: 1l1e costs of providing a company's basic operating capacity a re known 
as its fixed costs or capacity costs . For a cost i te rn to be classified as fixed, it must have 
a re la tively wide span or output for which costs arc expected to remain constant. (See 
Figure 10.3.) 1l1is span is called the relevan t range. In ocher words, fixed costs do noL 
change wi thin a given period although volume may change. For our previous automo
bile exmnplc. the annual insurance premium. property tax, and license fee a re fixed 
costs, since they a re independent of the number or miles driven per year. Some com
mon examples of fi xed costs arc building rents; depreciation of bu ildings. machinery. 
and equipment; and salaries of administrative and production personne l. 

• Variable CO!ilS: In cont rast to fi xed operating costs, variable operating costs have a 
close re la tio nship to the leve l of volume. (See Figure I 0.4.) If. fo r example. volume 
increases I 0%. a total variable cost will a lso increase by approxima tely 10%. 
G asoline is a good example of a variable automobile cost. as fuel consumption 
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Figure I 0.4 Variable-cost behavio r 

is directly re lated to miles driven. Simila rly, the tire rep lacement cost will also in
crease as a vehicle is d riven mo re. In a typical manufacturing e nvironme nt , direct 
labor and mate ria l cos ts a rc major variable costs. TI1e difference between the unit 
sales price and the unit variable cost is k nown as the unit conlribulion margin. We 
could express the cont ribut ion margin in two ways: 

U nit contribution margin = Unit sa les price - Unit variable cost. 

Cont ribution margin = T o ta l sales revl!nuc - Tota l variable costs. 

'1111.! first equa tion expresses the cont ribut ion margin on a unit basis whereas the 
sccond fo rmula docs so in te rms o f to ta l volume. ·111is means each unit sold contributes 
to ward absorbing the company's fi xed costs. 

Mixed Costs 

Somc costs do not fa ll precisely into ei the r the fixcd or the variable category but conta in 
cleme nts of both. We refe r to these cos ts as mh:cd co.,ts (or scmirnri :ihlc costs). In o ur 
auto mo bile example, depreciation ( loss o f value) is a mixed co1'.t . So me depreciatio n oc
curs simply from thc passage o f time regardless of how many miles a car is driven. a nd 
th is amount represents the fixed po rtion o f deprecia tion. On the o ther hand . the more 
miles a n automobile is d riven a year. the faste r it loses its marke t value. and th is amount 
represen ts the variable po rtion o f deprecia tion. I\ fa milia r example o f a mixed cost in 
manufacturing is the cost o f e lectric powe r. Some components o f power consumptio n. 
such as lighting. arc indepe ndent of ope rating volume while othe r compo nents arc like
ly to vary directly with volume (e.g., number o f machine-hours operated). 

Break-Eve n Sa les Volume 

As mentioned earlie r, contribution margin is the nmount remaining from sales rev
enue nflc r variable expe nses have been deducted . Thus. it is the amo unt available lo 
cover fixl!d expenses-whatever remains becomes profit. lf the contrib utio n ma rgin is 
not su fficient to cover the fixed expenses. a loss occurs fo r the perio d. Therefore. the 
brcuk-c, cn point can bl! defined ei the r as the point whe re to ta l sales revenue equals 
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total expenses, variable and fixed, or as the point where the total contribution margin 
equals the total fixed expenses: 

Fixed expenses 
Break-even point = . . . . 

Umt contnbuhon margm 

Once the break-even point has been reached, net income will increase by the unit 
contribution margin for each additional unit sold. 

EXAMPLE I 0.1 Break-Even Sales Volume 

Ashland Company manufactures and sells a single product. The company's sales 
and expenses for a recent month are as follows: 

Sales 

Less variable expenses 

Contribution margin 

Less fixed expenses 

Income (before tax) 

·····.m:::::::~r;'!ii'gij:.:rn;.':::· 

$500,000 $20 

$250,000 $10 

$250,000 $10 

$150,000 

$100,000 

(a) What is the monthly break-even point in units sold and in sales dollars? 
(b) How many units would have to be sold each month to earn a minimum target 

net income of $50,000? 

DISSECTING THE PROBLEM 

METHODOLOGY 

Compute the monthly break-even 
point and then the unit sales. 

Given: Financial data as provided in the preceding table. 
Find: (a) The monthly break-even point and (b) the number of unit 
sales required to achieve the target income of $50,000 before tax. 

SOLUTION 

(a) Monthly break-even point: 

k . $150,000 5 00 . 
Brea -even pomt = $l 

0 
= 1 , 0 umts. 

(b) Number of units to be sold to make $50,000 profit before tax: 

. . $150,000 + $50,000 . 
Desired-profit pomt = $l0 = 20,000 umts. 

COMMENTS: We can express the relationships among revenue, cost, profit, and vol
ume graphically by preparing a cost-volume-profit graph as shown in Figure 10.5. 
The break-even point (15,000 units) is where the total revenue and total expense 
lines cross. We can also read off the units sold to attain the target profit from the 
same chart (20,000 units). It shows clearly that once the fixed costs are covered, 
the unit contribution margin is fully available for meeting profit requirements. 



$500,000 

$400,000 

~ 
<C 

=§ $300,000 
Cl 

$200,000 

$100,000 

I 0.2 Why Do We Need to Use Cash Flows in Economic Analysis~ 435 

Tolal Sales Revenue 

Fixed cosl 

Volume 10 

I 
achieve a target 
profit of $50,000 

0 5,000 10,000 15,000 20,000 25,000 30,000 
Volume (Units Sold) 

Figure I 0.5 Cost-Volume-Profit graph showing that the break-even 
point occurs at 15,000 units 

RtlJ Why Do We Need to Use Cash Flows 
in Economic Analysis? 

Traditional accounting stresses net income as a means of measuring a firm's profitabil
ity, but it is also desirable to discuss why cash flows are relevant data to be used in proj
ect evaluation. As noted in Section 10.1.2, net income is an accounting measure based, 
in part, on the matching concept. Costs become expenses as they are matched against 
revenue. The actual timing of cash inflows and outflows is ignored. 

Over the life of a firm, net aggregate incomes and net aggregate cash inflows will usu
ally be the same. However, the timing of incomes and cash inflows can differ substantially. 
Remember the time value of money, it is better to receive cash now rather than later be
cause cash can be invested to earn more cash. (You cannot invest net income.) For exam
ple, consider the following income and cash-flow schedules of two firms over two years: 

Year 1 

Year2 

Net income $1,000,000 

Cash flow $1,000,000 

Net income $1,000,000 

Cash flow $1,000,000 

$1,000,000 

$0 

$1,000,000 

$2,000,000 

Both companies have the same amount of net income and cash sum over two years, 
but Company A returns $1 million cash yearly while Company B returns $2 million at 
the end of the second year. Company A could invest the $1 million it receives at the 
end of the first year at 10%, for example. In this case, while Company B receives only 
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$2 million in total al the end of the second year. Company A receives $2. I million in 
total. 

Cash f low versus Net Income 
Net income: An accounting means of measuring a firm 's profitability by the matching 

concept. Costs become expenses as they arc mntched against revenue. ·n1e actual 
timing of cash innows and out nows is ignored. 

Cash ncrn : Given the time value of money. it is beuer to receive cash 110\\ rather than 
later because cash cnn be invested to earn more money. 'lnis factor is the reason 
that cash nows are relevant data to use in project evaluation. 

ll•»J Income-Tax Rate to Be Used in Project Evaluation 
As we have seen in Chapter 9. average income-tax rates for corporations vary from 0 to 
35% with the level of taxable income. Suppose that a company now paying a tax rate of 
25% on its current operating income is considering a profitable investrnen1. What tax 
rat e should be used in calculating the taxes on the investment's projected income? As 
we will explain, the choice of the rate de pends on the incremental effect the investment 
has on taxable income. 1 n other words, tile tax rare ro use is tile rate r//(// applies to rite 
adrlirio11al 1axable income projected i11 t!te eco110111ic t111nlysis. 

To illustrate. consider A BC Corporation whose taxable income from operations is 
expected Lo be $70.000 for the current tax yea r. ABC's management wishes lO evalu
ate the incremental tax impact of undertaking a particular project during the same 
tax yea r. ·111c revenues, expenses, and taxable incomes before and after the project are 
estimated as follows: 

Before After Incremental 

Gross revenue $200,000 $240,000 $40,000 

Salaries $100,000 $1 L0,000 $10,000 

Wages $30.000 $40.000 $10.QQQ 
Taxable income $70,000 $90,000 $20,000 

Because the income-tax rate is progressive. the tax effect of the project cannot be iso
lated from the company's overall tax obligations. The base operations of ABC without 
the project arc projected to yield a taxable income of $70.000. With the new project. 
the tnxablc income increases to $90,000. Using the tax computation formula in Table 
9. 11 , we find that the corporate income taxes with and without the project, respectively, 
are as follows: 

Income tax with lhe project = $ 13.750 + 0.34($90,000 - $75,000) 

= $18.850: 

Income tax without 1he project = $7.500 + 0.25($70.000 - $50.000) 

= $12,500. 
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Figure I 0.6 Illustration of incremental tax rate 

The additional income tax is then $18,850 - $12.500 = $6,350. The $6,350 tax on 
the additional $20,000 of taxable income, a rate of 31.75%, is an incremental rate. This 
is the rate we should use in evaluating the project in isolation from the rest of ABC's 
operations. As shown in Figure 10.6, the 31.75% is not an arbitrary figure but a weighted 
average of two distinct marginal rates. Because the new project pushes ABC into a 
higher tax bracket, the first $5,000 it generates is taxed at 25%; the remaining $15,000 
it generates is taxed in the higher bracket, at 34%. Thus, we could have calculated the 
incremental tax rate as follows: 

0.25($5,000/$20,000) + 0.34($15,000/$20,000) = 31.75%. 

The average tax rates before and after the new project being considered would be as 
shown in the following table: 

Taxable income 

Income taxes 

Average tax rate 

Incremental tax rate 

$70,000 

$12.500 

17.86% 

$90,000 

$18.850 

20.94% 

$20,000 

$6,350 

31.75% 

However, in conducting an economic analysis of an individual project, neither one of 
the companywide average rates is appropriate; we want the incremental rate applicable 
to just the new project to use in generating its cash flows. 

A corporation with a continuing base of operations that places it consistently in 
the highest tax bracket will have both marginal and average federal tax rates of 35%. 
For such firms, the tax rate on an additional investment project is, naturally, 35%. If 
state income taxes are considered, the combined state and federal marginal tax rate 
may be close to 40%. But for corporations in lower tax brackets and those that fluctu
ate between losses and profits, marginal and average tax rates are likely to vary. For 
such corporations, estimating a prospective incremental tax rate for a new investment 
project may be difficult. The only solution may be to perform scenario analysis, which 
is to examine, for each potential situation, how much the income tax fluctuates from 
undertaking the project. (In other words, calculate the total taxes and the incremental 
taxes for each scenario.) 
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EXAMPLE I 0.2 Calculation of Net Income Attributable 
to New Project 

Tucker Enterprise Inc. is considering a project that requires a numerically con
trolled (NC) machine for $28,000 (year 0) and plans to use it for five years, after 
which time it will be scrapped. The allowed depreciation deduction during the first 
year is $4,000 because the equipment falls into the seven-year MACRS property 
category. (The first-year depreciation rate is 14.29%.) The cost of the goods pro
duced by this NC machine should include a charge for the depreciation of the 
machine. Suppose the company estimates the following revenues and expenses, 
including the depreciation for the first operating year: 

• Gross income = $50,000 
• Cost of goods sold = $20,000 
• Depreciation on the NC machine= $4,000 
• Operating expenses = $6,000 

Without the project, the company's taxable income from regular business opera
tions amounts to $20 million, which places the company in the highest tax bracket 
of 35%. Compute the net income from the project during the first year. 

DISSECTING THE PROBLEM 

A corporation with $20 million taxable income 
from a continuing base of operations will have 
both marginal and average federal tax rates of 
35%. That means the taxable income from the 
project will be taxed at 35%. 

METHODOLOGY 

Compute net income. 

Given: Gross income and expenses as stated; income
tax rate= 35%. 
Find: Net income. 

SOLUTION 

We consider the purchase of the machine to have 
been made at the end of year 0, which is also the 
beginning of year 1. (Note that our example explic
itly assumes that the only depreciation charges for 
year 1 are those for the NC machine, a situation 
that may not be typical.) 

Gross income (revenues) $50,000 

Expenses 
Cost of goods sold $20,000 

Depreciation $4,000 

Operating expenses WlOO 
Thxable income $20,000 
Tuxes (35%) $7,000 
Net income $13,000 
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COMMENTS: In this example, the inclusion of a depreciation expense reflects the 
true cost of doing business. This expense is meant to correspond to the amount 
of the total cost of the machine that has been utilized, or "used up," during the 
first year. This example also highlights some of the reasons that income-tax Jaws 
govern the depreciation of assets. If the company were allowed to claim the entire 
$28,000 as a year 1 expense, a discrepancy would exist between the one-time cash 
outlay for the machine's cost and the gradual benefits of its productive use. This 
discrepancy would lead to dramatic variations in the firm's net income, and net 
income would become a less accurate measure of the organization's performance. 
On the other hand, failing to account for this cost at all would lead to increased 
reported profit during the accounting period. In this situation, the profit would be 
a "false profit" in that it would not accurately account for the usage of the machine. 
Capitalizing the purchase cost over time allows the company a logical distribution 
of costs that matches the utilization of the machine's value. 

ll•E Incremental Cash Flows from Undertaking 
a Project 

When a company purchases a fixed asset such as equipment, it makes an investment. 
The company commits funds today with the expectation of earning a return on those 
funds in the future. For a fixed asset, the future return is in the form of cash flows gen
erated by the profitable use of the asset. In evaluating a capital investment, we are con
cerned only with those cash flows that result directly from the investment. These cash 
flows, called differential, or incremental, cash flows, represent the change in the firm's 
total cash flow that occurs as a direct result of the investment. 

In this section, we will look into some of the cash flow elements common to most 
investments. Once the cash flow elements are determined (both inflows and outflows), 
we may group them into three areas according to their use or sources: (1) elements 
associated with operations, (2) elements associated with investment activities (such as 
capital expenditures), and (3) elements associated with project financing (such as bor
rowing). The main purpose of grouping cash flows in this way is to provide information 
about the operating, investing, and financing activities of a project. 

I 0.4.1 Operating Activities 
In general, cash flows from operations include current sales revenues, cost of goods 
sold, operating expenses, and income taxes. Cash flows from operations should gen
erally reflect the cash effects of transactions entering into the determination of net 
income. The interest portion of a loan repayment is a deductible expense allowed when 
net income is determined and is included in the operating activities. Since we usually 
look only at yearly flows, it is logical to express all cash flows on a yearly basis. 

Although depreciation has a direct impact on net income, it is not a cash outlay; 
as such, it is important to distinguish between annual income in the presence of de
preciation and annual operating cash flow. The situation described in Example 10.2 
demonstrates the difference between depreciation costs as expenses and the cash 
flow generated by the purchase of a fixed asset. In this example, cash in the amount 
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Figure 10.7 Capital expenditure versus depreciation 
expenses 

of $28,000 was expended in year 0, but the $4,000 depreciation charged against the 
income in year 1 is not a cash outlay. Figure 10.7 summarizes the difference. 

Therefore, we can determine the net cash flow from operations by using either 
(1) the net income or (2) the cash flow by computing income taxes in a separate step. 
When we use net income as the starting point for cash flow determination, we should 
add any noncash expenses (mainly, depreciation and amortization expenses) to net 
operating income in order to estimate the net cash flow from the operation. It is easy to 
show mathematically that the two approaches are identical: 

Cash flow from operation= Net income+ (Depreciation and Amortization). 

EXAMPLE I 0.3 Cash Flow from Operation 

For the situation described in Example 10.2, assume that (1) all sales are cash sales 
and (2) all expenses except depreciation were paid during year 1. How much cash 
would be generated from operations? 
----------~------------· 

DISSECTING THE PROBLEM 

Depreciation and amortization are different 
from other expenses as they are not really cash 
outflows. Even though depreciation (or amor
tization expense) is deducted from revenue for 
tax or book purposes on a yearly basis, no cash 
is paid to anyone except when the asset was 
purchased. 

----- -----~----

Given: Net-income components as in Example 10.2. 
Find: Cash flow from operation. 



METHODOLOGY 
Generate a cash-flow statement. 
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SOLUTION 
We can generate a cash-flow statement by simply exam
ining each item in the income statement and determin
ing which items actually represent cash receipts or cash 
disbursements. Some of the assumptions listed in the 
statement of the problem make this process simpler. We 
summarize our findings as follows: 

Gross income (revenues) $50,000 $50,000 
Expenses 

Cost of goods sold $20,000 -$20,000 

Depreciation $4,000 
Operating expenses $6,000 -$6,000 

Taxable income $20,000 
Taxes (35%) $7,000 -$7,000 

Net income $13,000 

Cash flow from operations $17,000 

The second column shows the income statement, and the 
third column shows the statement on a cash-flow basis. 
The sales of $50,000 are all cash sales. Costs other than 
depreciation were $26,000; these costs were paid in cash, 
leaving $24,000. Depreciation is not a cash flow; that is, 
the firm did not pay $4,000 in depreciation expenses. 
Taxes, however, are paid in cash, so the $7,000 for taxes 
must be deducted from the $24,000, leaving a net cash 
flow from operations of $17,000. 

----~-- -------------'------------------- -----

COMMENTS: Figure 10.8 illustrates how the net cash flow is related to the net 
income. The procedure for calculating net income is identical to that used for 

::-~~;~.:~.-{------~~ ~n:~: 1---s_1_3._ooo __ -I __ T __ _ 
Depreciation $4,000 I 

---------------------- I 
$30,000 Income taxes 

Operating expenses 
$20,000 

$10,()(JO Cost of goods sold 

I 
$7,000 I 

$6,000 

$20,000 

Gross 
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I 
I 
I 
I 
I 
I 
I 
I 

so...._~-~~~~~~~__.~~~~~_._~...._t~~ 

Figure I 0.8 Relationship between net income and operating cash flow 
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obtaining net cash flow (after tax) from operations with the exception of depre
ciation, which is excluded from the net cash flow computation. Depreciation is 
needed only for computing income taxes. 

I 0.4.2 Investing Activities 
As shown in Figure 10.9, three types of investment flows are associated with buying a 
piece of equipment: (1) the original investment, (2) the salvage value at the end of the 
equipment's useful life, and (3) the working-capital investment (or recovery). Here, the 
investment in working capital typically refers to the investment made in 11omlepreciab/e 
assets, such as carrying raw-material inventories. The distinction between investment in 
physical assets and investment in working capital is as follows. 

• Investment in physical assets should be capitalized (depreciated) over the depre
ciable life of the asset. Any salvage value of the asset exceeding its book value is 
subject to taxation as a gain. 

• lnvestmem in working capital should be treated as capital expenditure, but no 
depreciation deduction is allowed. Any recovery of working capital is not viewed 
as income, so there is no tax consequence. 

We will assume that our outflows for both capital investment and working-capital in
vestment take place in year 0. It is possible, however, that both investments will not 
occur instantaneously but over a few months as the project gets into gear; we could then 
use year 1 as an investment year. (Capital expenditures may occur over several years 
before a large investment project becomes fully operational. In this case, we should 
enter all expenditures as they occur.) For a small project, either method of timing these 
flows is satisfactory because the numerical differences are likely to be insignificant. 

Cash flow statement 

+Net income 
+ Depreciation 

- Capital investment 
+ Proceeds from sales of 

depreciable assets 
- Gains tax 
- Investments in working 

capital 
+ Working-capital recovery 

+ Borrowed funds 
- Repayment of principal 

Net cash flow 

Operating 
~ activities 

+ 

Investing 
-+-- activities 

+ 

_..______ Fmancing 
--- activities 

Figure 10.9 A typical format used in presenting a net cash flow 
statement 
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I 0.4.3 Financing Activities 
Cash flows classified as financing activities include (1) the amount of borrowing 
and (2) the repayment of principal. Recall that interest payments are tax-deductible 
expenses, so they are classified as operating, not financing, activities. 

The net cash flow for a given year is simply the sum of the net cash flows from op
erating, investing. and financing activities. Figure 10.9 can be used as a road map when 
you set up a cash flow statement because it classifies each type of cash flow element as 
an operating. investing, or financing activity. 

H•l>i Developing Project Cash Flow Statements 
In this section, we will illustrate through a series of numerical examples how we actu
ally prepare a project's cash flow statement; using a generic version in Figure 10.9, 
we first determine the net income from operations and then adjust the net income 
by adding any noncash expenses, mainly depreciation (or amortization). We will also 
consider a case in which a project generates a negative taxable income for an operat
ing year. 

I 0.5.1 When Projects Require Only Operating 
and Investing Activities 

We will start with the simple case of determining after-tax cash flows for an investment 
project with only operating and investment activities. This is a situation in which the 
firm has enough funds to finance the entire investment, either using cash generated 
from its regular business operation or issuing common stock to investors (or simply 
known as equity financing). In the next section, we will add complexities to this prob
lem by including financing borrowing activities. 

EXAMPLE I 0.4 Cash Flow Statement with Only Operating 
and Investing Activities 

G&W Machine Shop is evaluating the proposed acquisition of a new milling 
machine. The milling machine costs $150,000 and would cost another $12,000 to 
modify it for special use by the company. The milling machine has an estimated 
service life of five years, with a salvage value of $45,000. With this milling machine, 
the firm will be able to generate additional annual revenues of $175,000. How
ever, it requires a specially trained operator to run the machine. This will entail 
$60,000 in annual labor, $20,000 in annual material expenses, and another $10,000 
in annual overhead (power and utility) expenses. It also requires an investment 
in working capital in the amount of $25,000, which will be recovered in full at the 
end of year 5. 

The milling machine falls into the MACRS seven-year class. Find the year-by
year after-tax net cash flow for the project at a 40% marginal tax rate, and determine 
the net present worth of the project at the company's MARR of 15% (after tax). 
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DISSECTING THE PROBLEM 

We will employ the business conven
tion that no signs (positive or nega
tive) be used in preparing the income 
statement except in the situation 
where we have a negative taxable in
come or tax savings. In this situation. 
we will use () to denote a negative 
entry. However. in preparing the cash
llow statement, we will observe ex
plicitly the sign convention: A positive 
sign indicates a cash inflow; a negative 
sign, or (),indicates a cash outflow. 

METHODOLOGY 

Compute after-tax cash flow. 

Given: Previously mentioned cash-flow information. 
Find: After-tax cash flow. 

SOLUTION 

We can approach the problem in two steps by using the format 
shown in Figure 10.9 to generate an income statement and then a 
cash-flow statement. Table 10.1 summarizes the cash-flow state
ment associated with the milling machine project. The following 
notes explain the essential items in Table 10.1: 

• Revenue: The revenues and costs are uniform annual flows 
in years I through 5. Annual revenues do not have to be 
uniform. 

•Expenses (excluding depreciation): In our example. we as
sumed that the annual labor cost, materials cost. and over
head are all constant throughout the project period. 

•Depreciation calculation: In year 0 (that is, at present), we 
have an investment cost of $162,000 for the equipment.5 

This cost will be depreciated in years 1 through 5. Since the 
equipment is held for only five years (shorter than the re
covery period), the applicable depreciation amounts would 
be as follows: 

$138,857 

2 24.490% $99,184 

3 17.493% $28,338 $70,845 

4 12.495% $20,242 $50.604 

5 8.925% $7,229 $43,375 

2 

5 We will assume that the asset is purchased and placed in service at the beginning of year I (or the end 
of year 0) and that the first year's depreciation will be claimed at the end of year l. 
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TABLE 10. 1 C:i h Flow Statement for tbe Milling Machine Projccl (Example 10.4) 

A B c D E F G 
1 

2 Income Statement 
3 End of Year 0 2 3 4 5 
4 
5 Revenue s 175,000 s 175,000 s 175,000 $ 175,000 S 175,000 
6 Expenses: 
7 Labor s 60,000 s 60,000 $ 60,000 s 60,000 $ 60.000 
8 Materials s 20,000 s 20,000 s 20.000 s 20,000 s 20,000 
9 Overhead s 10,000 s 10,000 s 10,000 s 10,000 s 10,000 
10 Depreciation s 23,143 539,673 s 28,338 s 20,242 s 7,229 
11 
12 Taxable Income $ 61.857 ts 45.327 Is 56,662 s 64,758 J $ 77,771 
13 Income Taxes (40%) $ 24,743 $ 18,131 $ 22,665 $ 25,903 s 31, 108 
14 
15 Net Income s 37,114 s 27,196 s 33,997 s 38,855 s 46,663 
16 

17 Cash Flow Statement 
18 Operating Activities: 
19 Net Income 
20 Depreciation 
21 Investment Activities: 
22 Milling machine 
23 Salvage Value 
24 Gains Tax 
25 Working capi tal 
26 
27 Net Cash Flow 
28 
29 
30 
31 
32 
33 
34 

~$ 33,997 l $ 37, 114 $ 27,196 $ 38,855 $ 46,663 

s 23,143 --S-39,673 s 28,338 s 20,242 $ 7,229 

$(162,000) I =-(G23-(-B22-SUM(C10:G10)))'0.4 ~ ~ 45,000 
(650) 

$ (25,000) s 25,000 

$(187,000) s 60,257 s 66,869 s 62,335 s 59,097 s 123,242 

PWU§~)_= $ 52,008 .-1=NPV(15%,C27:G27)+B27 
25.12% IRR = 

~ =IRR(B27:G27,15%) I 

Note that the fifth-year depreciation would ordinarily be 
S l~,458 blll is halved due to the half-year convention. \Ve 
now have a value for our unknown D,,, which will enable us 
to comple te the cell entries from Cl 0toG10. 

• Taxnhlc income: Once we find depreciation allowances for 
each year. we can easily compute the results for years 1 
through 5. which have fixed revenue and expense entries, 
including the variable depreciation charges. 

• Salvage value and gains tax: In year 5, we must deal with 
two aspects of the asset's disposal: salvage value and taxable 
gains. \Ve list the estimated sa lvage value as a positive cash 
flow. Taxable gains arc calculated as follows: 
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l 

I. TI1e total depreciation in years I through 5 is $ 118.625. 
2. ·nic book value at the end of year 5 is the cost basis minus 

the total depreciation. or $ 162,000-$118,625 = $43.375. 

3. TI1c taxable gains on the sale arc the salvage value minus the 
book value. or $45.000 -$-13.375 = Sl.625. (1l1c sah·age value 
is less than the cost ba is. so these gains arc ordinary gains.) 

4. ·n1c tax on the ordinary gains is $1 ,625 X 40% = $650. 
This is the amount placed in the table in cell G 24. 

• Working capital: The investment in working cap ital is shown 
in cell 8 25, and its recovery appea rs in cell G25. As men
tioned earlier. there are no tax consequences on th e recov
ery nmount even though it is a positive cash inflow. 

• hwcshncnl analysis: Once \.Ve obrn in the project's net cash 
nows after-Lax. we can determine their equivalent present 
worth at the firm·s discount rate. Since this series docs not con
t:lin any patterns to simplify our calculations. we must find the 
net present worth of each payment. Using i = 15%, we hnve 

PW{l5%) = - $187.000 + $60.257(P/ F. 15%. I) 

+ $66.869(1'/ F.15%.2) + S62.335(P/ F. 15%.3) 

T $59.097(?/ F. 15%, -l} + $123.242(1'/ F. 15%.S) 

= $52.008. 

TI1is result means that investing $187.000 in the milling ma
chine project would bring in enough revenues to recover 
the initial investment and the cost of funds with a surplus of 
$52,008. Clearly, this is a good project to undertake. 

TABLE I 0.2 A n Alternath·e Wny of Prcpuring fhe Cush Flow Statement 

A B c D E F G H J K 

Investment 
Year Miiiing Working Rovonue Labor Materials Ovorhoad Depreciation Taxable lncomo Net Cash 
End Machine Capital Income Taxos Flow 

!l 
(5162,000) ~25.000) 

$20,000 
(S187,000) 

$175,000 $60,000 s10.ooo I $23. 143 $60,257 
$175.000 $60.000 s20.ooo I $10,000 539,673 566,869 

3 $175.000 560.000 $20,000 510,000 528,338 562.335 
4 5175.000 $60.000 520,000 510,000 520.242 559.097 

5 
5175,000 560,000 520,000 510.000 57,229 

$45,000 S25.000 

=812·(·B6·SUM(H7:H1 I )) 

• B10+C10+010·SUM(E10:G10)..J10 

=(811+C1t+D11·SUM(E11:G11)·J 11)+(8 12+C12+012·SUM(E1 2:G12)·J12) 
=112'0.4 
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COMMENTS: There is an alternative way of preparing the cash flow statement. A 
tabular format widely used in traditional engineering economics texts is shown in 
Table 10.2. Unlike the income-statement approach shown in Table 10.1, you may 
skip the entire process of computing the net income, thereby computing income 
taxes directly. However, most firms prepare the cash-flow statement according to a 
format similar to Table 10.1, as they want to know both net income as well as cash
flow figures. Therefore, we will use the cash-flow statement format from Table 10.1 
whenever possible throughout this text. 

I 0.5.2 When Projects Are Financed with Borrowed Funds 
Many companies use a mixture of debt and equity to finance their physical plant and 
equipment. The ratio of total debt to total investment, generally called the debt ratio, 
represents the percentage of the total initial investment provided by borrowed funds. 
For example, a debt ratio of 0.3 indicates that 30% of the initial investment is borrowed 
and the rest is provided from the company's earnings (also known as equity). Since 
interest is a tax-deductible expense, companies in high tax brackets may incur lower 
after-tax interest costs by financing through debt. (The method of loan repayment can 
also have a significant impact on taxes.) 

EXAMPLE I 0.5 Cash Flow Statement with Financing 
(Borrowing) Activities 

Rework Example 10.4. assuming that $64,800 of the $162,000 paid for the invest
ment is obtained through debt financing (debt ratio= 0.4). The loan is to be repaid 
in equal annual installments at 12% interest over five years. The remaining $97,200 
will be provided by equity (e.g., from retained earnings). 

DISSECTING THE PROBLEM 

METHODOLOGY 

Compute after-tax cash flow. 

---- -·,.··---~----··-------··-··------~-----------.----

Given: Same scenario as in Example 10.4, but $64,800 is borrowed and 
repaid in equal installments over five years at 12%. 
Find: Net after-tax cash flows in each year. 

SOLUTION 

We first need to compute the size of the annual loan repayment 
installments: 

$64,800(A/P, 12%, 5) = $17,976. 

Next, we determine the repayment schedule of the loan by itemizing both 
the interest and the principal represented in each annual repayment. 

The resulting after-tax cash flow is detailed in Table 10.3. The 

1 

present-worth equivalent of the after-tax cash flow series is 
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TABLE I 0.3 Cush Flow Slulcmcnt for the Milling Machine Project 
with Delli Finand ni; (Ex11111plc 10.5) 

A 

lncomo Statement 

Matonnls 
Ovorhond 
Debi Interest 
Depreciation 

B c D E F G 

+--
0 2 3 4 5 

s 175,000 s 175.000 s 175.000 s 175.000 s 175.000 

s 60,000 s s 60,000 s 60.000 s 60,000 
s 20,000 s s 20,000 s 20.000 s 20.000 
s 10.000 s s 10,000 s 10.000 s 10,000 
s 7,776 s s 5,181 s 3.646 s 1,926 
s 23,143 s s 28,338 s 20.242 s 7,229 

s 54,081 s 51,481 s 61,112 s 75,845 
$ 21,632 s 20,592 s 24,445 s 30,338 

$ 32,449 s 23,265 s 30,889 s 3_6.667 s 45,507 

=IPMT(12%.2.5.-64800) 

s 32.449 s 23,265 s 30,889 s 36,667 s 45,507 
s 23,143 s 39,673 s 28,338 s 20.242 s 7,229 

5 (162.000) 

l :.{G24-(-B23-SUM(C11:G11)))"0.4 h~ 45.000 
(650) 

L(25,000) s 25,000 

s 64,800 

r- cPPMT(12%,03,5,64800) 

s (10,200) s (11,424) s (12,795) s (14,330) s (16.050) 

$(122,200) $ 45,392 s 51,514 s 46,432 s 42.579 s 106,036 

=NPV(15%,C31 G31)+B31 

PW(15%) - $122.200 + $~5.392(?/F. 15% . I) + 

+ $106,036(P/ F, 15%, 5) 

= $63,8 16. 

Whe n this amount is compa red with the amount found in the case 
1ha t involved no bor rowing, $52,008. we sec 1ha t debt financing actu
a lly increases the present worth by SI 1.808. ' lllis surprising result is 
caused entirely by the fact that the firm is able to borrow the funds 
at a lower rate. 12%. than its MARR (opportuni ty cost rate) of 15%. 
However, we should he careful in inte rpre ting the result. It is true. to 
some extent. 1hat firms cnn usually borrow money a t lower rates than 
their MARR I lowcvcr. if the firm can borrow money at a signifi
cantly lower rate, this factor also nffecls the firm's MARR because 
lhe borrowing rate is o ne o f the c le me nts used in de te rm ining the 
MARR as we wi ll sec in Section 11.4. 'n ie re forc. a s ignificant d iffe r
ence betwee n present values with borrowing and without borrowing 
is not always expected in practice. 
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I 

2 
3 

4 

5 

Amount financed: $64,800, or 40% of total capital expenditure 

Financing rate: 12% per year 

Annual installment: $17,976, or A= $64,800(AIP,12%, 5) 

$64,800 $7,776 $10,200 

$54,600 $6,552 $11,424 

$43,176 $5,181 $12,795 

$30,381 $3,646 $14,330 

$16,051 $1,926 $16,051 

$17,976 
----------- --- ·---- -------·· -· " . 

$54,600 

$43,176 

$30,381 

$16,051 

$0 

Note: The amount of interest and principal to be paid in each period can be easily obtained with Excel. 

• Interest payment:= IMPT (rate, period, loan life, borrowing amount). For example, to find the interest 
payment in period 2. we use the following format:" = IMPT(12%,2,5,-64800)" 

•Principal payment:= PPMT (rate, period. loan life. borrowing amount). For example, to find the principal 
payment in period 2. we use the following format:" = PPMT(12%,2,5,-64800)" 

Ulif.1 Effects of Inflation on Project Cash Flows 
We will now consider the effects of inflation in determining the project cash flows. 
We arc especially interested in three elements of project cash flows: (1) depreciation 
expenses, (2) interest expenses. and (3) investment in working capital. The first two 
clements are essentially immune to the cff ccts of inflation, as they are always given in 
actual dollars. We will also consider the complication of how to proceed when multiple 
price indices have been used to generate various project cash flows. Capital projects 
requiring increased levels of working capital suffer from inflation because additional 
cash must be invested lo maintain new price levels. For example, if the cost of inven
tory increases, additional cash infusions arc required in order to maintain appropri
ate inventory levels over time. A similar phenomenon occurs with funds committed to 
account receivables. These additional working-capital requirements can significantly 
reduce a project's profitability or rate of return. 

I 0.6.1 Depreciation Allowance under Inflation 
Because depreciation expenses are calculated on some base-year purchase amount 
(historical cost). they do not increase over time to keep pace with inflation. Thus, they 
lose some of their value to defer taxes in real terms, because inflation drives up the 
general price level and, hence, taxable income. Similarly, the selling prices of deprecia
ble assets can increase with the general inflation rate, and because any gains on salvage 
values are taxable, they can result in increased taxes. Example 10.6 illustrates how a 
project's profitability changes under an inflationary economy. 
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EXAMPLE I 0.6 Effects of Inflation on Projects with 
Depreciable Assets 

Reconsider Example 10.5 where 40% of the investment required by the milling 
machine center project was financed by a loan. A summary of the financial facts in 
the absence of inflation is shown in the following table. 

Recall that the after-tax cash flow for the milling machine project was given in 
Table 10.3, and the net present worth of the project in the absence of innation was 
calculated to be $63,816. 

What will happen to this investment project if the general inflation rate (J) 
during the next five years is expected to be 5% annually? Sales, operating costs, 
and working-capital requirements are assumed to increase accordingly. Deprecia
tion and interest expenses will remain unchanged, but taxes, profits, and thus cash 
flow will be higher. The firm's inflation-free interest rate (i') is known to be 15%. 

(a) Determine the PW of the project. 

(b) Determine the real rate of return for the project. 

Required investment: 

Investment in working capital: 

Debt ratio (0.40), meaning that 40% of the capital will be 
borrowed at 12% interest: 

$162,000 

$25,000 

$64,800 

Project life: 

Salvage value: 

Depreciation method: 

Annual revenues: 

5 years 

$45,000 

7-year MACRS 

$175,000 per year 

Annual expenses: 

Labor 

Material 

Overhead 

Marginal tax rate: 

$60,000 per year 

$20,000 per year 

$10,000 per year 

Inflation-free interest rate (i'): 

40% 

15% 

------------·~----------------------· 

DISSECTING THE PROBLEM 

Given: Financial data as shown in Table 10.3 but with a general infla
tion rate of 5%. 

Find: (a) PW of the after-tax project cash flows and (b) real rate of 
return of the project. 

----·- ----



METHODOLOGY 
Compute present worth and 
real rate of return. 
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SOLUTION 
(a) Table 10.4 shows the after-tax cash flows in actual dollars. Since we 

are dealing with cash flows in actual dollars, we need to find the mar
ket interest rate (see Section 4.3.3). The market interest rate to use is 
i = 0.15 + 0.05 + (0.15)(0.05) = 20.75%. 

PW(20.75%) = -$122,200 + $46,692(P/F, 20.75%, 1) + 
+ $132,974(P IF, 20.75%, 5) 

= $60,957. 

Since PW(20.75%) > 0, the investment is still economically 
attractive. 

(b) If you calculate the rate of return of the project on the basis of 
actual dollars, it will be 38.77% as shown in Table 10.4. Since the 
market interest rate is 20.75%, the project is still justifiable. To find 
the real (inflation-free) rate of return, you can use the following 
relationship from Eq. (4.8): 

., = i - ~ = 0.3877 - 0.05 = 321601 
l 1 + f 1 + 0.05 · to. 

Since the inflation-free MARR is 15%, the project also can be jus
tified on the basis of real dollars. 

COMMENTS: All cash flow elements, except depreciation and interest expenses, are 
assumed to be in constant dollars. Since income taxes are levied on actual taxable 
income, we will use the actual-dollar analysis, which requires that all cash flow 
elements be expressed in actual dollars. We make the following observations: 

• For the purposes of this illustration, all inflationary calculations are made as 
of year-end. 

• Cash flow elements such as sales, labor, material, overhead, and selling price 
of the asset will be inflated at the general inflation rate. For example, whereas 
annual sales had been estimated at $175,000, under conditions of inflation 
they become 5% higher in year 1 (or $183,750), 10.25% higher in year 2 
($192,938), and so forth. 

• Future cash flows in actual dollars for other elements can be obtained in a 
similar way. 

• No change occurs in the investment in year 0 or in the depreciation and inter
est expenses, since these items are unaffected by expected future inflation. 

• Investment in working capital will change with inflation. Working-capital lev
els can be maintained only by an additional infusion of cash. For example, the 
$25,000 investment in working capital made in year 0 will be recovered at the 
end of the first year, assuming a one-year recovery cycle. However, because 
of 5% inflation, the required working capital for the second year increases to 
$26,250. Thus, in addition to reinvesting the $25,000 recovered at the end of 
year l, $1,250 worth of new cash must be made. The $26,250 will be recovered 
at the end of the second year. However, the project will need a 5% increase in 
working capital, or $27,563, for the third year, and so forth. The deficit amount 
must be financed at the beginning of each year. Eventually, no investment in 
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TABLE I 0.4 Cash Flow Statement for the Milling Machine Project under Infl ation (Example 10.6) 

A B c D E F G H 

1 

2 Income Statement 
3 End of Year lnnation Rate 0 2 3 4 5 
4 
5 Revenue 5% s 183,750 s 192,938 $ 202,584 

6 Expenses: 
7 Labor 5% s 63,000 $ 66,150 $ 69,458 s 72.930 $ 76,577 

8 Materials 5% s 21 ,000 $ 22,050 $ 23,153 s 24,310 $ 25,526 

9 Overhead 5% s 10,500 s 11,025 s 11 ,576 s 12, 155 s 12,763 

10 Debt Interest s 7,776 s 6,552 $ 5,181$ 3,646 s 1,926 

11 Depreciation s 23,143 s 39,673 $ 28,338 s 20,242 s 7,229 

12 
13 Taxable Income n 58,331 $ 47,488 $ 64,879 $ 79,430 s 99,329 

14 Income Taxes (40~) 23,332 $ 18,995 $ 25,952~ $ 31,772 s 39,732 

15 
16 Net Income $ 34,999 s 28,493 $ 38,927 $ 47,658 s 59,597 

17 

18 Cash Flow Statement 
19 Operating Activities: 
20 Net Income 
21 Depreciation 

s 34,999 s 28,493 $ 38,927 s 47,658 s 59,597 
$ 23, 143 $ 39,673 $ 28,338 - s 20,242 s 7,229 

22 Investment Activities: 
23 Milling machine 
24 Salvage Valu_e __ _ 
25 Gains Tax -----
26 Working capital 
27 Financing Activities: 
28 Borrowed Funds 
29 Principal Re~yment 
30 

t~(1 62,000) ; 
5% l I 
5% __ s (25.ooo)I 

--~$- 64,800 

I =-(H24-(-C23-SUM(D 11:H1 1)))*0.4 l i 
($1,250) ($1,313) ($1,378) ($1,447) s 

s (10,200) s (11,424) $ (12,795) s (14,330) 

57,433 
(5,623) 
30,38-8 

31 Net Cash Flow (Actual Dollars) 
32 

$(122,200) s 46,692 $ 55,429 $ 53,092 s 52,123 s 132,974 

33 
34 
35 

_L_ 
~(20.75%)= s 60,957 +--I =NPV(20.75%,D31:H31)+C31 I 

IRR= 38.77% 
36 ~I =IRR(C31:H31 ,15~ 37 
38 ~~------~----------- -----

working capit a l is required in year 5, as the project te rmina tes. Tiie refore. lhe 
firm recove rs a ll the investme nts it made in working capital in a lump sum 
($30,338) at the end of year 5. and it can use this fund for o ther purposes. 

End ol'Year 0 1 2 3 

Recovered Working Capital $25,000 $26.250 $27.563 

Required Working Capital ($25,000) ($26,250) ($27,563) ($28,941) 

Ba lance ($25.000) ($1 ,250) ($1,3 L3) ($ 1,378) 

• The de preciation expense is a charge against taxahlc income. which reduces 
the amount of taxes paid and. as a result, increases the cash flow a ttributable 
to an investme nt by the amount of taxes saved. But the depreciation expense 

4 s 
$28.941 $30.388 

($30,388) $0 

($1,447) $30,388 
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under existing tax laws is based on historic cost. As time goes by, the deprecia
tion expense is charged to taxable income in dollars of declining purchasing 
power; as a result, the "real" cost of the asset is not totally reflected in the de
preciation expense. Depreciation costs arc thereby understated, and the tax
able income is thus overstated, resulting in higher taxes. 

• On the other hand, the debt payment schedule with a fixed-interest rate is not 
going to change as the lender experiences inflation. Therefore, you are paying 
back with cheaper dollars, resulting in higher profitability. In our example, the 
increase in profit due to debt financing is smaller than the increase in taxes 
paid plus additional cash required to maintain proper working capital, so we 
still sec overall loss in NPW. 

• The resale price of the asset is expected to increase at the general inflation 
rate. Therefore, the salvage value in actual dollars will be 

$45,000(1 + 0.05)5 = $57,433. 

This increase in salvage value will also increase the taxable gains, as the book 
value remains unchanged. The calculations for both the book value and gains 
tax arc shown in Table 10.4. 

• Note that the PW in the absence of inflation was $63,816 in Example 10.5. 
The $2,859 decrease (known as inflation loss) in the PW under inflation, 
illustrated in this example, is due entirely to income-tax considerations and 
working-capita/ draim.: 

I 0.6.2 Handling Multiple Inflation Rates 
As we noted in Chapter 4, the inflation rate Jj represents a rate applicable to a spe
cific segment j of the economy. For example, if we are estimating the future cost 
of a piece of machinery, we should use the inflation rate appropriate for that item. 
Furthermore, we may need to use several rates in order to accommodate the differ
ent costs and revenues in our analysis. Example I 0. 7 introduces the complexity of 
multiple inflation rates. 

EXAMPLE I 0. 7 Applying Specific Inflation Rates 

In this example, we will rework Example 10.6 using different annual indices (dif
ferential inflation rates) in the prices of cash-flow components. Suppose that we 
expect the general rate of inflation, J, to average 6% during the next five years. 
We also expect that the selling price (salvage value) of the equipment will increase 
at 3% per year. that wages (labor) and overhead will increase at 5% per year, and 
that the cost of material will increase at 4% per year. The working-capital require
ment will increase at 5% per year. We expect sales revenue to climb at the general 
inflation rate. Table 10.5 shows the relevant calculations according to the income
statement format. For simplicity, all cash flows and inflation effects arc assumed to 
occur at year-end. Determine the net present worth of this investment. 



454 CHAPTER I 0 Project Cash-Flow Analysis 

TABLE 10.5 Cash Flow Stateme nt for the 1\'lilling Machine Project under Inflation (Multiple Price 
Indices) 

A 

1 

2 Income Statement 
3 End or Year 
4 
5 Revenue 
6 Expenses: __ 
7 Labor 
8 Materials 
9 Overhead 
10 Debt Interest 
11 Depreciation 
12 
13 Taxable Income 
14 Income Taxes (40%) 
15 
16 Net Income 
17 

18 Cash Flow Statement 
19 Operating Activities: 
20 Net lncome---
21 Depreciation 
22 Investment Activities: 
23 Miiiing machine 
24 Salvage Value 
25 Gains Tax 
26 Working capital 
27 Financing Activities: 
28 Borrowed Funds 
29 Principal Repayment 
30 
31 Net Cash Flow (Actual Dollars) 
32 
33 
34 
35 
36 
37 

DISSECTING THE PROBLEM 

METHODOLOGY 

B c D E F G H 

=D5'{1+$B$5) T 
Inflation Rate 2 3 4 5 

6% 

5% 
4% 
5% 

3% 

5% 

s 196,630 s 208,428 s 220.933 $234,189 

$ 63,000 s 66, 150 s 69,458 $ 72,930 s 76,577 
s 20,800 s 21,632 $ 22.497 $ 23,397 s 24,333 
s 10,500 s 11,025 $ 11,576 s 12, 155 s 12,763 
s 7,776 $ 6,552 s 5,181 s 3,646 s 1,926 
$ 23,143 $ 39,673 s 28,338 s 20,242 s 7,229 

s 60,281 s 51,598 $ 71,378 s 88,563 s 111,362 
s 24, 112 s 20,639 $ 28,551 s 35,425 s 44,545 

s 36,169 s 30,959 s 42,827 s 53, 138 s 66,8~7 

s 36.169 s 30,959 s 42,827 $ 53, 138 $ 66,817 
s 23, 143 s 39,673 $ 28,338 $ 20,242 s 7,229 

s (162,000) I =-(H24-(-C23-SUM(D11 :H 11 )))"0.4 ~ 
I I $ 52,167 

$ (3,517) 
s (25,000) ($1.250) ($1,313) ($1,378) ($1,447) s 30,388 

s 64,800 
s (10,200) s (11,424) s (12,795) s (14,330) s (16,050) 

$(122,200) s 47,862 $ 57,895 s 56,992 s 57,603 s 137,034 

PW(21.90%)= S 
IRR= 

64,485 I =NPV{21.9%,D31:H31)+C31 
41 .15% .----=====;-------' "I =IRR(C31:H31,15%) I 

Gh·en: Financial data a~ shown in Table 10.5 but with multiple inna
lion rates. 

Find: PW of th e afte r-tax project cash nows. 

SOLUTION 

Once we determine the project cash Oows in actual dollars, we must ad
just the original discount rate of 15%, which is an in Oat ion-free interest 
rate, i'. The appropriate interest rate to use is the marke t inte rest rate: 

i = i' + l + i'f = 0.15 + 0.06 + (0.15)(0.06) = 2 1.90% . 
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The equivalent present worth is obtained as follows: 

PW(21.90%) = -$122,200 + $47,862(P/F, 21.90%, 1) 

+ $57,895 (PI F, 21.90%, 2) + 

+ $137,034(P/F, 21.90%, 5) 

=$64,485. 

COMMENTS: Whenever you are dealing with multiple price indices in economic 
analysis, the price index that will affect the market interest rate set by many finan
cial institutions is the consumer price index. In other words, the general inflation 
rate is used in calculating the market interest rate, which computes the equivalent 
net present worth. 

SUMMARY 
Ii Most manufacturing companies divide manufacturing costs into three broad catego

ries: direct materials, direct labor, and manufacturing overhead. Nonmanufacturing 
costs are classified into two categories: marketing or selling costs and administrative 
costs. 

Im For the purpose of valuing inventories and determining expenses for the balance sheet 
and income statement, costs are classified as either product costs or period costs. 

l!D For the purpose of predicting cost behavior-how costs will react to changes in activity
managers commonly classify costs into two categories: variable and fixed costs. 

Iii! Cash flow (not net income) must be considered to evaluate the economic merit 
of any investment project. Recall that depreciation (or amortization) is not a cash 
flow but is deducted, along with other operating expenses, from gross income to 
find taxable income and, therefore, taxes. Accountants calculate net income by sub
tracting taxes from taxable income. But depreciation was subtracted to find taxable 
income, so it must be added back into net income if we wish to use the net-income 
figure as an intermediate step along the path to determining after-tax cash flow. 

Im! The tax rate to use in economic analysis is the incremental tax rate resulting from 
undertaking the project in question, not the overall tax rate or average tax rate. 

li!ll Identifying and estimating relevant project cash flows is perhaps the most challeng
ing aspect of engineering economic analysis. All cash flows can be organized into 
one of the following three categories: 
1. Operating activities 
2. Investing activities 
3. Financing activities 

IE The income-statement approach is typically used in organizing project cash flows. 
This approach groups cash flows according to whether they are associated with op
erating, investing, or financing functions. 
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• Project cash flows may be staled in one of two forms: 
Actual dollars (A 11) : dollars that reCTect the infl ation or de(Jation in economy 
Constant dollars (A;,): year-0 dollars 

• Interest rates for project eva luation may be statl..!d in one of two forms: 
Market interest rate (i): a rate that combines the effects of interest and inflation and 
is used with actual-dollar nnul)1Sis 
Inflation-free interest rate (i'): a rate from which the effects of infla tion have been 
removed and is used with constant-dollar ana lysis 

SELF-TEST QUESTIONS 
10s.l J&J Electric Company ex pects to have taxable income of $320.000 from its 

regular business over the next two years. The company is considering a new 
residential wiring project for a proposed apartment complex during year 0. This 
two-year project requires purchase of new equipment for $30.000. ·me equip
ment fa lls into the MACRS five-year class. The equipment will be sold after two 
years for $12,000. The project will bring in additiona l revenue of$ I 00,000 each 
year, but it is expected to incur an additional operating cost of $40,000 each 
year. What is the income lax ra te to use in year I for this project eva luation? 
(a) 39% 

(b) 34% 
(c) 33.77% 

(cl) 35.39% 

10s.2 Consider the following financial da ta for an investment project: 
• Required ca pi tal investment al n = 0: $ 100,000 
• Project se rvice li fe: I 0 yea rs 
• Salvage value al 11 = I 0: $15,000 

• Annual revenue: $150.000 
• Annual O&M costs (not including depreciation): $50.000 
• Depreciation me thod for tax purpose: seven-yea r MACRS 
• In come tax rate: 40%. 

Determine the project cash flow at the end of year lO. 
(a) $69.000 
(b) $73.000 

(c) $66.000 
(d) $67.000 

lOs.3 Suppose that in Problem I Os.2, the firm borrowed the entire capit al investment 
a l 10% in terest over 10 years. If the required principal and interest payments in 
year 10 are 
• Principal payment:$ l-l,795 
• I ntcrest payment: $1 .-180. 
what would be the net cash flow at the end of year 10? 



(a) $46,725 
(b)$63,000 
(c) $62,112 
(d) $53,317 

lOs.4 A new absorption chiller system costs $360,000 and will save $52,500 in each 
of the next 12 years. The asset is classified as a seven-year MACRS property 
for depreciation purpose. The expected salvage value is $20,000. The firm pays 
taxes at a combined rate of 40% and has an MARR of 12%. What is the net 
present worth of the system? 
(a) $46,725 
(b) $63,739 
(c) $62,112 
(d) $53,317 

lOs.5 A corporation is considering purchasing a machine that costs $120,000 and 
will save $X per year after taxes. The cost of operating the machine, including 
maintenance and depreciation, is $20,000 per year after taxes. The machine will 
be needed for four years after which it will have a zero salvage value. If the firm 
wants a 14% rate of return after taxes, what is the minimum after-tax annual 
savings that must be generated to realize a 14% rate of return after taxes? 
(a) $50,000 
(b)$61,184 
(c) $91,974 
(d) $101,974 

tos.6 A corporation is considering purchasing a machine that will save $200,000 per 
year before taxes. The cost of operating the machine, including maintenance, is 
$80,000 per year. The machine costing $150,000 will be needed for five years, 
after which it will have a salvage value of $25,000. A straight-line depreciation 
with no half-year convention applies (i.e., 20% each year). If the firm wants 
15% rate of return after taxes, what is the net present value of the cash flows 
generated from this machine? The firm's income tax rate is 40%. 
(a) $137,306 
(b) $218,313 
(c) $199,460 
(d) $375.000 

10s. 7 Which of the following statements is incorrect under inflationary economy? 
(a) Borrowers will always come out ahead as they pay back with cheaper dollars. 
(b) In general, a business that has depreciable assets will pay more taxes in real 

dollars. 
(c) In general, there will be more drain in working capital. 
(d) Bond interest rates will tend to be higher in the financial market so that it 

would cost more to finance a new project. 

Problem Statement Questions for I Os.8-1Os.I0 
A firm is trying to choose between two machines to manufacture a new line of 
office furniture. The financial data for each machine have been compiled as follows: 

Self-Test Questions 457 



458 CHAPTER I 0 Project Cash-Flow Analysis 

Initial investment required $20,000 $12,000 

Service life 6 years 3 years 
Salvage value $5,000 $3,000 

Annual operating expenses $4,000 $2,500 

Annual operating revenue $15,000 $12,500 

Depreciation method 5-year MACRS 5-year MACRS 

The firm's marginal tax rate is 40% and uses a 15% discount rate to value the 
projects. Also, assume that the required service period is indefinite. 

lOs.8 What is the internal rate of return (after tax) of machine A? 
(a) 28% 
(b)39% 
(c) 35% 
(d)43% 

lOs.9 What is the net present worth of machine B after tax over 3 years? 
(a) $6,394 
(b) $6,233 
(c) $5,562 
(d)$7,070 

lOs.10 Using the replacement chain method (machine B can be replaced with an iden
tical machine at the end of year 3), determine which project should be adopted 
after tax. 
(a) Machine A. 
(b) Machine B. 
(c) Either machine. 
(d) Neither machine. 

lOs.11 Phoenix Construction Ltd. is considering the acquisition of a new 18-wheeler. 
Im The truck's base price is $80,000, and it will cost another $20,000 to modify 

it for special use by the company. 
ilJD This truck falls into the MACRS five-year class. 
Ill It will be sold after three years (project life) for $30,000. 
l!m The truck purchase will have no effect on revenues, but it is expected to save 

the firm $45,000 per year in before-tax operating costs, mainly in leasing 
expenses. 

m The firm's marginal tax rate (federal plus state) is 40%, and its MARR is 15%. 

What is the net present worth of this acquisition? 
(a) -$45,158 (loss) 
(b)$532 
(c) $1,677 
(d)$2,742 

lOs.12 A special purpose machine tool set would cost $20,000. The tool set will be 
financed by a $10,000 bank loan repayable in two equal annual installments 



at 10% compounded annually. The tool is expected to provide annual savings 
(material) of $30,000 for two years and is to be depreciated by the three-year 
MACRS method. This special machine tool will require annual O&M costs in 
the amount of $5,000. The salvage value at the end of two years is expected to 
be $8,000. Suppose that it is expected a 6% annual inflation during the project 
period. Assuming a marginal tax rate of 40% and an MARR of 20% (inflation 
adjusted), what is the net present worth of this project? 
(a) $16,301 
(b) $24,558 
(c) $23,607 
(d) $18,562 

PROBLEMS 
Cost Behavior 
10.1 Identify which of the following costs are fixed and which are variable: 

(a) Wages paid to temporary workers 
(b) Property taxes on a factory building 
( c) Property taxes on an administrative building 
(d) Sales commission 
(e) Electricity for machinery and equipment in a plant 
(f) Heat and air conditioning for a plant 
(g) Salaries paid to design engineers 
(h) Regular maintenance on machinery and equipment 
(i) Basic raw materials used in production 
U) Factory fire insurance 

10.2 Classify the following costs into either being product cost or period cost: 
(a) Raw material costs 
(b) Income taxes paid 
(c) Interest expenses on borrowed funds 
(d) Wages incurred in producing products 
(e) Fire insurance premium paid on factory buildings 
(f) Electric bill for the warehouse operation 
(g) Salary paid for engineers 
(h) Material handling cost related to production 
(i) Salary paid for plant manager 
U) Leasing expense for forklift trucks in warehouse operation 
(k) Mortgage payments on factory buildings 

10.3 Some commonly known costs associated with manufacturing operations are 
listed below: 
(a) Paint shop superintendent's salary 
(b) Labor costs in assembling a product 
(c) Rent on a factory building 
(d) Radio-frequency identification (RFID) units embedded in the final product 

during shipping 
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( e) Depreciation on machinery 
(f) Lubricants used for machines 
(g) CPU chips used in notebook production 
(h) Paint used in automobile production 
(i) Janitorial and custodial salaries 
(j) Coffee beans used in packaging roasted coffee 
(k) Sugar used in icecream production 
(I) Electricity for operation of machines 

(m) Electricity for heating and cooling the factory building 
(n) Glue used in electronic board production 

Classify each cost as being either variable or fixed with respect to volume or 
level of activity. 

10.4 The accompanying figures depict a number of cost behavior patterns that might 
be found in a company's cost structure. The vertical axis on each graph repre
sents total cost, and the horizontal axis on each graph represents level of activ
ity (volume). For each of the given situations, identify the graph that illustrates 
the cost pattern involved. Any graph may be used more than once. (Adapted 
originally from the CPA exam; also found in R.H. Garrison and E.W. Noreen, 
Managerial Acco11111ing, 9th edition, Irwin, 2009.) 
(a) Electricity bill-a flat-rate fixed charge plus a variable cost after a certain 

number of kilowatt-hours are used. 
(b) City water bill, which is computed as follows: 

First 1,000,000 gallons 

Next 10,000 gallons 

Next 10,000 gallons 

Next 10,000 gallons 

$1,000 flat, or less 

$0.003 per gallon used 

$0.006 per gallon used 

$0.009 per gallon used 

(c) Depreciation of equipment, where the amount is computed by the straight
line method. When the depreciation rate was established, it was anticipated 
that the obsolescence factor would be greater than the wear-and-tear factor. 

( d) Rent on a factory building donated by the city. where the agreement calls 
for a fixed-fee payment unless 200,000 labor-hours or more are worked. in 
which case no rent need be paid. 

( e) Cost of raw materials, where the cost decreases by 5 cents per unit for each 
of the first 100 units purchased after which it remains constant at $2.50 per 
unit. 

(f) Salaries of maintenance workers, where one maintenance worker is needed 
for every 1.000 machine hours or less (that is, 0 to 1,000 hours require one 
maintenance worker, 1,001 to 2,000 hours require two maintenance work
ers, etc.). 

(g) Cost of raw materials used. 
(h) Rent on a factory building donated by the county, where the agreement calls 

for rent of $JOO.OOO less $1 for each direct labor-hour worked in excess of 
200,000 hours. but a minimum rental payment of $20,000 must be paid. 

(i) Use of a machine under a lease, where a minimum charge of $1.000 is paid 
for up to 400 hours of machine time. After 400 hours of machine time, an 



add itional charge of $2 per hour is paid up to a maximum charge of $2.000 
per period. 

( 
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Contribution Margin and Break-Even Volume 

10.5 Suppose that a company expects the fo llowing financial resuJts from a project 
during its first year opera tion: 

• Sales revenue: $250.000 

• Variable costs: $80.000 

• Fixed costs: $50.000 

• Total unit produced and so ld: 1,000 units 

(a) Compute the contribution margin pe rcentage. 

(b) Compute the brcakcven point in units sold. 

10.6 Suppose ADJ Corporation's brcakeven sa les volume is $450,000 with fi xed 
costs of $200.000. 

(a) Compute the contribution margin pe rcentage. 

(b) Compute the selling price if va riable costs a re $ 12 per unit. 

10.7 G iven the fo llowing in fo rmatio n. answer the questio ns: 

• TI1e ratio of variable cost pe r un it d ivided by selling price pe r unit equals 0.25 

• Fixed costs amount to $50.000 

(a) Draw the cost-volume-profit dingram 
(b) What is the break-eve n point? 

(c) Wh at e ffect would a 6% decrease in selling price have on the break-even 
poi nt from pa n (b)? 

10.8 1l1e Austin E lectric Com pany has three product lines of surge protectors com
monly used in PC and o ther e lectronic devices - A. 8, and C-having a contribu
tion margin of $3, $2, and $1, respective ly. The president foresees sales of 200.000 
units in the coming period, consisting of 20,000 units o f A, 100,000 units o f B, and 
80.000 units of C. The company's fixed costs for the pe riod are $255.000. 

(a) What is the company's break-even point in units. assuming tha t the given 
sales mix is maint a ined ? 
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(b) If the mix is maintained, what is the total contribution margin when 200,000 
units are sold? What is operating income? 

(c) What would be operating income if20,000 units of A,80,000 units of B, and 
100,000 units of C were sold? What is the new break-even point in units if 
these relationships persist in the next period? 

Incremental (Marginal) Tax Rate in Project Evaluation 

10.9 Buffalo Environmental Service expects to generate a taxable income of 
$350,000 from its regular business in 2012. The company is also considering a 
new venture: cleaning up oil spills made by fishing boats in lakes. This new ven
ture is expected to generate an additional taxable income of $180,000. 
(a) Determine the firm's marginal tax rates before and after the venture. 
(b) Determine the firm's average tax rates before and after the venture. 

10.10 Scottsdale Print Shop expects to have an annual taxable income of $300,000 
from its regular business over the next two years. The company is also consid
ering the proposed acquisition of a new printing machine to expand current 
business to offer in its product catalog. The machine's installed price is $105,000. 
The machine falls into the MACRS five-year class, and it will have an estimated 
salvage value of $30,000 at the end of six years. The machine is expected to 
generate additional before-tax revenue of $120,000 per year. 
(a) Determine the company's annual marginal (incremental) tax rates over the 

next two years with the proposed investment in the printing machine. 
(b) Determine the company's annual average tax rates over the next two years 

with the machine. 

10.11 Delta Electric Company expects to have an annual taxable income of $500,000 
from its residential accounts over the next two years. The company is also 
bidding on a two-year wiring service job for a large apartment complex. This 
commercial service requires the purchase of a new truck equipped with wire
pulling tools at a cost of $50,000. The equipment falls into the MACRS five-year 
class and will be retained for future use (instead of being sold) after two years, 
indicating no gain or loss on this property. The project will bring in additional 
annual revenue of $200,000, but it is expected to incur additional annual operat
ing costs of $100,000. Compute the marginal tax rates applicable to the project's 
operating profits for the next two years. 

10.12 A small manufacturing company has an estimated annual taxable income of 
$195,000. Due to an increase in business, the company is considering purchas
ing a new machine that will generate additional (before-tax) annual revenue of 
$80,000 over the next five years. The new machine requires an investment of 
$100,000, which will be depreciated under the five-year MACRS method. 
(a) What is the increment in income tax caused by the purchase of the new ma

chine in tax year 1? 
(b) What is the incremental tax rate associated with the purchase of the new 

equipment in year 1? 

10.13 Simon Machine Tools Company is considering the purchase of a new set of 
machine tools to process special orders over the next three years. The following 
financial information is available: 
Ill Without the project, the company expects to have a taxable income of 

$400,000 each year from its regular business over the next three years. 



m This three-year project requires the purchase of a new set of machine tools 
at a cost of $50,000. The equipment falls into the MACRS three-year class. 
The tools will be sold at the end of the project life for $10,000. The project 
will bring in additional annual revenue of $90,000, but it is expected to incur 
additional annual operating costs of $25,000. 

(a) What are the additional taxable incomes (from undertaking the project) 
during years 1 through 3, respectively? 

(b) What arc the additional income taxes (from undertaking the new orders) 
during years 1 through 3, respectively? 

Net Income versus Cash Flow 
10.14 Jackson Heating & Air Company had sales revenue of $2,250,000 from operations 

during tax-year 1. Here are some operating data on the company for that year: 

Labor expenses 

Materials costs 

Depreciation expenses 

Interest income on time deposit 

Bond interest income (nonoperating income) 

Interest expenses 

Rental expenses 

Proceeds from sale of old equipment 
with a book value of $20,000 

(a) What is Jackson's taxable gains? 
(b) What is Jackson's taxable income? 

(c) What are Jackson's marginal and average tax rates? 
(d) What is Jackson's net cash flow after tax? 

$550,000 

$385,000 

$132,500 

$6,000 

$4,000 

$22,200 

$45,000 

$23,000 

10.15 In 2012, Elway Aerospace Company had gross revenues of $1,200,000 from 
operations. The following financial transactions were posted during the year: 

Manufacturing expenses (including depreciation of $45,000) 

Operating expenses (excluding interest expenses) 

A new short-term loan from a bank 

Interest expenses on borrowed funds (old and new) 

Old equipment sold 

$450,000 

$120,000 

$50,000 

$40,000 

$60,000 

The old equipment had a book value of $75,000 at the time of sale. 

(a) What is Elway's income tax liability? 
(b) What is El way's operating income? 
(c) What is the net cash flow? 

Incremental Project Cash Flows 
10.16 An asset in the five-year MACRS property class cost $100,000 and has a zero 

estimated salvage value after six years of use. The asset will generate annual rev
enues of $300,000 and will require $100,000 in annual labor costs and $50,000 
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in annual material expenses. There are no other revenues and expenses. Assume 
a tax rate of 40%. 
(a) Compute the after-tax cash flows over the project life. 
(b) Compute the NPW at MARR = 12%. Is this investment acceptable·! 
(c) Compute the IRR for this project. 

10.17 An auto-part manufacturing company is considering the purchase of an indus
trial robot to do spot welding, which is currently done by skilled labor. The 
initial cost of the robot is $250,000, and the annual labor savings are projected 
to be $125,000. If purchased, the robot will be depreciated under MACRS as a 
seven-year recovery property. This robot will be used for five years after which 
the firm expects to sell it for $50,000. The company's marginal tax rate is 35% 
over the project period. 
(a) Determine the net after-tax cash flows for each period over the project life. 
(b) Is this a good investment at MARR of 15%? 

10.18 You are considering purchasing a new injection molding machine. This machine 
will have an estimated service life of 10 years with a negligible after-tax salvage 
value. Its annual net after-tax operating cash flows are estimated to be $60,000. 
If you expect a 15% rate of return on investment, what would be the maximum 
amount that you should spend to purchase the injection molding machine? 

10.19 A facilities engineer is considering a $50,000 investment in an energy man
agement system (EMS). The system is expected to save $10,000 annually in 
utility bills for N years. After N years, the EMS will have a zero salvage value. 
In an after-tax analysis, how many years would N need to be in order for the 
engineer's company to earn a 10% return on the investment? Assume MACRS 
depreciation with a three-year class life and a 35% tax rate. 

10.20 A corporation is considering a proposal for the purchase of a machine that will 
save $130,000 per year before taxes. The cost of operating the machine. includ
ing maintenance, is $20,000 per year. The machine will be needed for five years 
after which it will have a zero salvage value. MACRS depreciation will be used. 
assuming a three-year class life. The marginal income-tax rate is 40%. If the firm 
wants 12% IRR after taxes, how much can it afford to pay for this machine? 

10.21 Atlanta Capital Leasing Company (ACLC) leases tractors to construction com
panies. The firm wants to set a three-year lease payment schedule for a tractor 
purchased at $53,000 from the equipment manufacturer. The asset is classified as 
a five-year MACRS property. The tractor is expected to have a salvage value of 
$22,000 at the end of three years of rental. ACLC will require the lessee to make a 
security deposit of $1,500 that is refundable at the end of the lease term. ACLC's 
marginal tax rate is 35%. If ACLC wants an after-tax return of 10%, what lease 
payment schedule should be set'! 

10.22 You arc interested in purchasing a machine that will save $200,000 per year 
before taxes. The cost of operating the machine, including maintenance, is $80,000 
per year. The machine, which costs $150,000, will be needed for five years after 
which it will have a salvage value of $25,000. The machine would qualify for a 
7-year MACRS property. What is the net present value of the cash flows gener
ated from this machine at 15%? The firm's income tax rate is 40%. 

10.23 Peachtree Construction Company, a highway contractor, is considering the purchase 
of a new trench excavator that costs $300,000 and can dig a 3-foot-wide trench at 



the rate of 16 feet per hour. The contractor gets paid according to the usage of the 
equipment. $100 per hour. The expected average annual usage is 500 hours, and 
maintenance and operating costs will be $10 per hour. The contractor will depreci
ate the equipment by using a five-year MACRS, units-of-production method. At 
the end of five years, the excavator will be sold for $100,000. 
(a) Assuming that the contractor's marginal tax rate is 35% per year, determine 

the annual after-tax cash flow. 
(b) Is this a good investment if the contractor requires 15% return on investment? 

10.24 Tucson Solar Company builds residential solar homes. Because of an antici
pated increase in business volume, the company is considering the acquisition 
of a loader at a cost of $54,000. This acquisition cost includes delivery charges 
and applicable taxes. The firm has estimated that if the loader is acquired, the 
following additional revenues and operating expenses (excluding depreciation) 
should be expected: 

1 $66,000 $10,800 

2 $70,000 $17,280 

3 $74,000 $32,000 $10,368 

4 $80,000 $38,800 $6,221 

5 $64,000 $31,000 $6,221 

6 $50,000 $25,000 $3,110 

The projected revenue is assumed to be in cash in the year indicated, and all the 
additional operating expenses are expected to be paid in the year in which they 
are incurred. The estimated salvage value for the loader at the end of the sixth 
year is $8,000. The firm's incremental (marginal) tax rate is 35%. 
(a) What is the after-tax cash flow if the loader is acquired? 
(b) What is the equivalent annual cash flow the firm can expect by owning and 

operating this loader at an interest rate of 12%? 

10.25 An automaker is considering installing a three-dimensional (3-D) computer
ized styling system at a cost of $180,000 (including hardware and software). 
With the 3-D computer modeling system, designers will have the ability to view 
their design from many angles and to fully account for the space required for 
the engine and passengers. The digital information used to create the computer 
model can be revised in consultation with engineers, and the data can be used 
to run milling machines that make physical models quickly and precisely. The 
automaker expects to decrease turnaround time by 35% for new automobile 
models (from configuration to final design). The expected saving is $350,000 
per year. The training and operating and maintenance cost for the new system 
is expected to be $80,000 per year. The system has a five-year useful life and can 
be depreciated as a five-year MACRS class. The system will have an estimated 
salvage value of $5,000. The automaker's marginal tax rate is 40%. 
(a) Determine the annual cash flows for this investment. 
(b) What is the return on investment for this project? The firm's MARR is 12%. 
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10.26 The Manufacturing Division of Ohio Vending Machine Company is consider
ing its Toledo plant's request for a half-inch-capacity automatic screw-cutting 
machine to be included in the division's 2013 capital budget: 

ml Name of project: Mazda Automatic Screw Machine 
lli!l Project cost: $68,701 
II Purpose of project: To reduce the cost of some of the parts that are now 

being subcontracted by this plant, to cut down on inventory by shortening 
lead time, and to better control the quality of the parts. The proposed equip
ment includes the following cost basis: 

Machine cost $48,635 

Accessory cost $8,766 

Tooling $4,321 

Freight $2,313 

Installation $2,110 

Sales tax ~ 
Total cost $68,701 

II Anticipated savings: as shown in the accompanying table. 
Ill Tax depreciation method: seven-year MACRS. 
Im Marginal tax rate: 40%. 
Ill.I MARR: 15%. 

Setup 

Run 

Overhead 

Indirect labor 

Fringe benefits 

Maintenance 

Tooling 

Repair 

Supplies 

Power 

Taxes and insurance 

Other relevant costs: 

Floorspace 

Subcontracting 

Material 

Other 

Total 

Operating advantage 

350hrs 

2,410hrs 800hrs 

$122,468 

$122,468 

$7,700 

$17,600 

$3,500 

$8,855 

$1,350 

$6,320 

$890 

$4,840 

$795 

$763 

$3,210 

$27,655 

$210 

$83,688 

$38,780 



(a) Dete rmine the net a ft e r-tax cas h flows over the project life of six years. 
Assume a sa lvage value of $3.500. 

(b) Is this project acceptable based o n the PW crite rion? 

(c) Determine the IRR for this investment. 

Effects of Working Capital 

10.27 Reconsider Problem 10.1 7. Suppose that the project requires a $30,000 invest
men t in working capita l a t the beginning of the project and the entire amount 
wil l be recovered a t the end of project life. How does this investment in working 
capita l change the ne t cash flows series? 

10.28 Reconsider Problem 10.23. Suppose that the purchase also requires an invest
ment in working capita l in the amount of $50,000, which will be recovered in 
fu ll a t the encl of year 5. Dete rmine the ne t present worth of the project. 

Effects of Borrowing on Project Cash Flows 

10.29 Consider a project with an initial investment of $300,000, which must be 
financed at an interest rate of l2% per year. Assuming that the required repay
ment period is s ix years, determine the repaymen t schedule by iden ti fying the 
principal as well as the interest paymenrs for each of the following repayment 
methods: 

(a) Eq ual repayment of th e principal: $50,000 principal payment each year 
(b) Eq ual re payment of the inte rest: $36,000 int e rest payment each year 
(c) Eq ual an nual installments: $72,968 each yea r 

10.30 A special-purpose machine tool set would cost $30.000. 1l1e entire capital 
expenditure ($30.000) is 10 be borrowed with the s tipulation tha t it be repaid 
by two equal end-of-year paymen ts at 12% compounded annually. 11rn tool is 
expected to provide annual savings (in materia l) of $45,000 for two years and is to 
be depreciated by the MAC RS Lhree-year recovery period.111is special machine 
tool will require annual O&M costs in the amount o f $12,000.111e salvage value 
at the end of two years is expected 10 be $9,000. Assuming a marginal tax rate of 
40% and MARR of 15%. what is the net presen t worth of this project? 

10.31 1l1e Balas Manufacturing Compa ny is considering buying an overhead pulley 
system. The new system has a purchase price of $150.000, an estimated useful life 
and MACRS class life of five yea rs, and an estimated salvage value of $l0,000. 
The system is expected to enable the company 10 economize on e lectric power 
usage, lnbor, and repair costs, as well as to reduce the number of defective prod
ucts made. A total annual savings of $95,000 wi ll be realized if the new pulley 
system is installed. 1l1e company is in the 35% marginal tax bracket. 111e initial 
investme nt wi ll be financed with 40% equity and 60% debt. The before-tax debt 
interest rate. which combines both short-term and long-te rm financing. is 12% 
with the loan to be repaid in equal annual installments over the project li fe. 
(a) Dete rmine the after-tax cash flows. 
(b) Eva luate this investme nt project by using an MARR of 20%. 
(c) Evaluat e this investment project o n the basis o f the !RR crite rio n. 

l 0.32 A toy manufacturer is considering the installation o f a new process machine for 
ilS toy manufacmring facil ity. 111e machine costs $350,000 installed. wi ll gener
a te addi tiona l revenues of $120,000 per year, nnd will save $50,000 per year in 
labor and ma terial costs. The machine wi ll be financed by a $250,000 bank loan 
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repayable in three equal annual principal installments plus 9% interest on the 
outstanding balance. The machine will be depreciated by seven-year MACRS. 
The useful life of this process machine is 10 years at which time it will be sold 
for $20,000. The combined marginal tax rate is 40%. 
(a) Find the year-by-year after-tax cash flow for the project. 
(b) Compute the IRR for this investment. 
(c) At MARR= 18%, is this project economically justifiable? 

10.33 Consider the following financial information about a retooling project at a com
puter manufacturing company: 

ml The project costs $2 million and has a five-year service life. 
Iii! The project can be classified as a seven-year property under the MACRS rule. 
Ill At the end of the fifth year, any assets held for the project will be sold. The 

expected salvage value will be about 10% of the initial project cost. 
Im The firm will finance 40% of the project money from an outside financial 

institution at an interest rate of 10%. The firm is required to repay the loan 
with five equal annual payments. 

!DI The firm's incremental (marginal) tax rate on this investment is 35%. 
Iii The firm's MARR is 18%. 

Use this financial information to complete the following tasks: 
(a) Determine the after-tax cash flows. 
(b) Compute the annual equivalent cost for this project. 

10.34 A manufacturing company is considering the acquisition of a new injection
molding machine at a cost of $110,000. Because of a rapid change in product 
mix, the need for this particular machine is expected to last only eight years 
after which time the machine is expected to have a salvage value of $10,000. The 
annual operating cost is estimated to be $8,000. The addition of this machine 
to the current production facility is expected to generate annual revenue of 
$60,000. The firm has only $70,000 available from its equity funds. so it must 
borrow the additional $40,000 required at an interest rate of 10% per year with 
repayment of principal and interest in eight equal annual amounts. The applica
ble marginal income tax rate for the firm is 40%. Assume that the asset qualifies 
for a seven-year MACRS property classification. 
(a) Determine the after-tax cash flows. 
(b) Determine the NPW of this project at MARR= 14%. 

10.35 Suppose an asset has a purchase cost of $15,000, a life of five years, a salvage value 
of $3,000 at the end of five years, and a net annual before-tax revenue of $7,500. The 
firm's marginal tax rate is 35%. The asset will be depreciated by five-year MACRS. 
(a) Determine the cash flow after taxes, assuming that the purchase cost will be 

entirely financed by the equity funds. 
(b) Rework part (a), assuming that the entire investment would be financed by 

a bank loan at an interest rate of 9%. 
(c) Given a choice between paying the purchase cost up front from the firm's eq

uity and using the financing method of part (b), show calculations to justify 
which is the better choice at an interest rate of 9%. 

10.36 A construction company is considering the proposed acquisition of a new 
earthmover. The purchase price is $100,000, and an additional $25,000 is required 



to modify the equipmt.:nt for special use by the company.111c equipment fa lls into 
the MACRS five-yt.:ar classification (tax life). and it \\ill be sold after five yt.:ari. 
(project li fe) fo r $50,000. Purchase of the ea rthmover wi ll have no effect on rev
enues. but it is expt.:cted 10 save the firm $60,000 per yea r in before-tax operati ng 
costs-mainly labor.The firm's marginal tax rate is 40%. Assume that the initial 
investment is lo be financt.:<.I by a bank loan at an intcrt.:st rate of 10% payablt.! 
annually. Decennint.: tht.: aftt.:r-tax cash now~ an<.1 the worth of investment for this 
project ifthe firm's ~ !ARR is known to be 12'lo. 

1().37 A ka<.ling regiona l airline that is now carrying 5-l o/o of nll thc pnssengers thnt pass 
through the Southeast is considering the possibility of a<.lding a new long-range 
aircrn rt lo its ileet. 'Ilic nircraft being considered for purchase is the Boeing 
717-200. which is quoted at $35 million per unit. Boeing requires a I 0% down pay
ment at the time of delive ry. and the ba lance is to be paid over a 10-year period 
at an interest rn tc of 9% compounded annually. TI1e actual payment schedule 
cnlls for making only interest paymen ts over the IO-year period. with che origina l 
principal amount to be paid off at the end of the I 0th year. ' Ilic airline expects Lo 
generate $40 million per year by adding this aircraft to its current fleet but also 
es1inrntes an operati ng and maintenance cost of $30 million per year. TI1e nircraft 
is expected to have a 15-ycnr service life with a salvage valut.! of 15% of the origi
nal purchase price. If the airline purchases the aircraft. it \\ill be depreciated by 
the seven-year MAC RS property classification. Tiie firm's combined federal and 
state marginal tax rate is 38%. and its MAR R is 18°Ai. 
(a) Determ ine the cash flow associated wi1 h the debt financing. 
(b) Is th is project acceptable? 

Comparing Mutually Exclusive Alternatives 
10.38 TI1e hcndquaners buil<.ling. Building A. owned by a rapidly growing compan). 

is not large enough for current needs. A search for enlarged quarters revealed 
L\\O new alternatives that would provide sufficient room, enough parking. and 
the desired appenrance and location; or the company could remodel it s exist
ing building to crea te more usable space. The company's three options arc as 
follows: 
• Option 1: Lease Bui lding B for $ 1-l-l.OOO per year. 
• Option 2: Purchase Build ing C fo r $800.000. including a $150.000 cost for 

land. 
• Opt ion 3: Remodel Building A. 

IL is believed chat land values will not <.lecrease over the ownership period. but 
tht.: value of all structures will decline Lo 10% of the purchase price in 30 years. 
Annual property tax payml.!nts arc expected to be 5% of the.! purchase price. ·111c 
present headquarters buil<.ling is already paid for and b now valued at $300.000. 
·nie land it is on is appra ised at $60,000. The struclllre can be remodeled al a 
cost of $300.000 LO make it comparable wit h lhe o ther alterna tives. However, the 
remodeled Buildi ng A will occupy pan or the existing park ing lo t. An adjact:nt , 
priva tely owned parking lot can be leased for 30 years under an agreement tha1 
the first year"s rental of $9.000 will increase by $500 each yenr. Tiie annual prop-
1.!rl) taxes on the rl.!modded property will again be 5'}o of the present valuation 
plus the cost ro remo<.lel. ·nic study period for the compari:-.on is 30 years. and the 
<.lesired rate of return on investments is 12%. Assume Lhnt the firm·s marginal tax 
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rate is 40% and the new building (C) and remodeled structure will be depreci
ated under MACRS at a real-property recovery period of 39 years. If the annual 
upkeep costs are the same for all three alternatives, which one is preferable? 

10.39 An international manufacturer of prepared food items needs 50,000,000 kWh 
of electrical energy a year with a maximum demand of 10,000 kW. The local 
utility presently charges $0.085 per kWh, a rate considered high throughout the 
industry. Because the firm's power consumption is so large, its engineers are 
considering installing a 10,000-kW steam-turbine plant. Three types of plant 
have been proposed as shown in the following table($ units in thousands): 

Total investment (boiler, turbine, 
electrical, and structures) 

Annual operating cost: 

Fuel 

Operating labor 

Maintenance 

Supplies 

Insurance and property taxes 

16,500 

$8,530 

$1,128 

$616 
$150 

$60 
$10 

14,500 13,000 

$9,498 $10,546 

$930 

$616 
$126 

$60 

$12 

$828 

$616 

$114 

$60 
$14 

The service life of each plant is expected to be 20 years. The plant investment will 
be subject to a 20-year MACRS property classification. The expected salvage value 
of the plant at the end of its useful life is about 10% of the original investment. The 
firm's MARR is known to be 12%. The firm's marginal income-tax rate is 39%. 
(a) Determine the unit power cost ($/kWh) for each plant. 
(b) Which plant would provide the most economical power? 

10.40 H&H Machine Systems Inc. needs to acquire a new lift truck for transporting 
final products to their warehouse. One alternative is to purchase the lift truck 
for $40,000, which will be financed by a bank loan at an interest rate of 12%. 
The loan must be repaid in four equal installments payable at the end of each 
year. Under the borrow-to-purchase arrangement, H&H would have to main
tain the truck al an annual cost of $1,200, payable at year-end. Alternatively, 
H&H could lease the truck on a four-year contract for a lease payment of 
$11,000 per year. Each annual lease payment must be made at the beginning of 
each year. The truck would be maintained by the lessor. The truck falls into the 
five-year MACRS classification, and it has a salvage value of $10,000, which is 
the expected market value after four years, at which time H&H plans to replace 
the truck, regardless of whether the company leases or buys. H&H has a mar
ginal tax rate of 40% and an MARR of 15%. 
(a) What is H&H's cost of leasing in present worth? 
(b) What is H&H's cost of owning in present worth? 
(c) Should the truck be leased or purchased? 

10.41 Janet Wigandt, an electrical engineer for Instrument Control, Inc. (ICI), has 
been asked to perform a lease-buy analysis on a new pin-inserting machine for 



ICl's PC-board manufacturing operation. The details of the two options are as 
follows: 
ml Buy option: The equipment costs $120,000. To purchase it, ICI could obtain 

a term loan for the full amount at 10% interest with four equal annual 
installments (end-of-year payments). The machine falls into a five-year 
MACRS property classification. Annual revenues of $200,000 and annual 
operating costs of $40,000 are anticipated. The machine requires annual 
maintenance at a cost of $10,000. Because technology is changing rapidly 
in pin-inserting machinery, the salvage value of the machine is expected to 
be only $20,000. 

IIl!I Lease option: BLI is willing to write a four-year operating lease on the 
equipment for payments of $44,000 at the beginning of each year. Under 
this operating-lease arrangement, BLI will maintain the asset, so the annual 
maintenance cost of $10,000 will be saved. ICI's marginal tax rate is 40%, 
and its MARR is 15% during the analysis period. 

(a) What is ICl's present-worth (incremental) cost of owning the equipment? 
(b) What is ICI's present-worth (incremental) cost of leasing the equipment? 
(c) Should ICI buy or lease the equipment? 

10.42 Oregon Machinery Company (OMC) has decided to acquire a screw machine. 
One alternative is to lease the machine on a three-year contract for a lease 
payment of $22,000 per year with payments to be made at the beginning of 
each year. The lease would include maintenance. The second alternative is to 
purchase the machine outright for $97,000, financing the investment with a bank 
loan for the net purchase price and amortizing the loan over a three-year period 
at an interest rate of 12% per year (annual payment = $40, 386). 

Under the borrow-to-purchase arrangement, the company would have to 
maintain the machine at an annual cost of $6,000, payable at year-end. The 
machine falls into the seven-year MACRS classification, and it has a salvage 
value of $45,000, which is the expected market value at the end of year 3. After 
three years, the company plans to replace the machine regardless of whether it 
leases or buys. The tax rate is 40%, and the MARR is 15%. 
(a) What is OMC's PW cost of leasing? 
(b) What is OMC's PW cost of owning? 
(c) From the financing analyses in parts (a) and (b), what are the advantages 

and disadvantages of leasing and owning? 

Effects of Inflation on Project Cash Flows 
10.43 Gentry Machines. Inc .. has just received a special job order from one of its 

clients. 
The following financial data on the order have been collected: 
!ill This two-year project requires the purchase of a special-purpose piece of 

equipment for $55,000. The equipment falls into the MACRS five-year 
class. 

Ii The machine will be sold at the end of two years for $27,000 (today's dollars). 
!Ill The project will bring in an additional annual revenue of $114,000 (actual 

dollars), but it is expected to incur an additional annual operating cost of 
$53,800 (today's dollars). 
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!ill To purchase the equipment, the firm expects to borrow $50,000 at 10% over 
a two-year period (equal annual payments of $28,810 in actual dollars). The 
remaining $5,000 will be taken from the firm's retained earnings. 

II The firm expects a general inflation of 5% per year during the project period. 
The firm's marginal tax rate is 40%, and its market interest rate is 18%. 
(a) Compute the after-tax cash flows in actual dollars. 
(b) Whal is the equivalent present worth of this amount at time O? 

10.44 Hugh Health Product Corporation is considering the purchase of a computer to 
control plant packaging for a spectrum of health products. The following data 
have been collected: 
Ill First cost = $130,000 to be borrowed at 9% interest, where only interest is 

paid each year and the principal is due in a lump sum at the end of year 2. 
1111 Economic service life =six years. 
1111 Estimated selling price in year-0 dollars = $20,000. 
RI Depreciation method = five-year MACRS property. 
II Marginal income-tax rate= 40% (remains constant). 
Ill Annual revenue= $155,000 (today's dollars). 
Ill Annual expense (not including depreciation and interest)= $88,000 (today's 

dollars). 
Ill Market interest rate = 18%. 
(a) An average general inflation rate of 5%, affecting all revenues, expenses, 

and the salvage value, is expected during the project period. Determine the 
cash flows in actual dollars. 

(b) Compute the net present worth of the project under inflation. 
(c) Compute the net-present-worth loss (or gain) due to inflation. 
(d) Compute the present-worth loss (or gain) due to borrowing. 

10.45 J. F. Manning Metal Company is considering the purchase of a new milling 
machine during year 0. The machine's base price is $135,000, and it will cost 
another $15,000 to modify the machine for special use by the firm, resulting 
in a $150,000 cost base for depreciation. The machine falls into the MACRS 
seven-year property class. The machine will be sold after three years for $80,000 
(actual dollars). Use of the machine will require an increase in net working capi
tal (inventory) of $10,000 at the beginning of the project year. The machine will 
have no effect on revenues, but it is expected to save the firm $80,000 (today's 
dollars) per year in before-tax operating costs-mainly labor. The firm's mar
ginal tax rate is 40%, and this rate is expected to remain unchanged over the 
project's duration. However, the company expects that the labor cost will 
increase at an annual rate of 5% and that the working-capital requirement will 
grow at an annual rate of 8% caused by inflation. The selling price of the milling 
machine is not affected by inflation. The general inflation rate is estimated to be 
6% per year over the project period. The firm's market interest rate is 20%. 
(a) Determine the project cash flows in actual dollars. 
(b) Determine the project cash flows in constant (time-zero) dollars. 
(c) Is this project acceptable? 

10.46 Suppose a business is considering the purchase of a $40,000 machine whose oper
ation will result in increased sales of $30,000 per year and increased operating 



costs of $10,000; additional profits will be taxed at a rate of 50%. Depreciation 
is assumed to be taken on a straight-line basis over four years with no expected 
salvage value. What will happen to this project's real rate of return if inflation 
during the next four years is expected to be 10% compounded annually? 

10.47 Fuller Ford Company is considering the purchase of a vertical drill machine. The 
machine will cost $50,000 and will have an eight-year service life. The selling price 
of the machine at the end of eight years is expected to be $5,000 in today's dol
lars. The machine will generate annual revenues of $20,000 (today's dollars) but is 
expected to have an annual expense (excluding depreciation) of $8,000 (today's dol
lars). The asset is classified as a seven-year MACRS property. The project requires 
a working-capital investment of $10,000 at year 0. The marginal income-tax rate for 
the firm is averaging 35%. The firm's market interest rate is 18%. 
(a) Determine the internal rate of return of this investment. 
(b )Assume that the firm expects a general inflation rate of 5%, but that it 

also expects an 8% annual increase in revenue and working capital and 
a 6% annual increase in expenses, caused by inflation. Compute the real 
(inflation-free) internal rate of return. Is this project acceptable? 

10.48 You have $10,000 cash, which you want to invest. Normally, you would deposit 
the money in a savings account that pays an annual interest rate of 6%. 
However, you are now considering the possibility of investing in a bond. Your 
marginal tax rate is 30% for both ordinary income and capital gains. You expect 
the general inflation rate to be 3% during the investment period. You can buy 
a high-grade municipal bond costing $10,000 that pays interest of 9% ($900) 
per year. This interest is not taxable. A comparable high-grade corporate bond 
is also available that is just as safe as the municipal bond but pays an interest 
rate of 12% ($1,200) per year. This interest is taxable as ordinary income. Both 
bonds mature at the end of year 5. 
(a) Determine the real (inflation-free) rate of return for each bond. 
(b) Without knowing your MARR, can you make a choice between these two 

bonds? 

10.49 Air Florida is considering two types of engines for use in its planes, each of 
which has the same life, same maintenance costs. and same repair record: 

ii Engine A costs $100,000 and uses 50,000 gallons of fuel per 1,000 hours of 
operation at the average service load encountered in passenger service. 

tm Engine B costs $200,000 and uses 32,000 gallons of fuel per 1,000 hours of 
operation at the same service load. 

Both engines are estimated to operate for 10,000 service hours before any major 
overhaul of the engines is required. If fuel currently costs $1.25 per gallon and its 
price is expected to increase at a rate of 8% because of inflation, which engine 
should the firm install for an expected 2,000 hours of operation per year? The 
firm's marginal income-tax rate is 40%, and the engine will be depreciated by the 
units-of-production method. Assume that the firm's market interest rate is 20%. 
It is estimated that both engines will retain a market value of 40% of their initial 
cost (actual dollars) if they are sold on the market after 10,000 hours of operation. 
(a) Using the present-worth criterion, which project would you select? 
(b) Using the annual-equivalence criterion, which project would you select? 
(c) Using the future-worth criterion, which project would you select? 
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10.50 K&G Chemical Company has just received a special subcontracting job from 
one of its clients. This two-year project requires the purchase of a special-purpose 
painting sprayer for $60,000. This equipment falls into the MACRS five-year 
class. After the subcontracting work is completed at the end of two years, the 
painting sprayer will be sold for $40,000 (actual dollars). The painting system will 
require an increase in the company's net working capital (for spare-parts inven
tory, such as spray nozzles) of $5,000. This investment in working capital will be 
fully recovered at the project termination. The project will bring in an additional 
annual revenue of $120,000 (today's dollars), but it is expected to incur an add
itional annual operating cost of $60,000 (today's dollars). It is projected that, 
because of inflation, there will be sales-price increases at an annual rate of 5%, 
which implies that annual revenues will also increase at an annual rate of 5%. An 
annual increase of 4% for expenses and working-capital requirements is expect
ed. The company has a marginal tax rate of 30%, and it uses a market interest rate 
of 15% for project evaluation during the inflationary period. The firm expects a 
general inOation of 8% during the project period. 
(a) Compute the after-tax cash flows in actual dollars. 
(b) What is the rate of return on this investment (real earnings)? 
(c) Is this special order profitable? 

10.51 Land Development Corporation is considering the purchase of a bulldozer. The 
bulldozer will cost $100,000 and will have an estimated salvage value of $30,000 
at the end of six years. The asset will generate annual before-tax revenues of 
$80,000 over the next six years. The asset is classified as a five-year MACRS 
property. The marginal tax rate is 40%, and the firm's market interest rate is 
known to be 18%. All dollar figures represent constant dollars at time zero and 
are responsive to the general inflation rate J. 
(a) With 1=6% compute the after-tax cash flows in actual dollars. 
(b) Determine the real rate of return of this project on an after-tax basis. 
(c) Suppose that the initial cost of the project will be financed through a local 

bank at an interest rate of 12% and with an annual payment of $24,323 over 
six years. With this additional condition, rework part (a). 

(d) From your answer to part (a), determine the PW loss due to inflation. 
(e) From your answer to part (c), determine how much the project has to gen

erate in additional before-tax annual revenues in actual dollars (equal 
amount) in order to make up the inflation loss. 

Short Case Studies with Excel 
10.52 USA Aluminum Company is considering making a major investment of $150 

million ($5 million for land, $45 million for buildings, and $100 million for 
manufacturing equipment and facilities) to produce a stronger, lighter material, 
called aluminum lithium, that will make aircraft sturdier and more fuel efficient. 
Aluminum lithium has been sold commercially as an alternative to composite 
materials for only a few years. It will likely be the material of choice for the 
next generation of commercial and military aircraft because it is so much lighter 
than conventional aluminum alloys. Another advantage of aluminum lithium 
is that it is cheaper than composites. The firm predicts that aluminum lithium 
will account for about 5% of the structural weight of the average commercial 
aircraft within 5 years and 10% within 10 years. The proposed plant, which has 



an estimated service life of 12 years, would have a production capacity of about 
IO million pounds of aluminum lithium, although domestic consumption of the 
material is expected to be only 3 million pounds during the first four years, five 
million for the next three years, and eight million for the remaining plant life. 
Aluminum lithium costs $15 a pound to produce, and the firm would expect 
to sell it at $28 a pound. The building, which will be placed in service on July 
1 of the first year, will be depreciated according to the 39-year MACRS real
property class. All manufacturing equipment and facilities will be classified as 
seven-year MACRS property. At the end of project life, the land will be worth 
$8 million, the building $30 million, and the equipment $10 million. The firm's 
marginal tax rate is 40%, and its capital gains tax rate is 35%. 
(a) Determine the net after-tax cash flows. 
(b) Determine the IRR for this investment. 
(c) Determine whether the project is acceptable if the firm's MARR is 15%. 

10.53 The Pittsburgh division of Vermont Machinery, Inc., manufactures drill bits. 
One of the production processes for a drill bit requires tipping, whereby carbide 
tips are inserted into the bit to make it stronger and more durable. This tipping 
process usually requires four or five operators, depending on the weekly work 
load. The same operators are also assigned to the stamping operation, where the 
size of the drill bit and the company's logo are imprinted on the bit. Vermont is 
considering acquiring three automatic tipping machines to replace the manual 
tipping and stamping operations. If the tipping process is automated, the divi
sion's engineers will have to redesign the shapes of the carbide tips to be used 
in the machine. The new design requires less carbide, resulting in savings on 
materials. The following financial data have been compiled: 
Im Project life: six years. 
1111 Expected annual savings: reduced labor, $56,000; reduced material, $75,000; 

other benefits (reduced carpal tunnel syndrome and related problems), 
$28,000; reduced overhead, $15,000. 

fill Expected annual O&M costs: $22,000. 
Ill Tipping machines and site preparation: equipment costs (for three machines), 

including delivery, $180,000; site preparation, $20,000. 
Ill Salvage value: $30,000 (total for the three machines) at the end of six years. 
Ill Depreciation method: seven-year MACRS. 
Ill Investment in working capital: $25,000 at the beginning of the project year, 

which will be fully recovered at the end of the project year. 
11!1 Other accounting data: marginal tax rate of 39%; MARR of 18%. 

To raise $200,000, Vermont is considering the following financing options: 
ill Option 1: Finance the tipping machines by using retained earnings. 
Ill Option 2: Secure a 12% term loan over six years (with six equal annual 

installments). 
Iii Option 3: Lease the tipping machines. Vermont can obtain a six-year finan

cial lease on the equipment (maintenance costs are taken care of by the 
lessor) for payments of $55,000 at the beginning of each year. 

(a) Determine the net after-tax cash flows for each financing option. 
(b) What is Vermont's PW cost of owning the equipment by borrowing? 
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(c) What is Vermont's PW cost of leasing the equipment? 
(d) Recommend the best course of action for Vermont. 

10.54 H-Robot Incorporated (HRI). a world leader in the robotics industry. produces 
a line of industrial robots and peripheral equipment. which perform many 
routine assembly-line tasks. The company enjoyed much success in the past 
when automobile manufacturers and other durable goods producers sought to 
cut costs by automating the production process. However, increased competi
tion, particularly from Japanese firms. had caused HRI's management to be 
concerned about the company's growth potential. Therefore, HRI's research 
and development department has been applying industrial-robot technology to 
develop a line of household robots. The household robot is designed to func
tion as a maid, mainly performing such tasks as vacuuming floors and carpets. 
This R&D effort has now reached the stage where a decision must be made on 
whether to go forward with production. 

HRI's marketing department has plans to target sales of the robots to 
households with working mothers in the United States, and if it is successful 
there. then the robots could be marketed even to college students or households 
in other countries. Additional data follow. 
l!E The marketing vice president believes that annual sales would be some

where between 150,000 and 300,000 units (most likely, 200,000 units) if the 
robots were priced at $400 each. 

Iii The engineering department has estimated that the firm would need a new 
manufacturing plant; this plant could be built and made ready for produc
tion in two years once the ··go" decision is made. The plant would require 
a 35-acre site. and HRI currently has an option to purchase a suitable tract 
of land for $2.5 million. Building construction would begin in early 2013 
and continue through 2014. The building, which would fall into the MACRS 
39-year class, would cost an estimated $10.5 million. A $3.5-million payment 
would be due to the contractor on December 31, 2012, and another $7 mil
lion payable on December 31, 2014. 

llll The necessary manufacturing equipment would be installed late in 2014 and 
would be paid for on December 31. 2014. The equipment, which would fall 
into the MACRS seven-year class, would have a cost of $18.5 million, includ
ing transportation, plus another $500,000 for installation. 

il To date, the company has spent $12 million on research and development 
associated with the household robot. The company has expenses of $4 mil
lion for the R&D costs; the remaining $8 million already has been capital
ized and will be amortized over the life of the project. However, if HRI 
decides not to go forward with the project, the capitalized R& D expendi
tures could be written off on December 31, 2012. 

lllD The project would also require an initial investment in net working capital 
equal to 12% of the estimated sales in the first year. The initial working 
capital investment would be made on December 31, 2014. On December 31 
of each following year, net working capital would be increased by an amount 
equal to 12% of any sales increase expected during the coming year. 

ml The project's estimated economic life is eight years (not counting the con
struction period). At the end of that time, the land is expected to have a 
market value of $4.5 million, the building a value of $3 million. and the 
equipment a value of $3.5 million. 



mu The production department has estimated that variable manufacturing costs 
would total 65 % of dollar sales, and that fixed overhead costs, excluding 
depreciation, would be $8.5 million for the first year of operations. Sales 
prices and fixed overhead costs, other than depreciation and amortization, 
are projected to increase with inflation, which is estimated to average 5% 
per year over the eight-year life of the project. (Note that the first year's 
sales would be $400 x 200,000 units = $80 million. The second year's sales 
would be 5% higher than $80 million, and so forth.) 

II HRI's marginal combined tax rate is 38%; its weighted average cost of cap
ital is 15% (meaning that its minimum attractive rate of return is 15% ); and 
the company's policy, for capital budgeting purposes, is to assume that cash 
nows occur at the end of each year. 

illl Since the plant would begin operations on January 1, 2015, the first operat
ing cash flows would thus occur on December 31, 2015. Assume that the 
current decision point is December 31, 2012. 
(a) Develop the project cash flows, after taxes, over the life of the project. 

Use Excel to prepare the project cash now worksheet. 
(b) Determine the equivalent net worth of the project at the time of com

mercialization. 
(c) Determine the equivalent annual worth of the project and the unit profit 

per production. 
(d) Determine the internal rate of return of the project. 
(e) Determine the break-even annual unit sales to justify the investment. 
(f) Suppose that the unit sale price could decline 3% annually over the pre-

vious year's price due to market competition. (But all other costs, other 
than depreciation and amortization, would increase at an annual rate of 
5%.) What is your course of action? 

10.55 A&H Chemical Corporation is a multinational manufacturer of industrial 
chemical products. A&H has made great progress in energy-cost reduction and 
has implemented several cogeneration projects in the United States and Puerto 
Rico, including the completion of a 35-megawatt (MW) unit in Chicago and a 
29-MW unit in Baton Rouge. The division of A&H being considered for one of 
its more recent cogeneration projects is at a chemical plant located in Texas. The 
plant has a power usage of 80 million kilowatt-hours (kWh) annually. However, 
on average, it uses 85% of its 10-MW capacity, which would bring the average 
power usage to 68 million kWh annually. Texas Electric presently charges $0.09 
per kWh of electric consumption for the A&H plant, a rate that is considered 
high throughout the industry. Because A&H's power consumption is so large, 
the purchase of a cogeneration unit is considered to be desirable. Installation 
of the cogeneration unit would allow A&H to generate its own power and to 
avoid the annual $6,120,000 expense to Texas Electric. The total initial invest
ment cost would be $10,500,000. This would cover $10,000,000 for the purchase 
of the power unit itself-a gas-fired IO-MW Allison 571-and engineering, 
design, and site preparation. The remaining $500,000 would include the purchase 
of interconnection equipment, such as poles and distribution lines, that would be 
used to interface the cogcnerator with the existing utility facilities. 

As A&H's management has decided to raise the $10.5 million by selling bonds, 
the company's engineers have estimated the operating costs of the cogeneration 
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project. The annual cash flow is composed of many factors: maintenance costs. 
overhaul costs, expenses for standby power, and other miscellaneous expenses. 
Maintenance costs are projected to be approximately $500,000 per year. The 
unit must be overhauled every three years, at a cost of $1.5 million per over
haul. Standby power is the service provided by the utility in the event of a 
cogeneration-unit trip or scheduled maintenance outage. Unscheduled outages 
are expected to occur four times annually with each outage averaging 2 hours 
in duration at an annual expense of $6,400. In addition, overhauling the unit 
takes approximately 100 hours and occurs every three years. requiring another 
triennial standby-power cost of $100,000. Miscellaneous expenses, such as addi
tional personnel and insurance, are expected to total $1 million. Fuel (spot gas) 
will be consumed at a rate of 8,000 BTU per kWh, including the heat-recovery 
cycle. At $2.00 per million BTU, the annual fuel cost will reach $1,280,000. Due 
to obsolescence, the expected life of the cogeneration project will be 12 years, 
after which Allison will pay A&H $1 million for the salvage of all equipment. 

Revenues will be incurred from the sale of excess electricity to the utility 
company at a negotiated rate. Since the chemical plant will consume, on aver
age, 85% of the unit's 10-MW output, 15% of the output will be sold at $0.04 
per kWh, bringing in an annual revenue of $480,000. A&H's marginal tax rate 
(combined federal and state) is 36%, and its minimum required rate of return 
for any cogeneration project is 27%. The anticipated costs and revenues are 
summarized as follows: 

Initial Investment 

Cogeneration unit and engineering, design, and site 
preparation (15-year MACRS class) 

Interconnection equipment {five-year MACRS class) 

Salvage value after 12 years of use 

Annual Expenses 

Maintenance 

Miscellaneous {additional _personnel and insurance) 

Standby power 

Fuel 

Other Operating Expenses 

Overhaul every three years 

Standby power during overhaul 

Revenues 

Sale of excess power to Texas Electric 

$10,000,000 

$500,000 

$1,000,000 

$500,000 

$1,000,000 

$6,400 

$1,280,000 

$1,500,000 

$100,000 

$480,000 

(a) If the cogeneration unit and other connecting equipment could be financed 
by issuing corporate bonds at an interest rate of 9%, compounded annually, 
determine the net cash flow from the cogeneration project. 

(b) If the cogeneration unit can be leased, what would be the maximum annual 
lease amount that A&H should be willing to pay? 



10.56 Wilson Machine Tools, Inc., a manufacturer of fabricated metal products, is con
sidering the purchase of a high-tech computer-controlled milling machine at a 
cost of $95,000. The cost of installing the machine, preparing the site, wiring, and 
rearranging other equipment is expected to be $15,000. This installation cost will 
be added to the cost of the machine in order to determine the total cost basis 
for depreciation. Special jigs and tool dies for the particular product will also be 
required at a cost of $10,000. The milling machine is expected to last 10 years, but 
the jigs and dies for only five years. Therefore, another set of jigs and dies has to 
be purchased at the end of five years. The milling machine will have a $10,000 
salvage value at the end of its life, and the special jigs and dies are worth only 
$300 as scrap metal at any time in their lives. The machine is classified as a seven
year MACRS property, and the special jigs and dies are classified as a three-year 
MACRS property. With the new milling machine, Wilson expects additional 
annual revenue of $80,000 from increased production. The additional annual 
production costs are estimated as follows: materials, $9,000; labor, $15,000; energy, 
$4,500; and miscellaneous O&M costs, $3,000. Wilson's marginal income-tax rate 
is expected to remain at 35% over the project life of 10 years.All dollar figures are 
in today's dollars. The firm's market interest rate is 18%, and the expected general 
inflation rate during the project period is estimated at 6%. 
(a) Determine the project cash flows in the absence of inflation. 
(b) Determine the internal rate of return for the project based on your answer 

to part (a). 
(c) Suppose that Wilson expects the following price increases during the project 

period: materials at 4% per year, labor at 5% per year, and energy and other 
O&M costs at 3% per year. To compensate for these increases in prices, 
Wilson is planning to increase annual revenue at the rate of 7% per year 
by charging its customers a higher price. No changes in salvage value are 
expected for the machine, the jigs, and the dies. Determine the project cash 
flows in actual dollars. 

( d) From your answer to part ( c ), determine the real (inflation-free) rate of 
return of the project. 

(e) Determine the economic loss (or gain) in present worth caused by inflation. 

Problems 479 
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Handling Project 
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Solar Energy-ls It Worth the Risk? The Obama 
Administration has pushed federal subsidies to stimulate economic 

growth through green jobs. Like many other countries, the United 
States places green energy high on its politica l agenda. Amid the 
push to find domestic energy sources that are less polluting than 
foss il fuels, getti ng energy from the sun could be very appealing. 
This is especially true when government air-q uality standards are 
becom ing more rigorous, and consumer interest in the environ
mental is strong. 



In the United States, solar power accounts for less than I percent of 

electricity use. Annually, this amounts to only 2,500 megawatts of photovol
taic (PV) cell production. One of the administration's goals is to transform 

American companies from a minor player in the solar power industry into 

the main producer of an increasingly competitive source of electricity. 

U.S. Solar Companies at a Loss For many decades, scientists and 

engineers have tried to come up with economical ways to harness the 
power of the sun. Despite the impressive technological advances made 

in converting solar energy into electricity, it is still expensive to produce. 

Although the cost of PV has fallen substantially over the decades, generat
ing power from photovoltaic panels costs more than four times as much 

as coal, and more than twice what wind power costs. Therefore, without 

government subsidies, U.S. companies are not willing to invest in electricity 
generated from the sun's rays; it requires the purchase of new equipment 
and heavy expenditures in evolving technologies. 

Moreover, even with government support, American companies have a 

hard time competing with foreign producers.While most U.S., Japanese, and 
European companies still have a technological edge, China has a defin ite cost 

advantage. Solar panel prices plunged by 42 percent per kilowatt-hour since 
December 20 I 0 as Chinese manufacturers have sharply increased capacity. 

Meanwhile, demand has been somewhat weak in the main markets in 

the United States and Europe, so in August 20 I I three major U.S. solar 

power companies all filed for bankruptcy. In comparison, China has emerged 

as the dominant player in green energy-especially in solar power. It 
accounted for at least ha lf the world's production in 20 I 0, with close to 
I 1,000 megawatts of PV capacity and its market share continues to grow 
rapidly. China has achieved this market dominance through generous 

government subsidies in its solar industry. 

Solar Frontier KK's Bold Move in Japan Japan installed close to 
1,000 megawatts of new PV capacity in 20 I 0. In terms of installed PV capac
ity, Japan is ranked third, with a total of 3,600 megawatts. As solar adoption 

11 11 11 
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accelerates in Japan, the Japanese solar industry is little more optimistic 

than their U.S. counterparts. 

While American companies are putting the manufacturing of new 
solar panels on hold, one Japanese company is blazing the trail forward. 
The opening of Solar Frontier KK's $1.25 billion factory in southern 

Japan marks the company's fo ray into unchartered territory-and an 
uncertain future. 

With a declining demand on oil, and an increasing demand on hybrid cars 

in southern Japan, Solar Frontier KK's parent company, Showa Shell, saw an 

opportunity to capitalize.And although heading in the solar panel direction 
seems promising, it's still a gamble. Solar Frontier KK's new plant will be pro

ducing technologically advanced, highly efficient solar cells, but w ill be com

peting in a semi-saturated market filled with companies offering less efficient 
and less expensive panels. 

But the products Solar Frontier KK produces are expected to grow at a 
faster rate, as mass production will work to lower costs in the long run. It is 

a gamble--but one that may prove to be worth it. 
W hat appears to be the greatest risk of undertaking this solar project 

by Solar Frontier? Even though Solar Frontier has rosy revenue projec

tions for years to come, there are two issues of great concern. First issue 
is the demand - if the demand is not there, what is the degree of the 

financial risk associated with this $ 1.25 billion investment? The second 

issue is related to the technical problem of bringing the efficiency o f con
verting sunlight into energy to higher than I I% for Solar Frontier's current 
thin-fil m panels. In what way did Solar Frontier weigh the risks and costs 

associated with the techno logy? 

I 
n previo us chapte rs. cash nows from projects were assumed to be kn own wi1h com
ple te certainty: our analysis wns concerned with measuring the economic wonh of 
projects and selecting the best in vestment projects. A lt hough these 1ypes of analyses 
can provide a reasonable decision basis in many invest rnent situa ti ons, we should 

admit tha l most projects involve uncerta inty. In this type of situa tion. management 
rare ly has precise expecta tions about the future cash nows to be derived from a part ic
ula r project. In fact , the best that a firm can reasonably expect is to estima te the range 
o f possible future costs and benefits and the relati ve cha nces of achieving a reasonable 
re turn o n the investment. 

We use lhc te rm risk to describe an investment proj ect where cash fl ows a rc not 
known in advance with certainty but fo r which an array o f outcomes a nd the ir prob
abilities {odds) can be conside red. We will a lso use the te rm project risk to refe r Lo 
variability in a project's ne t present worth . Highe r projccl risk re fl ects a higher antici
pated variability in a project's NPW. In essence, we can sec risk as the pote111ial for loss. 
This chapter begi ns by exploring the origins of project risk. 
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011 Origins of Project Risk 
When deciding whether to make a major capital investment, an entity must consider and 
estimate a number of issues. The factors to be estimated include the total market size 
for the product, the market share that the firm can attain, the growth of the market, the 
cost of production, the selling price of the product, the life span of the product, the cost 
and life span of the equipment needed, and the effective tax rates. Many of these factors 
are subject to substantial uncertainty. A common approach is to generate single-number 
"best estimates" for each of the uncertain factors and then to calculate measures of prof
itability, such as NPW or rate of return for the project. This approach has two drawbacks: 

1. No guarantee can ensure that the best estimates will ever match the actual values. 
2. No provision is made to measure the risk associated with the investment or the 

project risk. In particular, managers have no way of determining either the prob
ability that a project will lose money or the probability that it will generate large 
profits. 

Because cash flows can be so difficult to estimate accurately, project managers fre
quently consider a range of possible values for cash flow elements. If a range of values 
for individual cash flows is possible to make, then logically determining a range of 
values for the NPW of a given project is also possible. Clearly, the analyst will want to 
try to gauge the probability and reliability of individual cash flows occurring and, con
sequently, the level of certainty about overall project worth. 

Quantitative statements about risk are given as numerical probabilities or as val
ues for the likelihood (odds) of occurrence. Probabilities are given as decimal fractions 
in the interval 0.0 to 1.0. An event or outcome that is certain to occur has a probability 
of 1.0. As the probability of an event approaches 0, the event becomes increasingly less 
likely to occur. The assignment of probabilities to the various outcomes of an invest
ment project is generally called risk analysis. 

llllJ Methods of Describing Project Risk 
We may begin analyzing project risk by first determining the uncertainty inherent in a 
project's cash flows. We can do this analysis in a number of ways, which range from mak
ing informal judgments to performing complex economic and statistical analyses. In this 
section, we will introduce three methods of determining project risk: (1) sensitivity anal
ysis, (2) break-even analysis, and (3) scenario analysis. Each method will be explained 
with reference to a single example. We also introduce the method for conducting sensi
tivity analysis for mutually exclusive alternatives. 

I 1.2.1 Sensitivity Analysis 
One way to glean a sense of all possible outcomes of an investment is to perform a 
sensitivity analysis, a technique whereby different values of certain key variables are 
tested to see how sensitive investment results are to possible change in assumptions. It 
is a method of evaluating the riskiness of an investment. In calculating cash flows, some 
items have more influence on the final result (NPW) than others. In some problems, 
the most significant item is easily identified. For example, the estimate of sales volume 
can have a major impact in a project's NPW, especially in new product introductions. 
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We may want to identify the items that have an important influence on the final results 
so that they can be subjected to special scrutiny. Sensitivity analysis is sometimes called 
"what-if analysis" because it answers questions such as, if incremental sales are only 
1,000 units. rather than 2,000 units, what will the NPW be? 

• Sensitivity analysis begins with a base-case situation, which we develop by using 
the most likely value for each input. We then change the specific variable of inter
est by several specified percentages above and below the most likely value while 
holding other variables constant. 

• Next, we calculate a new NPW for each of these values. A convenient and useful 
way to present the results of a sensitivity analysis is to plot sensitivity graphs. The 
slopes of the lines show how sensitive the NPW will be to changes in each of the 
inputs: the steeper the slope, the more sensitive the NPW will be to a change in a 
particular variable. Sensitivity graphs identify the crucial variables that affect the 
final outcome the most. 

We will use Example 11.1 to illustrate the concept of sensitivity analysis. 

EXAMPLE 11.1 Sensitivity Analysis-Know Which Variable 
Is Most Critical to Your Bottom Line 

Capstone Turbine Corporation is the world's leading provider of micro-turbine
based MicroCHP (combined heat and power) systems for clean, continuous, 
distributed-generation electricity. The MicroCHP unit is a compact turbine gen
erator that delivers electricity on-site or close to the point where it is needed. 
Designed to operate on a variety of gaseous and liquid fuels, this form of distributed
generation technology first debuted in 1998 for commercial use. 

Capstone is considering marketing a modified but downsized version of the 
system unit for residential use, primarily for vacation properties in remote places. 
The project requires an initial investment of $55 million, but Capstone managers 
are uneasy about this project because too many uncertain clements have not been 
considered in the analysis. Two primary factors that are difficult to estimate are the 
initial market size and how the market size will grow over the life of the project. 
The company has prepared the following financial data related to the project: 

1Ht:i)M1(H~:JW;t\,~y'~~~8.'!i~;y~ii~.!~~1f1:i:W, 
Initial market size (units), year 1 

Market growth rate (annual) 

Unit price 

Unit variable cost 

Fixed cost (annual) excluding depreciation 

Salvage value 

1,000 

3% 

$72,000 

$56,000 

$6,500,000 

$4,000,000 

.·.·:,'tQ!.~Wt.Mt.H· 
1,500 2,000 

5% 8% 

$80,000 $86,000 

$60,000 $65,000 

$8,000,000 $9,000,000 

$7,000,000 $8,000,000 

The initial investment can be depreciated on a seven-year MACRS, and the project is 
expected to have an economic service life of five years. The product life is relatively 
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short, as the technology changes in the energy sector are evolving rapidly. The firm's 
marginal tax rate is 40%, and its MARR is known to be 15%. 

(a) Develop the cash flow series over the project life based on the assumption of 
most likely estimates. 

(b) Conduct a sensitivity analysis for each variable and develop a sensitivity graph. 

DISSECTING THE PROBLEM 

Table 11.1 shows Capstone's expected but ultimately uncertain cash 
flows based on the most likely estimates. The annual revenues and 
expenses are estimated with the following relationship: 

• Revenues = market size x unit price x (1 + growth rate)(11
-

1>. 

• Costs = market size x variable unit cost 

x (1 + growth rate)(11
-

1> + Fixed cost (excluding depreciation). 

If everything goes well as expected, it appears that the project is 
worth undertaking with NPW = $11,107 (or $11,107,000). 

Suppose that Capstone is not confident in its revenue forecasts 
in particular. The managers think that if the product is not well ac
cepted in the U.S. marketplace, Capstone will need to sell the units 
outside the United States, primarily in the European market. How
ever, the company is not guaranteed success in that market either. 
Before undertaking the project described, the company needs to 
identify the key variables that will determine whether the project 
will succeed or fail. 

After defining the market size, growth rate, unit price, unit vari
able cost, fixed cost, and salvage value, we conduct a sensitivity anal
ysis with respect to these key input variables. We do this by varying 
each of the estimates by a given percentage and determining what 
effect the variation in that item will have on the final results. If the 
effect is large, the result is sensitive to that item. Our objective is to 
locate the most sensitive item(s). 

METHODOLOGY 

Given: Range of estimates of key 
input variables and the cash flow 
estimates based on most likely esti
mates given in Table 11.1. 
Find: (a) Which input variable is the 
most critical? (b) Plot a sensitivity 
graph. 

Develop a cash flow series in Excel 
and plot the sensitivity graph. 

(a) Sensitivity analysis: We begin the sensitivity analysis with a 
consideration of the base-case situation, which reflects the 
most likely estimate (expected value) for each input variable. 
In developing Table 11.2, we changed a given variable by 20% 
in 5% increments above and below the base-case value and 
calculated new NPWs while other variables were held con
stant. Now we ask a series of what-if questions: What if sales 
are 20% below the expected level? What if operating costs 
rise? What if the unit price drops from $80,000 to $64,000 
(20% drop)? Table 11.2 summarizes the results of our varying 
the values of the key input variables. 
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TABLE I I . I Cash Flows for Capstone's MicroCHP Project, Based on Most Likely 
Estimates (unit: $000, except demand) 

A B C D E I F G 
1 I 

6 Unit Price ($) 80.00 Category % Change 
7 Demand 1500 Unit price 0% 
8 Growth rate 5% Growth rate 0% 
9 Var. cost ($/unit} 60.00 Demand Oo/o 
10 Fixed cost($) 8000 Var. cost (unit} Oo/o 
11 Salvage($) 70001 Fixed cost Oo/ol 

~1~2-+T~ax~ra~t~e~('~~o)'-----+----40~%-'-l---~~S~al-'-vag,~e~-+-----+------'O~o/o'-l-----1 
13 MARR(%) ~1~5~%,1 ___ --+~-~--+----i-~~~•-~--f 
14 Output (PW) $1 go1 _ . 

T1~1 ~·''''1:::·:':'/:'.':<<:•:,., .. ,::(.·.::),'·r::.:·,·-·'·'_·,.:_·.':_ ..... _ .... ,_:··.·o .. ,_ .. _._-:'.·~. -•... ·J .. :-... =· .. ---.· ·:·,.,.-0--···.·· "' :~.r-~:-., k:··1'1 < . :r, ..--:.::J···::1::i<i·/·'<::o:o:::,'Jm1:TJI.':::.'>'·::::02T'i 

~1--8-+-ln-co_m_e_S~ta-t_e_m_e_nt---.--~--~~-..--· '~>'-_!t''=:~:· +:.--:.l:,:!J:'.J::2µ'.~~::;'-'37'. ·:-p_- ::-4,-:·-:-·: .-· -·~:::;:i 
19 A =C22*(1+$B$8"(1+$F$8)) I 
20 Revenues: I l -.---__, 
21 Unit Price I $ 80 $ I 80 $ 80 $ 80 I $ 80 
22 Demand (units) 1500 r 15751 1654 1736 1823 
23 Sales Revenue $120,000 $ 126,000 $ 132,300 $ 138,915 S 145,861 
24 Expenses: 
25 Unit Variable Cost $ 60 $ 60 $ 60 $ 60 $ 60 
26 Variable Cost 90,000 94,500 99,225 104,186 109,396 
27 Fixed Cost 8,000 8,000 I 8,000 8,000 8,000 

~~~5~=c-as_.,.h....,F"'"1o_w_s"""ta,.......-te_m_e-nt+-r1-='"::·$::B::$4:-:1::.o:-.:-14::2::-9-,l1·-
36 
37 Operating Activities: 
38 Net Income $ 8,484 $ 6,018 $ 9,273 $ 11,916 $ 15,607 
39 Depreciation $ 7,860 $ 13.470 $ 9,620 $ 6,870 $ 2,453 
40 Investment Activities: 
41 Investment $ (55,000' 
42 Salvage =--0.4*(G42-(-B41-SUM(C28:G28)))1 I$ 7,000 

1=4~3::t:;=G:::;:a=ins=T::::;a;:x=======i·::=-.L~·--·-.,--.- •. --, "--.-,.,-~-Jo:.·~ ._:::=-'==~-:1 _ '-'-'-'"~-~ _ ., . _J: S ,--~·??~ 
45 Net Cash Flow $ (55,000 $ 16,344 $ 19,488 [ $ 18,893 S 18,785 $ 28,152 
46 
47 IRR= 23% ·l=IRR(B45:G45,10%) I,__,_ ___ , ___ _, 

1-4.-.:8,-t..,.,~=,.,,.,,.-.""PW,c,;,;.(1,,..:;5,.:,:%;.;,>,,.,=i,.,:$, 11,107, I I 
~ •)::.::_>::,:·.:,: ::,:-\:,;;\i'·::\'i:'•'.:',')•i}/:'.::::i:;?;-.:~·:~:.;·::::_;;::,::.~:_i)/:.::;:,\;:\,'/:'.\·:.::.<:-.-)'.:/;:·:::\:':'":;·::·,:•,::.:-::}/..:/;:-.:'•>/;·; ;:.:;.;: .. ·:,':-'.~:..;·:.::·;::.•·· .. :.-::.•;'::;./.!· .. :.·.'•'..•:. 

~~ ": =NPV(15%,C45:G45)+B45 :,___ __ __,_ __ _, 

(b) Sensitivity graph: Figure 11.1 shows the Capstone project's 
sensitivity graphs for six of the key input variables. The base
case NPW is plotted on the ordinate of the graph at the value 
1.0 on the abscissa (or 0% deviation). Next, the value of prod
uct demand is reduced to 95% of its base-case value, and the 



11.2 Methods of Describing Project Risk 487 

TABLE 11.2 Sensitivity Analysis for Six Key Input Variables (Example 11.1) 

Unit price ($41,520) ($28,363) ($15,207) ($2,050) $11,107 $24,263 $37,420 $50,577 $63,733 
Demand ($2,050) $1,239 $4,528 $7,818 $11,107 $14,396 $17,685 $20,974 $24,263 

Growth rate $9,978 $10,258 $10,540 $10,823 $11,107 $11,392 $11,679 $11,967 $12,257 

Variable cost $50,577 $40,709 $30,842 $20,974 $11,107 $1,239 ($8.628) ($18,496) ($28,363) 

Fvced cost $14,325 $13,520 $12,716 $11,911 $11,107 $10,302 $9,498 $8,693 $7,889 
Salvage value $10,689 $10,794 $10,898 $11,002 $11,107 $11,211 $11,316 $11,420 $11,524 

NPW is recomputed with all other variables held at their 
base-case value. We repeat the process by either decreasing 
or increasing the relative deviation from the base case. The 
lines for the variable unit price, variable unit cost, fixed cost, 
and salvage value are obtained in the same manner. 

COMMENTS: In Figure 11.1, we see that the project's NPW is (1) very sensitive 
to changes in the unit price and variable cost, (2) fairly sensitive to changes in 
demand, and (3) relatively insensitive to changes in growth rate, fixed cost, and 
salvage value. Graphic displays such as the one in Figure 11.1 provide a useful 
means to communicate the relative sensitivities of the different variables on the 

$70.000 ~-----------------------~ 

$50,000 

@ $30,000 

Ci $10,000 ---------- ·-·-·-.... · ...... 
" Growth rate .-·-·-·-·- ···· ·, ! o -·-·-·-·-·-·- Base • ..... ....... 
Qi 
z -$10,000 

-$30,000 

. .. ··-··-··. 

...... ..... 

rtxedcost 

...... ...... 
1--.,lz. ·:--.... 

'16/c • ....., 
Cos, 

-$50,000 '---~--~--~----+----~--...----....------1 
-20% -15% -10% -5% 0 5% 10% 15% 20% 

Percent Deviation from 811Se (%) 

Figure 11.1 Sensitivity graph for Capstone's MicroCHP project 
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corresponding NPW value. However, sensitivity graphs do not explain any inter
actions among the variables or the likelihood of realizing any specific deviation 
from the base case. Certainly, it is conceivable that a project might not be very 
sensitive to changes in either of two items but might be very sensitive to com
bined changes in them. 

I 1.2.2 Sensitivity Analysis for Mutually Exclusive Alternatives 
In Figure 11.1, each variable is uniformly adjusted by ±20% and all variables are plot
ted on the same chart. This uniform adjustment can be too simplistic an assumption; in 
many situations, each variable can have a different range of uncertainty. Also, plotting 
all variables on the same chart could be confusing if there are too many variables to 
consider. When we perform sensitivity analysis for mutually exclusive alternatives, it 
may be more effective to plot the NPWs (or any other measures, such as A Es) of all 
alternatives over the range of each input; in other words, create one plot for each 
input, with units of the input on the horizontal axis. Example 11.2 illustrates this 
approach. 

EXAMPLE 11.2 Sensitivity Analysis for Mutually Exclusive 
Alternatives 

A local U.S. Postal Service office is considering purchasing a 4,000 lb forklift truck, 
which will be used primarily for processing incoming as well as outgoing postal 
packages. Forklift trucks traditionally have been fueled by either gasoline, liquid 
propane gas (LPG), or diesel fuel. Battery-powered electric forklifts, however, arc 
increasingly popular in many industrial sectors because of their economic and en
vironmental benefits. Therefore, the Postal Service is interested in comparing the 
four different types of forklifts. Purchase costs as well as annual operating and 
maintenance costs for each type of forklift are provided by a local utility company. 
Annual fuel and maintenance costs are measured in terms of number of shifts per 
year, where one shift is equivalent to eight hours of operation. A comparison of the 
variables of the four forklift types is given in the following table: 

Life expectancy 7 years 7 years 7 years 

Initial cost $30,000 $21,000 $20,000 

Salvage value $3,000 $2,000 $2,000 

Maximum shifts per year 260 260 260 
Fuel consumption/shift 32kWh 12gal 11 gal 

Fuel cost/unit $0.20/kWh $3.15/gal $3.60/gal 
Fuel cost/shift $6.40 $37.80 $39.60 
Annual maintenance cost: 

F'ixed cost $500 $1,000 $1,200 
Variable cost/shift $5 $6 $7 

7years 

$25,000 

$2,200 

260 
7 gal 

$3.95/gal 

$27.65 

$1,500 

$9 
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The Postal Service is unsure of the number of shifts per year, but it expects them 
to be somewhere between 200 and 260 shifts. Since the U.S. Postal Service does 
not pay income taxes, no depreciation or tax information is required. The U.S. gov
ernment uses 10% as the discount rate for any project evaluation of this nature. 
Develop a sensitivity graph that shows how the best choice from the alternatives 
changes as a function of the number of shifts per year. 

DISSECTING THE PROBLEM 

Two annual cost components are per
tinent to this problem: (1) ownership 
cost (capital cost) and (2) operat
ing cost (fuel and maintenance cost). 
Since the operating cost is already 
given on an annual basis, we need 
only determine the equivalent annual 
ownership cost for each alternative. 

METHODOLOGY 

Calculate ownership (capital) cost, 
annual operating cost, and equivalent 
annual cost. 

Given: Financial data as given in the table, interest rate = 10%, 
and range of operating shifts. 
Find: Which alternative is the best as a function of the number 
of shifts? 

SOLUTION 

(a) Ownership cost (capital cost): Using the capital-recovery
with-return formula developed in Eq. (6.2), we compute the 
following: 

Electrical power: 
CR (10%) = ($30,000 - $3,000)(A/P, 10%, 7) 

+ (0.10)$3,000 
= $5,845: 

LPG: CR(10%) = ($21,000 - $2,000)(A/ P, 10%, 7) 
+ (0.10)$2,000 

= $4,103: 

Gasoline: CR(10%) = ($20,000 - $2,000)(A / P. 10%, 7) 

+ (0.10)$2,000 

= $3,897; 

Diesel fuel: CR(l0%) = ($25,000 - $2,200)(A/ P, 10%, 7) 

+ (0.10)$2,200 

= $4,903. 

(b) Annual operating cost: We can express the annual operating 
cost as a function of the number of shifts per year (M) by 
combining the variable- and fixed-cost portions of the fuel 
and maintenance expenditures: 

Electrical power: $500 + (6.40 + 5)M = $500 + 1 l.40M; 

LPG:$1,000 + (37.80 + 6)M = $1,000 + 43.80M; 

Gasoline: $1,200 + (39.60 + 7) M = $1,200 + 46.60M; 

Diesel fuel: $1,500 + (27 .65 + 9) M = $1,500 + 36.65M. 
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( c) Total equivalent annual cost: This value is the sum of the 
ownership cost and operating cost: 

Electrical power: AEC( 10%) = $6,345 + 11.40 M; 

LPG: AEC(l0%) = $5,103 + 43.SOM; 

Gasoline: AEC(10%) = $5,097 + 46.60M; 

Diesel fuel: AEC(10%) = $6,403 + 36.65M. 

In Figure 11.2, these four annual-equivalence costs are plotted as a function of the 
number of shifts, M. It appears that the economics of the electric forklift truck can 
be justified as long as the number of annual shifts exceeds approximately 39. If the 
number of shifts is fewer than 39, the LPG truck becomes the most economically 
viable option. In terms of a pairwise comparison with the electric lift truck, the 
diesel option is not a viable alternative for any range of M. 

18,000------------------------~ 

----__ - --- - Electrical -------

----------Electrical---------

0 40 80 120 160 200 240 280 
Number of Shifts per Year (!I) 

Figure I 1.2 Sensitivity analyses for mutually exclusive alternatives. With 
2 < M < 39, select LPG lift truck; otherwise, select electrical power lift truck 
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I 1.2.3 Break-Even Analysis 
When we pe rform a sensit ivity analysis for a project. we are asking how serious the effect 
of lower revenues o r highe r costs will be on the project's profitability. Managers some
times prefer to ask how much sales can decrease below forecasts before the project begins 
to lose moncy. l11is ty pe of ana lysis is known as break-even analysis. To illustrate the pro
cedure of break-even analysis based on NPW, we use the Goal Seek fu nction Crom Excel. 
Note tha t this break-even value calculation is similar to the calculation we use for the 
internal rate of return when we want to find the inte rest rate that makes the NPW equal 
zero as well as when we want to fi nd many other ·'cutoff values" when a choice changes. 

EXAMPLE I 1.3 Break-Even Analysis wit h Excel 

From the sensitivity analysis discussed in Example Ll.1. Capstone's managers are 
convinced that the NPW is most sensitive to changes in unit price. De te rm ine the 
unit price to break even. 

DISSECTING THE PROBLEM 

'The after-tax cash flows shown in 
Table l l.3 are basically the same as 
those in Table Ll.l. The table is sim
ply an Excel sp readsheet in wh ich 
the cash flow entries a rc a function 
of the input variables. H ere , what 
we are looking for is the minim um 
amount of unit price that makes the 
NPW zcro. 

METHODOLOGY 

Use Exce l's Goal Seek function to 
find the break-even unit price. 

G i"cn: Cash flow statement given in Table 11.1. 

Find: Break-even unit price. 

SOLUTION 

Using the Goal Seek function, we want to set the NPW (cell $F$7) 
to zero by changing the unit price value (cell $8 $6). Pressing the OK 
button will produce the results shown in Table 11.3, indicating tha t 
the project will break even when the unit price reaches exactly $76.62 
($76,620), o r a mere 4.23% lower than the mosl like ly estimate of $80. 

Goal Seek [2J 0 
Set cell: $f:$7 

To value: O 

By changing cell: $8 $6 

OK 11 Cancel 
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TABLE I 1.3 Break-Even Analysis Using Exc.:cl's Goal Seek Func.:lio n (uni t: $000) 

2 
3 

A 

4 Input Data (Base): 
5 

B I c 

76.62!.. 

D E F G 

-
-

IRR= 15%, 6 Unit Price($) 
7 Demand 
8 Growlh ra te 

9 Var. cost ($/unit) 

1500 ........... 
5% ~ 

PW(15%) = $ · I 
---+---'----'-! ·~--,-·-....--

I 60.00 / \ 

10 Fixed cost(S) 
J1_ Salvag~.§1_ 
12 Tax rate (%) 

13 MARR(%) 

8000 
7000 
40% 

,__B_y_c_ha_n_g_i n_g_c_e_ll .... l~-=--=--=--=----1-1/'-__ -_--==Se=t=c=el=I :::1 

15% I =NPV(15%,C45:G45)+B45 I 
14 

1s 
15 ----_j~ 

17 -r- 0 Ts ~ln-c-om-e~S-ta-t-em-en_t __ l I 
19 I I To Revenues: ..._ ___ _ 

2 3 
T 

1-------

-
4 5 

T 

21 Unit Price S 76.62 $ 76.62 S 76.62 S 76.62 S 76.62 
22 Demand (units) ---- 1500 1575 1654 17361 1823 

23 Sales Revenue ~· 4,935- $ 120,682 $126,716 $_ 1}3,051 S 139.704 
24 Expenses: 

60 Ts U~n~i,~V~a~ria~b~le-c=o-sl __,,_60,,.-1-~$-=--=-=6c-c:O-i S 
26 Variable Cost 90,000 _9~4,0..,-5~00,_...._'-~ 

,_2_7 ...... __ F_i_xe_d_C_o_s_t _ _ ~- 8,000 , _ _ ~8-'-,o_o_o _ _ 
99,225 

8,000 
~ Depreciation j ' 7,860 13,470 9,620 

30 Taxable Income S 9,075 $ 4,712 S 
31 rncome Taxes (40°/o) - ---- 3,630 1,885 

9,871 
3,948 = --==---'--33 Net Income _____ ....__$ _ 5,445-+_$ __ 2~,8_2_7_S _ _ 

34 
5,923 

35 Cash Flow Statement ·1 

36 -l-----37 Operating Activities: 

I 

Ta Net Income 
39 Depreciation 
4o lnvestmentAclivitles: -41 Investment S (55,000) 
42 
43 

Salvage -+-j 
~--

Gains Tax 

47 

. s 
$ 

I 

-~ 
5.445 s 2,827 s 5,923 
7,860 s 13,470 s 9,620 

t 
16,297 ! $ 15,542 

$ 60 s 60 
104,186 109,396 

8,000 8,000 
6,870 2,453 

s 13,996 s 19.855 
5,598 7,942 

s 8,397 s 11 ,913 

$ 8,397 s 11,913 
s 6.870 s 2,453 

s 7,000 
$ 3,092 

$ 15,267 

I 
$ 24,458 (55,000)1 s 13.305 r $ 

I 
:r Net Cash Flow _ I $ 

"48 --------'-----'-----------'--------------

I 1.2.4 Scenario Analysis 
A lthough both sensitivity a nd break-even analyses arc useful, they lrnvc limi ta tions. 
Often, it is difficult to specify precisely the re lationship be tween a particular variable 
aod the NPW. The re lationship is further complicated by inte rdepende nc ies among the 
variables. Holding operating costs consta nt while varying unit sales may case the ana ly
sis. but in rea lit y. operating costs do no t behave in this manner. Ye t. it may complicate 
the ana lysis too much 10 permit movement in more than o ne variable a t a time. 
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Scenario analysis is a technique that considers the sensitivity of the NPW to changes 
in both key variables and the range of likely variable values. For example, the decision 
maker may consider two extreme cases: a worst-case scenario (low unit sales, low unit 
price, high variable cost per unit, high fixed cost, and so on) and a best-case scenario. 
The NPWs under the worst and the best conditions are then calculated and compared 
with the expected, or base-case, NPW. Example 11.4 illustrates a plausible scenario 
analysis for Capstone's MicroCHP project. 

EXAMPLE 11.4 Scenario Analysis 

Consider again Capstone's MicroCHP project from Example 11.1. Given the three
point estimates for six key input variables (market size, market growth rate, unit 
price, unit variable cost, fixed cost, and salvage value), the marketing and engineer
ing staffs come up with the scenarios shown in the following table. 

Assume that the company's managers are fairly confident of other estimates 
such as project life, tax rate, and MARR. Furthermore, assume that they regard 
a decline in unit sales to below 1,000 or an increase above 2,000 as extremely 
unlikely. Thus, decremental annual sales of 500 units define the lower bound, or 
the worst-case scenario, whereas incremental annual sales of 500 units define the 
upper bound, or the best-case scenario. The same logic applies to other input esti
mates. Discuss the worst- and best-case scenarios. 

Market size 1,000 1,500 2,000 

Market growth rate 3% 5% 8% 

Unit price $72,000 $80,000 $86,000 

Unit variable cost $65,000 $60,000 $56,000 

Fixed cost $9,000,000 $8,000,000 $6,500,000 

Salvage value $4,000,000 $7,000,000 $8,000,000 

olssECTING THE -PR01Bl.LEEMM ___ -r -- --- ------------- ----
Given: Three-point estimates for the six key input variables in 
Example 11.1. 

_____ [__~~d: NPW of the project under~ach s_c_e_n_a_ri_o_. ________ _ 

METHODOLOGY 

To carry out the scenario analysis, 
we use the worst-case variable val
ues to obtain the worst-case NPW 
and the best-case variable values 
to obtain the best-case NPW. 

i 
SOLUTION 

The results of our analysis are summarized as follows: 

(a) Worst-case scenario: With the input parameters under the 
worst-case scenario, the project cash flow statement would look 
like the results in Table 11.4. If this were to happen, Capstone 
would lose the entire investment made in the project to the 
extent of suffering a negative rate of return on its investment 
(-24%). 
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TABLE 11.4 Capstone's MicrCHP Project Cash Flows under the Worst-Case 
Scenario (unit: $000) 

A B C D E F G 

20 Revenues: 
21 Unit Price 
22 Demand (units) 
23 Sales Revenue 
24 Excenses: 
25 Unit Variable Cost 
26 Variable Cost 
27 Fixed Cost 
28 Deoreciation 

30 Taxable Income 
31 Income Taxes (40%) 

33 Net Income 
34 
35 Cash Flow Statement 
36 
37 Ooerating Activities: 
38 Net Income 
39 Deoreciation 
40 lnvestmentActivities: 

IS 72.00 $ 72.00 $ 72.00 $ 72.00 $ 72.00 
I 1000 1030 1061 1093 1126 
IS 12.000 S 74,160 $ 76,385 $ 78,676 $ 81,037 

s 65$ 65$ 65$ 65 $ 65 
65,000 66,950 68,959 71,027 73,158 
9,000 9,000 9,000 9,000 9,000 
7,860 13,470 9,620 6,870 2,453 

, s 19~86ois 115,260 's'(11,193> s (8,220 $ (3,574 
(3,944 (6,104) (4,477) 

·'
0
·· C'.T· ,..,. •• ,.,.. ·"""-""''-t=s"""' "'15·,,;,.9,,,,17!6±~""'r~ (9,156; $ (6,716) s 

~.288) (1,430) 

$ (5,916] $ (9,156 I$ (6,716) S (4,93211 $ (2,1451 
$ 7,860 $ 13,470 $ 9,620 $ 6,870 $ 2,453 

41 Investment $ (55,000) 
42 Salvage I "-0.4*(G42-(-B41-SUM(C28:G28))) I $ 4,ooo 

46 
47 
4a li<;,; :.·:.>·;:'//?·:) .:··,..:]Z;:/:ETP~.: ;:: ;:;:;-< ·.::: .. :·.:;p;::;:·./:::'/·.::· : .. ;:-:, ... ,,..:. ;::-:-:. ··,: ,:: : ·::::'':::.:·.· ..,.. . .: .• , ··· :.':'.Y:<:<:':'.:ii:'. 
49 
50 
51 
52 

IRR= -24% 
PW(15%)- $ (42,755 - I 

-- =NPV(15%,C45:G45)+B45 I 

(b) Best-case scenario: With the best-case scenario, Capstone would 
make a significant profit from the project, earning more than 
$87 million surplus after recovering all the investment made 
in the project. (See Table 11.5.) This is equivalent to realizing a 
67% rate of return on the investment. 

COMMENTS: We see that the base case produces a positive NPW ($11,107; see 
Table 11.1), the worst case produces a negative NPW (-$42,755), and the best 
case produces a large positive NPW ($87,231). Still, just by looking at the results in 
the table, it is not easy to interpret the scenario analysis or to make a decision. For 
example, we could say that there is a chance of losing money on the project, but we 
do not yet have a specific probability for that possibility. Clearly, we need estimates 
of the probabilities of occurrence of the worst case, the best case, the base (most 
likely) case, and all other possibilities. 
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TABLE I 1.5 Capstone's MicroCHP Cash Flows under the Best-Case Scenario 
(unit: $000) 

A B I c D E F G 
15 "jfl;k~:'{:j/}:{"/:~(i.p_.y.J~g·rr.~.:.\:_t'..(fdt:).:iN}~"/FJr·.\\l.~!:7.FC:/):f§N .. VY~·)i/i.'i/:·~;.)Ni·1:·PX;?/{ffk1'.i:·:ern:n~:~=/:;\/iM'..:/~·'.i//7f Pf:'!'(:.S.{:~x?//kYi~\r .<?~·:!\/.~YY/P/;'.~\;!)t ~;T~;;.;·:y'.y. 

"'* _I !> - I --- _J ~~-~~2~:=::- I_ - 3~~-~---J-~--~]t-:=z'~~:~:_'.~= 
18 Income statemeili---19 ---- --+----

20 Revenues: 
21 Unit Price $ 86.00 $ 86.00 $ 86.00 $ 86.00 S 86.00 
22 Demand (units}_ _--+------+--I ____ :20"0-0"'1 

___ 2"""1=-=so--=-+---------=2..,,33=3,-+--'-------,,--25""'1""9+-'-----,2=72~1 
23 Sales Revenue 

1
1 ! S 172,ooo i S 185,760 $ 200,621 S 216,670 S 234,004 

24 Expenses: I i 
25 Unit Variable cost 

1

1 I s -56___,---,sc-----5=5:-!-cs=---__,5""5-+---=s--..,,55,,_ 1-s-=----__,5~5 

26 Variable Cost I 112,000H- 120,960 130,637 141,088 152,375 
27 Fixed Cost ___ _ I I 6,500 6,500 6,500 6,500 6,500 
28 Depreciation _ _J I ·r:eso- 13.470 9,620 6,870 2.453 

30 Taxable Income ~---] - i s 45,6411 $ -::44.a31n --"53~865! 5---52,213r$~ifs"16~ 
31 Income Taxes (40%) i _ 1_~.~56 i 1?.~3~_1 _____ 21,546 24,885 ]_ __ 2~.!-071 

1-3;;..;3~N.::..;et:...::ln"-'coc=-m=-=-e _________ , ____ .._S_-_ 2?.J84 - S 26.898_$_32;319T$37.32a ic43~ 
34 
35 Cash Flow Statement 

-----+------+----
36 
37 Operating Activities: 
38 Net Income 
39 Depreciation 
40 Investment Activities: 

____ _____, $ 27,384 $ 
$ 7,860 $ 

26,898 $ 32,319 $ 37,328 $ 43,606 
13.470 $ 9,620 $ 6,870 $ 2.453 

I 
41 - -Investment I S (55,000) 

l=T:::::::~:t-==~:::::=~:=~::::e~=--=-=---=~L----- _ I 1:::::~(~:
1

_-~~~~~~:==~li 
:~ Net Cash Flow Is· (55,000)1 $ 3~!..~~ _$ 40,368 ~ 41,938 $ 44,197 $ 56,750 

49 I IRR =1 67% 
~ --- - PW(15%) =iT -8;;;:;;-7,-;;;:23;;;--:1;--1H~-....... =N-P .... V_(_15_%_,_C4_5-:G4 ...... 5=)+=B4=5..-:-t----l 

52 I I 

The need to estimate probabilities leads us directly to our next step: developing a 
probability distribution (or, put another way, the probability that the variable in 
question takes on a certain value). We will consider this issue in the next section. 

EUii Probabilistic Cash Flow Analysis 
Once you have an idea of the degree of risk inherent in an investment, the next step 
is to incorporate this information into your evaluation of the proposed project. There 
are two fundamental approaches: ( 1) consider the risk elements directly through proba
bilistic assessments and (2) adjust the discount rate to reflect any perceived risk in the 
project's cash flows. We will consider both approaches briefly. However, the risk-adjusted 
discount-rate approach is more commonly practiced in the real world, as the method is 
mathematically much simpler than the probabilistic approach. 
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Probability ( % ) 

-30 -20 -IO 0 10 20 30 40 
Return(%) 

Figure 11.3 Illustration of investment risk: Investment A has a 
lower expected return but a lower risk than investment B 

11.3.1 Including Risk in Investment Evaluation 

50 

In principle, investment risk is concerned with the range of possible outcomes from an 
investment: the wider this range, the higher is the risk. Figure 11.3 illustrates this intui
tive notion. It shows, in the form of bell-shaped curves, the possible rates of return that 
might be earned on two investments. According to the figure, the expected return on in
vestment A is about 10%, and the corresponding figure for investment B is about 20%. 

Because we would define expected return as the probability-weighted average 
of possible returns, this expected figure represents the central tendency of the ran
dom outcome (in our case, the return). To take a simple example, if three returns are 
possible-6%, 9%, and 18%-and if the chance of each occurring is 0.40, 0.30, and 
0.30, respectively, the investment's expected return is calculated as follows: 

Expected return(µ.) = (0.40 x 6%) + (0.30 x 9%) + (0.30 X 18%) 

= 10.5%. 

Basically, risk refers to the bunching of possible returns around an investment's ex
pected return. If there is considerable bunching, as with investment A, the investment 
risk is low. With investment B, there is considerably less clustering of returns around 
the expected return, so it has a higher risk. The way to measure this clustering tendency 
is to calculate a probability-weighted average of the deviations of possible returns from 
the expected return. One such average is the standard deviation (u) of returns. 

To illustrate the calculation of the standard deviation of returns, we calculate the 
differences between the possible returns and the expected return, in the foregoing ex
ample, as (6% - 10.5%),(9% - 10.5%), and (18% - 10.5%). Because some of these 
deviations are positive and others are negative, they would tend to cancel one another 
out if we added them directly. So, we square them to ensure the same sign, calculate the 
probability-weighted average of the squared deviations [a value known as the variance 
(o-2)], and then find the square root: 

Standard deviation (u) = (25.65) 112 = 5.065%. 



1 

2 

3 

(6% - 10.5%)2 

(9% - 10.5%)2 

(18% - 10.5% )2 

0.40 x (6% - 10.5%)2 

0.30 x (9% - 10.5%)2 

0.30 x (18% - 10.5%)2 

(u2) = 25.65 
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What we can tell here is that risk corresponds to the dispersion, or uncertainty, in 
possible outcomes. We also know that statistical techniques exist to measure this 
dispersion. Jn our example, the smaller standard deviation means a considerable 
bunching, or less risk. When comparing investments with the same expected returns, 
conservative, or risk-averse, investors would prefer the investment with the smaller 
standard deviation of return. 

I 1.3.2 Aggregating Risk over Time 
Having defined risk and risk aversion in at least a general sense, we might be 
interested in estimating the amount of risk present in a particular investment op
portunity. For an investment project, if we can determine the expected cash flow, 
as well as the variability of the cash flow, in each period over the project life, we 
may be able to aggregate the risk over the project life in terms of net present value 
PW(r), as 

and 

where 

N E(A 11 ) 

E[PW(r)] = L (l )" 
11=0 + r 

N V(A,.) 
V[PW(r)) = ,~ (1 + r)211' 

r = risk-free discount rate, 
A,, = cash flow in period 11, 

E(A 11 ) = expected cash flow in period n, 
V(A,1) = variance of the cash flow in period n, 

E[PW(r) J = expected net present value of the project, and 
V[PW(r)] = variance of the net present value of the project. 

(11.1) 

(11.2) 

It is important to observe that we use a risk-free interest rate to discount the 
project cash flows. as the riskiness of project cash flows is reflected in the probability 
distributions. 

In defining Eq. ( 11.2 ). we are also assuming the independence of cash flows, mean
ing that knowledge of what will happen to one particular period's cash flow will not 
allow us to predict what will happen to cash flows in other periods. Borrowing again 
from statistics, we are assuming mutually independent project cash flows. In the event 
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.__ _______ 99.74% -------~ 

... , .., ____ 95.46'/l- ---~)1~1 

~68.26%~ 

34.1% 34.1% 

13.6% 13.6% "·,, 

-3u -2cr -lu µ. +lcT +2u +3cT 

• The area under the normal curve equals 1.0, or 100%. 
• Of the area under the curve, 99.74% is within :!: 3cr of the mean (µ).indicating that the 

probability is 99.74% that actual outcome will be within lhe rangeµ. - 3u toµ + 3u. 
• The larger the value of u, the higher the probability will be the actual outcome will 

vary widely from the expected or most-likely estimate. 
• Tables exist for finding the probability of other ranges, as shown in Appendix C. 

Figure 11.4 Probability ranges for a normal distribution 

that we cannot assume such a statistical independence among cash flows, we need to 
consider the degree of dependence among the cash flows. 2 

The normal distribution has the very important property that, under certain conditions. 
the distribution of a sum of a large number of independent variables is approximately nor
mal. This is the central limit theorem. Since PW(r) is the sum of discounted random cash 
flows (A,,'s), it follows that, under certain conditions, PW(r) is also closely approximated by 
a normal distribution with the mean and variance as calculated in Eqs. (11.1) and (11.2). A 
normal distribution is a bell-shaped probability distribution with many practical applica
tions found in the real world. If a probability distribution is normal, the actual cash flow 
will be within ±1 standard deviation (u) of the expected cash flow 68.26% of the time. 
Figure 11.4 illustrates this point, and it also shows the situation for ±2cr and ±3u. 

EXAMPLE I 1.5 Computing the Mean and Variance of an 
Investment Opportunity 

Assume that a project is expected to produce the following cash flows in each year, 
each periodic cash flow is independent of every other, and the risk-free rate is 6%: 

0 

1 
2 

W''""~~ 

"''le'"' 

-$2,000 

$1,000 

$2,000 

$100 

$200 

$500 

Find the expected NPW as well as the variance of the NPW. 

2 As we seek further refinement in our decision under risk, we may consider dependent random vari
ables or the degree of dependence through correlation coefficients, which is beyond the scope of this 
text. Sec C. S. Park, Contemporary E11gi11eeri11g Eco11omics. Prentice Hall, 2011 (Chapter 12). 



DISSECTING THE PROBLEM 

METHODOLOGY 

Calculate the expected NPW and 
the variance of the NPW. 
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Given: Periodic estimated project cash flows (means and vari
ances); risk-free interest rate. 
Find: E[PW(r)] and V[PW(r)]. 

SOLUTION 

Using Eqs. (11.1) and (11.2), we find that the expected NPW and 
the variance of the NPW are 

E[PW(6%)] = -$2 000 + $1,000 + $2,000 = $723 
• 1.06 1.062 

and 

2oa2 5oa2 
Var(PW(6%)] = loa2 + --2 + --4 = 243,623, 

1.06 1.06 
respectively. Thus, the standard deviation is $494. 

~~~--~~~~-~-

COMMENTS: How is this information used in decision making? It is assumed that most 
probability distributions are characterized by six standard deviations-three standard 
deviations above and three standard deviations below the mean. Therefore, the actual 
NPW of this project would almost certainly fall between -$759 and $2,205, as shown 
in Figure 11.5. If the NPW below 3u from the mean is still positive, we may say that 
the project is quite safe. If that figure is negative, then it is up to the decision maker 
to determine whether the project is worth investing in given the expected mean and 
standard deviation of the project. If we assume a normal probability distribution, we 
could find the probability that the project's NPW will be negative, which is only 7.17%. 

Pr(X :s; x) = Pr(PW(6%) :s; 0) 

= <I>( x ~ µ) = <1{0 ~9~23) = <l>(-1.4636) 

-3u -2u - lu µ = $723 + lu +2u +3u 
-$759 -$265 +$229 $1.217 $1,711 $2,205 

Figure I 1.5 NPW distribution. With a normal probability assump
tion, the probability that the NPW will be negative is found to be 7.17% 
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= 1 - <ll(l.4636) 
= 1 - 0.9283 
= 7.17%. 

See Appendix C for procedures on how to use the normal probability distribution. 

I 1.3.3 Estimating Risky Cash Flows 
In the previous section, we derived the expression of mean and variance of the net present 
worth distribution. These calculations, however, involve the mean and variance of the vari
ous individual cash flows and the statistical relationships among them. Knowledge of this 
information is a prerequisite to our analysis. The estimating procedure that is common in 
practice is to make an "optimistic" estimate, a "pessimistic" estimate, and a "most likely" 
estimate for each cash flow. Here, the meaning of these three estimates is as follows: 

• Optimistic estimate: Everything will go as well as is reasonably possible. 
• Pessimistic estimate: Everything will go as poorly as is reasonably possible. 
• Most-likely estimate: Everything will go as most likely as is initially projected. 

Then, these three estimates are used as the upper bound, the lower bound, and the 
mode of the corresponding cash flow probability distribution. The probability distribu
tion itself is assumed to be a beta distribution3 with a standard deviation of one-sixth 
of the spread between the upper and lower bounds (the optimistic and pessimistic 
estimates). With these assumptions, the mean and variance become explicit functions 
of the bounds and mode. Given the estimates 

Est0 (An) = H(optimistic estimate), 

Est0 (An) = L(pessimistic estimate), and 

Est0 (An) = M0 (most likely estimate), 

of the bounds and mode of cash flow distribution of An at the end of period 11. we find 
that 

[ 1
_H+4M0 + L 

EAn -
6 

(11.3) 

and 

(
H - L)2 

Var[An] = 
6 

. (11.4) 

The model of an underlying beta distribution has been assumed primarily for conveni
ence here, but these estimating formulas are based on a system developed for Program 

3 The beta distribution models events that are constrained to take place within an interval defined by 
a minimum and maximum value, and it is often used in the absence of data. The beta distribution has 
two shape parameters, a and {3. When the two parameters are equal, the distribution is symmetrical. 
For example. when both a and {j are equal to 1, the distribution becomes uniform. If a is less than (3, 
the distribution is skewed to the left. And if a is more than {j, the distribution is skewed to the right. 
Because of this modeling flexibility, the beta distribution is used extensively in estimating project cash 
flows. 
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Evaluation and Review Technique (PERT) for network planning and scheduling. It 
is important to note that the difference between the approximate expected values as 
just calculated and those resulting from the exact formula is relatively small for a wide 
range of beta-distribution conditions. 

EXAMPLE 11.6 Developing a Present Worth Distribution 
for Capstone's Investment Project 

Let's recall Example 11.4, where Capstone engineers have created three different 
scenarios based on the key input variables expressed in terms of three-point esti
mates in Example 11.1. If we examine the annual cash flows under each scenario, 
we find the following values: 

0 ($55,000) ($55,000) ($55,000) 

1 $1,944 $16,344 $35,244 

2 $4,314 $19,488 $40,368 

3 $2,904 $18,893 $41,938 

4 $1,937 $18,785 $44,197 

5 $8,600 $28,152 $56,750 

Using these annual cash flow estimates as three-point estimates for each period, 
compute the mean and variance of the NPW distribution. 

DISSECTING THE PROBLEM 

Given: Three-point cash flow estimates for each period, interest 
rate = 15% per year. 

Find: Mean and variance of the project, probability that the NPW 
will be negative. 

-------------------~-~--
METHODOLOGY 

Calculate the mean and variance. 

SOLUTION 

n = 0: Since there is no variability in the initial investment amount, 
the variance is zero. 

1 n = 1: Using Eqs. (11.3) and (11.4), we find that 

- $1,944 + 4($16,344) + $35,244 - $ 
E[Ai) -

6 
- 17,094, 

Var[Ai) = (35
•
244

; 
1
•
944)2 = 30,802,500. 



502 CHAPTER 11 Handling Project Uncertainty 

Similarly, we can calculate the means and variances for other periods 
as follows: 

0 ($55,000) ($55,000) ($55,000) ($55,000) 

1 $1,944 $16,344 $35,244 $17,094 30,802,500 

2 $4,314 $19,488 $40,368 $20,439 36,108,081 

3 $2,904 $18,893 $41,938 $20,069 42,323,699 

4 $1,937 $18,785 $44,197 $20,212 49,608,544 

5 $8,600 $28,152 $56,750 $29,660 64,400,625 

Now we are ready to find the mean and variance of the NPW by 
using Eqs. (11.1) and (11.2). We have 

E[PW(15%)] = -$55 000 + $17,094 + $20,439 + 
' (1 + 0.15) (1 + 0.15)2 

$29,660 +----
(1 + 0.15)5 

= $14,817 

Var[PW(l5%)] = 30,802,500 + 36,108,081 + 42,323,699 
(1 + 0.15)2 (1 + 0.15)4 (1 + 0.15)6 

+ 49,608,544 + 64,400,625 

(1 + 0.15)8 {l + 0.15)10 

= 94,369,701 

u[PW(l5%)] = Y94,369,701 

= $9,714. 

Once again, if we assume that the PW(15%) is normally distrib
uted with the mean and variance as just calculated, we can deter
mine the probability that the NPW will be negative: 

Pr(X:::; x) = Pr(PW{l5%) :::; 0) 

= <1>(x - µ) = <1>(0 - 14,817) = <l>(-J.5253) 
O" 9,714 

= 1 - <1>(1.5253) 

= 1 - 0.9364 

= 6.36%. 

With the scenario approach in Example 11.4, the worst-case 
scenario resulted in PW(15%) = -$42,755. However, this pos
sibility is truly remote with independent cash flow assumptions 
because this value is equivalent to 5.26u below the mean, which 
is virtually nonexistent. We can say the same thing for the best
case scenario with PW(15%) = $87,231, which is equivalent to 
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Worst-Case 
Scenario 

-5.26cr 

-6u -3u 
-$42.755 -$14.325 $0 µ. = $14.817 

+3u 
$43,959 

+60" 

Best-Case 
Scenario 

+1.45u 

$87,231 

Figure 11.6 The NPW probability distribution for Capstone's MicroCHP project 

7.45u above the mean. (See Figure 11.6.) Clearly, the probabilis
tic approach outlined in this section provides much more mean
ingful information regarding the assessment of financial risk in 
investment evaluation. 

COMMENTS: Recall that in deriving the mean and variance of the NPW, we assumed 
that the cash flows in each period are mutually independent.4 In fact, these cash 
flows are not independent. They are perfectly positively correlated as these cash 
flow estimates are taken from the scenario analysis. In other words, if you assume 
a worst-case scenario, the cash flow in each period presents a worst case as well, in
dicating a perfect correlation. Similarly, if we assume a best-case scenario, the cash 
flow in each period reflects a best case as well. Then, we may easily determine the 
mean and variance of the NPW on the basis of the three NPW estimates as follows: 

$87,231 + 4($11,107) + (-$42,755) 
E[PW(l5%)] = 

6 
= $14,817 

(
87,231 - (-42,755))2 

Var[PW(15%)] = 
6 

= (21,664)2• 

With this mean and this variance, the range of possible NPWs extends from 
-$50,175(-3u) to $79,809(+3u). What it implies is that the worst-case scenario 
(-$42,755, or -2.66u below the mean) cannot be ruled out completely, but the 
best-case scenario ($87,231, or +3.34u above the mean) may be. 

4 Again, the analytical treatment of this type of dependent relationship is beyond the scope of this 
introductory text but can be found in Chan S. Park, Contemporary Engineering Economics, Prentice 
Hall. 2011(Chapter12). 
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llltl Considering the Project Risk by Discount Rate 
Without resorting to sophisticated financial tools. financial managers understand in
tuitive ly that, other things equal. risky projects are less desirable than safe ones and 
must provide a higher re turn. ·n1ereforc, an a lte rn a tive approach to considering risk 
in project eva lua tion is to adjust the discount rate to reflect the degree o f perceived 
investment risk. How do we do this? 

Many companies estim ate the ra te of return required by investors in their securi
ties and use this company cost of capi tal to discount the cash flows on a ll new projects. 
Knowing that investors expect a higher rate of return from a risky company. conse
quen tly, risky firms will have a higher company cost of capital a nd will set a higher dis
count rate for the ir new investment opportunities. We will first review how managers 
ca n estimate the opportuni ty cost of capital for a company and then how they use this 
compnny cost of capital as th e basis for determining the discount rat e to use in project 
eva luation. 

I 1.4.1 Determining the Company Cost of Capital 
When you invest money in a company. you incur an opportunity equal to the return 
you could have earned on an alternative. similar risky investment. The opportunity 
cost is the firm 's cost of c~1pitn l -i t is the required rate of re turn the company must 
earn from existing assets a nd still meet the expecta tions of its capit a l providers. In 
most of the investment examples in the ear lie r chapters, we assumed tha t the projects 
under consideration we re financed entire ly with equity fund s. In those cases. the cost of 
cupitul may have represented o nly the firm 's required re turn on equity. However, most 
firms finance a substantial port ion of thei r capital budget with long-te rm debt (bonds), 
and many a lso use common stock as a source of capital. In these cases, a firm ·s cost of 
capital must reflect the average cost of the various sources of lo ng-term funds tha t the 
firm uses. not o nly the cost of eq uity. ·niereforc. we will examine cost of capital from 
two sources. 

Cost of Equity Capital 

Although deb t and preferred stocks are cont ractua l obligations that ha,'e easily 
determined costs. it is not easy to measure the cost of equity. In principle. the cost 
of equity capital involves an opportunity cost . ln fact. the firm's after-tax cash nows 
belong to the s tockholders. ~ t anagement may either pay out these earnings in the 
form of dividends or retain the earnings and reinvest them in the business. If man
agemen t decides to retain earnings. an opportunity cost is involved: stockholder:. 
could have received the earnings as dividends a nd invested this money in olht,;r 
financial assets. Therefore, th e firm sho uld cam on its re ta ined ea rnings a t least 
as much as th e stockholde rs the mselves could ea rn in a lte rnati ve, but comparable, 
in vestme nts. 

What rate of return can stockholders expect to receive o n re tained ea rn ings? 
This question is difficult to answer, but the valu e sought is oft en rega rded as the 
ra te of re turn s tockholders require on a firm's com mon stock. Jf a firm ca nno t invest 
retained ea rnings so as to earn a t least the rate of re turn o n equity. it should pay 
these funds to these stockholders and let them invest directly in other assets that do 
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provide this return. In general, the expected return on any risky asset is composed of 
three factors: 5 

(
Expected return\ ( Risk-free ) (Inflation) ( Risk ) 

on risky asset ) = interest rate + premium + premium · 

This equation says that the owner of a risky asset should expect to earn a return from 
three sources: 

1. Compensation from the opportunity cost incurred in holding the asset. This is the 
risk-free interest rate. 

2. Compensation for the declining purchasing power of the investment over time, 
known as the inflation premium. 

3. Compensation for bearing risk, known as the risk premium. 

Fortunately, we do not need to treat the first two terms as separate factors because 
together they equal the expected return on a default-free bond such as a government 
bond. In other words, owners of government bonds expect a return from the first two 
sources but not the third. So, we can simplify the previous equation as 

(Expe~ted return) = (Interest rate on a) + ( Ris.k ). 
on nsky asset government bond premmm 

When investors are contemplating buying a firm's stock, they have two primary things 
in mind: (1) cash dividends and (2) gains (share appreciation) at the time of sale. From 
a conceptual standpoint, investors determine market values of stocks by discounting 
expected future dividends at a rate that takes into account any future growth. Since 
investors seek growing and profitable companies, a desired growth factor for future 
dividends is usually included in the calculation. 

The cost of equity is the risk-free interest rate (for example, a 20-year U.S. Treasury 
bond that returns around 6%) plus a premium for taking a risk as to whether a return 
will be received. The risk premium is the average return on the market-typically, the 
return for Standard & Poor's 500 largest U.S. stocks, or the S&P 500(say,12.5%), Jess 
the risk-free interest rate. This premium is multiplied by beta, an approximate measure 
of stock price volatility. Beta (/3) quantifies risk by measuring one firm's stock price 
relative to all of the market's stock prices as a whole. 

• If /3 > 1, it means that, on average, the stock is more volatile than the market. 
• If J3 < 1, it means that, on average, the stock is less volatile than the market. 

The values for beta are commonly found for most publicly traded stocks in various 
sources such as Value Line.6 The cost of equity Uc) is quantified by 

ie = r1 + /3[r,\t - r1], (11.5) 

where 

r1 = risk-free interest rate (commonly referenced to U.S. Treasury bond yield, 
inflation adjusted) and 

5 Robert C. Higgins, Analysis for Financial Management, 5th ed., New York: Irwin/McGraw-Hill, 1998. 
6 Value Line reports are presently available for more than 5,000 public companies, and that number is 
growing. The Value Line reports contain the following information: (1) total assets, (2) total liabilities, 
(3) total equity, ( 4) long-term debt as a percent of capital, (5) equity as a percent of capital, (6) finan
cial strength (which is used to determine interest rates), (7) beta, and (8) return on invested capital. 
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r,u = market rate of return (commonly referenced to average return on S&P 500 
stock index funds, inflation adjusted). 

Note that this amount is almost always higher than the cost of debt. This is so because 
the U.S. Tax Code allows the deduction of interest expense but does not allow the 
deduction of the cost of equity, which could be considered more subjective and com
plex. Example 11.7 illustrates how we may determine the cost of equity. 

EXAMPLE 11.7 Determining the Cost of Equity 

Capstone Corporation needs to raise $55 million for the MicroCHP project de
scribed in Example 11.1. Capstone's target capital structure calls for a debt ratio 
of 0.4, indicating that $33 million has to be financed from equity. The pertinent 
information is as follows: 

• Capstone is planning to raise $33 million from the financial markets. 

• Capstone's beta is known to be 2.0, which is higher than 1, indicating that the 
firm is perceived to be riskier than the market average. 

• The risk-free interest rate is 5.47%, and the average market return is 13%. 
(These interest rates are adjusted to reflect inflation in the economy.) 

• The MicroCHP project is a normal risky project comparable to the firm's mar
ket risk. 

Determine the cost of equity to finance the plant modernization. 

DISSECTING THE PROBLEM 

Given: rM = 13%,r1 = 5.47%, and {3 = 2.0. 

Find: ie. 
------~---------~-----------

METHODOLOGY SOLUTION 

Compute ie. We calculate ie as follows: 

ie = 0.0547 + 2.0(0.13 - 0.0547) = 20.53%. _________ , ·-------

COMMENTS: What does this 20.53% represent? If Capstone finances the project 
entirely from its equity funds, the project must earn at least a 20.53% return on 
investment to be worthwhile, assuming that the project's risk is about the same as 
the average risk of the company's assets and operations. 

Cost of Debt Capital 

--------------------

Now let us consider the calculation of the specific cost that is to be assigned to the debt 
financing. The calculation is relatively straightforward and simple. Two types of debt 
financing are term loans and bonds. Because the interest payments on both are tax de
ductible, they reduce the effective cost of debt. To determine the after-tax cost of debt 
(id), we can evaluate the expression 

After-tax cost of debt = pretax cost x (1 - tax rate) 
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or, 

(11.6) 

where 

Cs = the amount of the term loan, 
ks = the before-tax interest rate on the term loan, 
Im = the firm's marginal tax rate, 
kb = the before-tax interest rate on the bond, and 
cb = the amount of bond financing and cs + cb = cd. 

Example 11.8 illustrates the process of computing the cost of debt for the Capstone 
Corporation scenario introduced in Example 11.7. 

EXAMPLE 11.8 Determining the Cost of Debt 

For the case in Example 11. 7, suppose that Capstone decided to finance the remain
ing $22 million by securing a term loan and issuing 20-year $1,000 par bonds under 
the following conditions: 

Term loan 

Bonds 

$6.6 million 

$15.4 million 

0.30 

0.70 

12.16% per year 

10.74% per year 

Capstone's marginal tax rate is 40%, which is expected to remain constant in the 
future. Determine the after-tax cost of debt. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Solve for id. 

Given: ks= 12.16%,kb = 10.74%,csfcd = 0.30,cb/cd = 0.70,lm = 40%. 
Find: it1. 

SOLUTION 

The after-tax cost of debt is the interest rate on debt multiplied by 
(1 - In,). In effect, the government pays part of the cost of debt because 
interest is tax deductible. Now we are ready to compute the after-tax cost 
of debt as follows: 

i,, = (0.30)(0.1216)(1 - 0.40) + (0.70)(0.1074)(1 - 0.40) 

= 6.70%. 

COMMENTS: What does this 6.70% interest really mean? Even though you are 
borrowing the money at 12% and 10.74% from two different sources, your net 
cost of composite borrowing will be just 6.70%, as debt interest payments are tax 
deductible expenses. 
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financing Sources 
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Project Cos1 of Capital 
(Risk-adjusted Discount Rmc) 

Figure 11.7 Company cost of capital versus project cost of capital. In project evaluation, we use the project cost of capital 

Ca lculating t he Compa ny Cost of Ca pita l 

With the specific cost of each financing component det ermined. we arc now ready to 
calculate the \\'cightcd-avcrage cost of capital on the basis of rota! capital. Assu ming 
thm a firm raises capi tal on the basis of the target capital structure and that the target 
capital structure remains unchanged in the future. we can determine a company cost of 
capital, which is a wcightc<l-avcrage cost of capital (or, simply stated, the cost or capi
tal, k).As illustrated in Figure 11.7, this cost of capit al represents a composite index re
flecting the cost of raising funds from difkrent sources. The cost of capital is defined as 

where 

. (c") . (c··) k = Id V + 1,. V ' 

c.i = total debt capital (such as bonds) in dollar , 
c" = total equity capital in dollars. 
\! = CtJ + C". 

ie = avernge equity interest rate per period. considering all eq uity sources. 

(I I. 7) 

;,, = after-tax average borrowing int erest rale per period , considering nil debt 
sources. and 

k = weighted-average cost of capital. 

ote that the cost of equit y is already expressed in terms of after-tax cost because 
any return to holders or cit lwr common stock or preferred stock is made after the pay
ment of income taxes. 

In evaluating an invl!stment project. the costs of debt and equity in Eq. (11.7) are 
the interest rates on 11e11• deht and equity.1 not existing debt or equity. respectively. Our 

7 ' 111is is known as the marginal i:mt nr capital, the cost of obtaining another dollar of new capirnl, tHH.l 

l his vnluc rises ns more and more capi ial is raised during a given period. 
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primary concern with the cost of capital is to use it in evaluating a new investment project. 
The rate at which the firm has borrowed in the past is less important for this purpose. 
Example 11.9 works through the computations for finding the cost of capital (k). 

EXAMPLE 11. 9 Calculating the Company Cost of Capital 

Reconsider Examples 11.7 and 11.8. The marginal income-tax rate (tm) for Cap
stone is expected to remain at 40% in the future. Assuming that Capstone's capital 
structure (debt ratio) also remains unchanged in the future, determine the cost of 
capital (k) of raising $55 million in addition to Capstone's existing capital. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Solve for cost of capital (k). 

Given: With cd = $22 million, ce = $33 million, V = $55 million, 
i11 = 6.70%, ie = 20.53%, and Eq. (11.7). 
Find: Marginal cost of capital (k). 

SOLUTION 

We calculate the marginal cost of capital as follows: 

(0.0692)(4) (0.2053)(6) 
k = 10 + 10 = 15%. 

This 15% would be the marginal cost of capital that a company with 
this capital structure would expect to pay to raise $55 million, and this 
is the discount rate to be used in evaluating the Capstone's new invest
ment project. In other words, the project must return more than 15% 
in order to be justified. 

I 1.4.2 Project Cost of Capital: Risk-Adjusted Discount 
Rate Approach 

It is important to distinguish between the risk of the project and the risk of the com
pany. The risk of the company is reflected in the {3 value. So even if a risky company 
invests in a low-risk project, it should discount the cash flows at a correspondingly low 
cost of capital. If it invests in a high-risk project, those cash flows should be discounted 
at a high cost of capital. The most common way to do this is to add an increment to the 
discount rate-that is, discount the expected value of the risky cash flows at a rate that 
includes a premium for risk. The size of the risk premium naturally increases with the 
perceived risk of the investment. This discussion implies a simple rule-the discount 
rate of a project should be the expected return on a financial asset of comparable risk 
known as the project cost of capital. 

What makes the risk-adjusted discount rate approach appealing in practical ap
plication is its simplicity. Most chief financial officers (CFOs) have at least a rough 
idea of how an investment's required rate of return should vary with perceived risk. 
For example, they know from the historical data that, over many years, common stocks 
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have yielded an average annual return about 7% higher than the return on govern
ment bonds (risk-free return). If the present return on government bonds is 8%, it is 
plausible to expect an investment that is about as risky as common stocks to yield a 
return of about 15%. Similarly, CFOs know that an investment promising a return of 
40% is attractive unless its risk is extraordinarily high. Granted, such reasoning is im
precise; nonetheless, it does lend some objectivity to risk assessment. To illustrate the 
use of such risk-adjusted discount rates, consider Example 11.10. 

EXAMPLE 11.10 Risk-Adjusted Discount Rate Approach 

Reconsider Example 11.6, where the expected cash flows for the Capstone proj
ect are 

,,!i~~lla 
Cash Flow -$55,000 $17,094 $20,439 $20,069 $20,212 $29,660 

Suppose that Capstone consider the MicroCHP project to be just one of their normal 
risky projects. Then the appropriate discount rate to use is 15%, as calculated in Ex
ample 11.9. However, Capstone considers the MicroCHP project to be much riskier 
than normal projects, so it believes an additional risk premium of 6.93% should be 
added. If management has decided to use a risk-adjusted discount rate of 21.93% to 
compensate for the uncertainty of the cash flows, is this project acceptable? 

DISSECTING THE PROBLEM 

You need to determine whether 
the project under consideration is 
of normal risk. If not, you need to 
come up with a desired risk premi
um to add. 

Given: Annual cash flows given in most likely values, N = 5 years, 
k = 15%, and additional risk premium = 6.93%. 

METHODOLOGY 

Use the risk-adjusted discount rate 
to calculate the net present value. 

Find: PW. 

SOLUTION 

First find the project cost of capital (risk-adjusted discount rate): 

15% + 6.93% = 21.93%. 

Then calculate the net present value, using this project cost of 
capital: 

PW(21.93%) = -$55 000 + $17,094 + $20,439 + 
• 1.2193 1.21932 

= $3,989 > 0. 

$29,660 +---
1.21935 

Because the PW is still positive, the investment is attractive even 
after we adjust for further risk. 



COMMENTS: Note that the risk-adjusted discount rate reduces the investment's ap
peal. If the investment were normal risk, its NPW at a 15% discount rate would be 
$14,817; but because a higher risk-adjusted rate is deemed appropriate, the NPW 
falls by $10,828. Certainly, as the perceived project risk increases beyond the 6.93% 
risk premium, management would require an inducement higher than this amount 
before it would be willing to make the investment. 

SUMMARY 
Ii Often, cash flow amounts and other aspects of investment project analysis are un

certain. Whenever such uncertainty exists, we are faced with the difficulty of project 
risk-the possibility that an investment project will not meet our minimum require
ments for acceptability and success. 

Ii Three of the most basic tools for assessing project risk are as follows: 
1. Sensitivity analysis-identifying the project variables that, when varied, have the 

greatest effect on project acceptability. 
2. Break-even analysis-identifying the value of a particular project variable that 

causes the project to exactly break even. 
3. Scenario analysis-comparing a base-case, or expected, project measurement (such 

as PW) with the measurement(s) for one or more additional scenarios, such as best 
and worst case, to identify the extreme and most likely project outcomes. 

l!l'i In considering the risk clements in project evaluation, there are two common 
approaches. 
1. The first approach is to describe the riskiness of the project cash flows in terms of 

probability distributions and then to use the risk-free interest rate to determine 
the net-present-value distribution. Once you obtain the PW distribution (mean 
and variance), you need to determine whether the expected value of the PW dis
tribution is large enough to undertake the risk perceived in the project, which is 
revealed by the variance of the PW distribution. 

2. The second approach is to adjust the discount rate to reflect your perceived risk 
in terms of the risk premium and then use this adjusted rate to discount the ex
pected cash flows. In practice, the risk-adjusted discount-rate approach is much 
more popular, as the risk-assessment process is much simpler than the probabil
istic approach. 

Iii The company cost of capital (or weighted-average cost of capital, or simply cost of 
capital, k) is the rate of return that the firm must expect to earn on its average-risk 
investments in order to provide a fair expected return to all its stockholders. There
fore, if the firm uses the weighted-average cost of capital as a discount rate for project 
evaluation, it assumes that the project risk is about the same as the risk of the firm's 
existing business. 

II The project cost of capital can be different from the company cost of capital if the 
firm uses the capital raised from all sources put in a project whose risk is different 
from the risk of existing business operation. The risk-adjusted discount rate refers to 
this project cost of capital. 

Summary 511 
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SELF-TEST QUESTIONS 
1 ls.l For a certain investment project, the net present worth can be expressed as func

tions of sales price (X) and variable production cost Y of PW= 12,550 (2X - Y) -
8000. The base values for X and Y arc $25 and $15, respectively. If the sales 
price is increased 15% over the base price, how much change in NPW can be 
expected? 
(a) 10% (b) 20% (c) 13.68% (d) 21.82% 

lls.2 An investor bought 100 shares of stock at a cost of $10 per share. He held the 
stock for 15 years and wants to sell it now. For the first three years, he received no 
dividends. For each of the next seven years, he received total dividends of $100 
per year. For each of the remaining five years, no dividends were paid. In the last 
15 years, the investor's marginal tax rate and capital gain tax rate were averaging 
about 30% and 20%, respectively. What would be the break-even selling price to 
earn a 15% return on investment after tax? 
(a) $6,579 (b) $7,977 (c) $8,224 (d) $9,398 

1 ls.3 A company is currently paying a sales representative $0.50 per mile to drive her 
car for company business. The company is considering supplying the representa
tive with a car, which would involve the following: 

Iii Option l: Continue to pay at the rate of 50 cents per mile. 

ml Option 2: Provide a company vehicle to the sales representative. A car costs 
$24,000 and has a service life of five years and a market value of $7,000 at 
the end of that time. The cost of keeping the car in the garage during the off
hours amounts to $2,500 a year, and the cost of fuel, tires, and maintenance 
is 30 cents per mile. The car will be depreciated by MACRS using a recovery 
period of five years (20%, 32%, 19.20%, 11.52%, 11.52%). 

The firm's marginal tax rate is 40%. What annual mileage must the sales repre
sentative travel by car for the cost of the two options of providing transportation 
to be equal if the interest rate is 15%? 
(a) 36,345 miles (b) 41,235 miles (c) 45,233 miles (d) 47,518 miles 

1 ls.4 A manufacturing company is considering a capacity expansion investment at 
the cost of $250,000. The expansion would enable the company to produce up to 
100,000 more parts and the useful life of the additional capacity is seven years. 
Each part would generate $2 net profit and annual operating and maintenance 
costs are estimated at $25,000 per year. If the MARR of the firm is 10%, what 
is the minimum yearly production rate to make this investment justifiable? 
Assume a salvage value of 0. 
(a) Less than 37,000 (b) Between 37,000 and 39,000 
(c) Between 39,000 and 42,000 (d) More than 42,000 

1 ls.5 Project A has the following probability distribution of expected future returns: 

0.1 -$16,000 

0.2 4,000 

0.4 16,000 

0.2 25,000 

0.1 35,000 



What is the expected future worth for Project A? 
(a) $9,450 (b) $10,800 (c) $14,100 (d) $12,300 

1 ls.6 In Problem l ls.5, what is the standard deviation of expected future worth for 
Project A? 
(a) $10,735 (b) $3,686 (c) $13,289 (d) $12,280 

l ls.7 The Arizona Mining Company contemplates investing $4 million in new sets of 
ripping equipment to expand its copper mining operation. The management of 
the company forecasts that the new investment will generate incremental net 
cash inflows of A,. (n = 1, 2, ... , 5), where each of the A; is a random variable with 
a mean of $2 million and a standard deviation of $400,000. The salvage value of 
the mining equipment at the end of year 5 will be also a random variable with 
a mean of $1 million and a standard deviation of $300,000. Compute the mean 
of the present value of this investment. Assume that the cash inflows of A,. are 
mutually independent random variables and the risk-free interest rate is 10%. 
(a) $2.9607 (b) $3.235 (c) $4.239 (d) -$3.276 

l ls.8 In Problem l ls.7, compute the variance of the present value of the investment. 
(a) -0.2220 (b) 0.2220 ( c) 0.4711 ( d) 0.5029 

1 ls.9 In Problem 1 ls.7, the degree of project cash flow uncertainty is instead captured 
by adjusting the discount rate from 10% to 15%. Determine the certainty equiv
alent present value of the project at this risk-adjusted discount rate. 
(a) $2.5684 (b) $2.980 (c) $3.2015 (d) $3.674 

1 ls.10 Harry Wilson, a mechanical engineer at Lehigh manufacturing, has found that 
the anticipated profitability of a newly developed motion detector for its popu
lar home security device produ~t line can be estimated as follows: 

PW = 40.28W (2X - 11) - 77,860 

where Wis the number of units produced and sold and Xis the sales price per 
unit. Harry also found that W parameter value could occur anywhere over a 
range of 1,000 to 6,000 units and the X parameter value anywhere between $20 
and $40 per unit. 

Suppose both W and X are statistically independent continuous random 
variables with the following means and variances: 

E[W) = 3,500, V[W) = 2,083,333 

E[X] = 30, V(X] = 33. 

What is the variance of PW? 
(a) 2.2309 x IO 11 

(c) 2.769 x 109 
(b) 4.4618 x 1011 

(d) 1.118549 x 1013 

1 ls.11 In 1 ls.10, Wand X are mutually independent discrete random variables with the 
following probabilities: 

$20 0.7 

6,000 $40 0.3 

What is the probability that the PW would exceed $6,000,000? 
(a) 0.28 (b) 0.40 (c) 0.60 (d) 0.82 
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PROBLEMS 
Sensitivity Analysis 
11.l A machine, costing $30,000 lo buy and $2.500 per yea r to operate. will save 

mainly labor expenses in packaging over seven years. The anticipated salvage 
value of the machine at the e nd of seven years is $4,500. 
(a) 1f a 12% return on investment (rate of re turn) is desired, what is the minimum 

required annual savings in labor from this machine? 
(b) U the service life is just five years. instead of seven yea rs, what is the minimum 

required annual savings in labor for the firm to rea lize a 12% rew rn on 
investme nt? 

(c) If the annual opera ting cost increases 10%, say. fro m $2,500 to $2,750, what 
will happen to the answer to (a)? 

11.2 Lane Constructi on Lld. is considering the acquis ition o( a new d ump truck. T he 
truck's base price is $75 ,000, and it will cost anothe r $ 15,000 to modify it for 
specia l use by the company. This truck falls into the MACRS five-year class. It 
will be sold after five years for $20.000. ll1e truck purchase will have no effect 
on revenues. but it is expected lo save the firm $35 .000 per yea r in before-tax 
operating costs mainly in leasing expenses. TI1e firm 's marginal tax rate (federa l 
plus sta re) is 40%, and its MARR is 15% . 
(a) Is this project acceptable based on the most likely estimates given in the 

problem? 
(b) If the firm 's MAR R is incrensed to 20% , what would be the required savings 

in leasing so tha t the project would remain profi tab le? 
(c) If the projected savings fi gure is only $25,000, would you s til l recomme nd 

the project? 

11.3 Autonumerics, Inc. has just invested $600,000 in a manufacturi11g process that is 
estimated to generate an after-tax annual cash flow of $250.000 in each of the 
next five years. At the end of year 5. no further market for the product and no 
salvage value fo r th e manufacturi ng process are ex pected. If a manufactur ing 
problem delays plant sta rt-up fo r one yea r (leaving onl y fo ur yea rs of process 
life), what additional aft e r-tax cash flow will be needed lo maintain th e same 
internal rate of re turn as if no delay had occurred? 

11.4 You are considering an investment proj ect with the foll owing fi nancial 
in fo rmation: 
(a) Req uired investment = $500,000 
(b) Project life= 5 years 
(c) Salvage value= $50,000 
(d) Depreciation method = s traight-line depreciation (no ha lf-year convention) 
(e) U nit price = $40 
(f) U nit variable cost = $18 
(g) Fixed annual cost = $230.000 
(h) Annual sales volume= I 00,000 units 
(i) Tax rate = 35% 
G) MARR = 15% 

Suppose the company is most concerned about the impact of its price estimate 
o n the projec1·s ra te of re turn. How would you address this concern? 



11.5 A real-estate developer seeks to determine the most economical height for a 
new office building. The building will be sold after five years. The relevant net 
annual revenues and salvage values are as follows: 

Fust cost (net after tax) 

Lease revenue 

Net resale value (after tax) 

$500,000 

$199,100 

$600,000 

Height 

$750,000 

$169,200 

$900,000 

$1,250,000 $2,000,000 

$149,200 $378,150 

$2,000,000 $3,000,000 

(a) The developer is uncertain about the interest rate (i) to use but is certain 
that it is in the range of 5% to 20%. For each building height, find the range 
of values of i for which that building height is the most economical. 

(b) Suppose that the developer's interest rate is known to be 15%. In terms of 
PW, what would be the cost of an error in overestimation of resale value 
such that the true value is 10% lower than the original estimate? 

11.6 Jane Livingston, an industrial engineer at Energy Conservation Service, has 
found that the anticipated profitability of a newly developed water-heater 
temperature-control device can be measured by net present worth as PW = 
5.63V(4.3X - $15) - 33,580 where Vis the number of units produced and sold 
and X is the sales price per unit. She also found that the V parameter value could 
occur anywhere in the range of 1,500 to 5,000 units and the X parameter value 
anywhere between $10 and $35 per unit. Develop a sensitivity graph as a function 
of number of units produced and sales price per unit. 

11.7 Burlington Motor Carriers, a trucking company, is considering the installation 
of a two-way mobile satellite messaging service on its 2,000 trucks. From tests 
done last year on 120 trucks, the company found that satellite messaging could 
cut 60% of its $5 million bill for long-distance communications with truck driv
ers. More importantly, the drivers who used this system reduced the number of 
"deadhead" miles-those driven without paying loads-by 0.5%.Applying that 
improvement to all 230 million miles covered by the Burlington fleet each year 
would produce an extra $1.25 million in savings. 

Equipping all 2,000 trucks with the satellite hookup will require an invest
ment of $8 million and the construction of a message-relaying system costing 
$2 million. The equipment and onboard devices will have a service life of eight 
years and negligible salvage value; they will be depreciated under the five-year 
MACRS class. Burlington's marginal tax rate is about 38%, and its required mini
mum attractive rate of return is 18%. 
(a) Determine the annual net cash flows from the project. 
(b) Perform a sensitivity analysis on the project's data, varying savings on the 

telephone bill and savings in deadhead miles. Assume that each of these var
iables can deviate from its base-case expected value by ±10%, ±20%, and 
±30%. 

(c) Prepare sensitivity diagrams and interpret the results. 

Break-Even Analysis 
11.8 Matt Mona is in the process of purchasing a motel near a college town. The 

motel costs $3,500,000. The lot costs $500,000. Furniture and furnishings cost 
$700,000 and should be recovered in seven years (seven-year MACRS property), 
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while the cost of the motel building should be recovered in 39 years (39-year 
MACRS real property placed in service on January 1). The land will appreciate 
at an annual rate of 5% over the project period, but the building will have zero 
salvage value after 25 years. When the motel is full (100% capacity), it takes in 
(receipts) $6,000 per day for 365 days per year. The motel has fixed operating 
expenses, exclusive of depreciation, of $430,000 per year. The variable operating 
expenses are $220,000 at 100% capacity and vary directly with percent capacity 
down to $0 at 0% capacity. If the interest rate is 10% compounded annually, 
at what percentage capacity must this motel operate in order to break even? 
(Assume that Matt's tax rate is 30% and the project life is 25 years.) 

11.9 D&D Machinery has been making a part for its industrial rotary gear shaving 
machine. D&D engineers are asked to investigate alternative ways of obtaining 
the part, as the unit cost for the part currently is not competitive in the market
place. D&D needs 25,000 parts per year for the next three years. At that point, any 
capital equipment could be sold. D&D's tax rate is 40%, and its MARR is 12%. 

IDI Option A: Continue to produce the part with the old machine. The machine 
has been fully depreciated. The current machine could be sold for $6,000 in 
three years. Making the part with the old machine involves the following: 
Variable costs for the part are $4 for direct materials, $3 for direct labor, and 
$2 for variable manufacturing overhead. 

Ill Option B: Purchase the part from outside for $13 per part, including shipping. 

li!I Option C: Replace the old machine with the new model. The newer model 
would cost $55,000 and would depreciate according to a seven-year MACRS 
method. The new machine, if purchased, could be sold for $15,000 in three years. 
It would cut direct labor costs to $1.50 per unit and variable costs to $0.75 per 
part. If the new model is acquired, the old machine would be sold for $25,000. 
(a) When Option Bis compared with Option A, determine the break-even 

outsourcing unit cost. 
(b) When Option Bis compared with Option C, determine the break-even 

outsourcing cost per unit. 
(c) Which alternative is the most economical? 

11.10 A plant engineer wishes to know which of two types of lightbulbs should be 
used to light a warehouse. The bulbs currently used cost $45.90 per bulb and last 
14,600 hours before burning out. The new bulb ($60 per bulb) provides the same 
amount of light and consumes the same amount of energy but lasts twice as long. 
The labor cost to change a bulb is $16.00. The lights are on 19 hours a day, 365 
days a year. If the firm's MARR is 15%, what is the maximum price (per bulb) 
the engineer should be willing to pay to switch to the new bulb? (Assume that the 
firm's marginal tax rate is 40%.) 

11.11 Barbara Thompson is considering the purchase of a piece of business rental property 
containing stores and offices at a cost of $350,000. Barbara estimates that annual 
receipts from rentals will be $55,000 and that annual disbursements. other than 
income taxes, will be about $18,000. The property is expected to appreciate at the 
annual rate of 5%. Barbara expects to retain the property for 20 years once it is 
acquired. Then it will be depreciated on the basis of the 39-year real-property class 
(MACRS), assuming that the property would be placed in service on January 1. 
Barbara's marginal tax rate is 30%, and her MARR is 10%. What would be the mini
mum annual total of rental receipts that would make the investment break even'? 



11.12 A firm is considering two different methods of solving a production problem. 
Both methods are expected to be obsolete in six years. Method A would cost 
$80,000 initially and have annual operating costs of $22,000. Method B would 
cost $52.000 initially and have annual operating costs of $17,000. The salvage 
value realized with Method A would be $20,000 and with Method B would 
be $15,000. Method A would generate $16,000 of revenue a year more than 
Method B. Investments in both methods depreciate as a five-year MACRS 
property class. The firm's marginal income-tax rate is 40%. The firm's MARR 
is 20%. What would be the required additional annual revenue for Method A 
so the firm would be indifferent in its choice of method? 

11.13 A national newspaper publishing group is considering introducing a new morn
ing newspaper in Denver. Its direct competitor charges $0.75 per copy at retail, 
with $0.15 going to the retailer. For the level of news coverage the company 
desires, the fixed cost of editors, reporters, rent, press-room expenses, and wire
service charges are determined to be $300,000 per month. The variable cost of 
ink and paper is $0.20 per copy, but advertising revenues of $0.10 per paper will 
be generated. To print the morning paper, the publisher has to purchase a new 
printing press, which will cost $600,000. TI1e press machine will be depreciated 
according to the method for the seven-year MACRS class. The press machine 
will be used for 10 years, at which time its salvage value will be about $100,000. 
Assume 25 weekdays of printing in a month, a 40% tax rate, and a 12% MARR. 
How many copies per day must be sold at a selling price of $0.50 per copy at 
retail in order for the publishing group to break even? 

11.14 Weldon Cutting Tools Company is considering the purchase of a new broach
ing machine to produce finished parts. Two types of broaching machines are 
available on the market. The lives of Machine A and Machine B are 8 years 
and 10 years, respectively. The machines have the following receipts and 
disbursements: 

First cost $65,000 $83,500 

Service life 8 years 10 years 

Salvage value $5,000 $8,000 

Annual O&M costs $7,500 $5,800 

Depreciation (MACRS) 7year 7year 

Assume an after-tax MARR of 10% and a marginal tax rate of 30%. 
(a) Which machine would be most economical to purchase under an infinite plan

ning horizon? Explain any assumption that you need to make about future 
alternatives. 

(b) Determine the break-even annual O&M costs for Machine A so that the 
present worths of Machines A and B are the same. 

( c) Suppose that the required service life of the machine is only five years. The es
timated salvage values at the end of the required service period are estimated 
to be $13,000 for Machine A and $18,500 for Machine B. Which machine is 
more economical? 
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Scenario Analysis 
11.15 Peabody Corporation has the following base-case estimates for its new small 

engine assembly project: 

• Price per un it= $500 

• Variable costs = $120 per unil 

• Fixed costs = $2.5 million 

• Demand = 20,000 units per year 

• Capital investment = $8 million a1 year 0 

• Product li fe = 8 years 

• Salvage value = $500,000 

• D epreciation method =seve n-year MACRS 

• Tax rate= 35% 

• MAR R = l2% 

Suppose the company believes that all of its estirnales (except the product life, 
depreciation method, tax rale, and MARR) are accurate only 10 within ±20%. 

(a) What is the NPW of the project based on its base-case scenario? 

(b) What is the NPW of the project based on its best-case scenario? 
(c) What is the worst-case scenario? 

(d) What conclusion would you make aboul the project after seeing the scenario 
analyses? 

11.1 6 Suppose you are considering an investment project that requires $800.000, has 
a six-year life, and has a salvage value of $100,000. Sales volume is projected 
10 be 65,000 units per year. Price per un it is $63, variable cos! per unit is $42, 
and fixed costs are $532,000 per year. The depreciation method is a five-year 
MAC RS. 1l1e tax rate is 35% and you ex pect a 20% relurn on this investment. 
(a) De1e rmine Lhe break-even sales volume. 

(b) Ca lculate the cash flows o( the base case over six years and its NPW. 
(c) lf the sales price per uni t increases to $400, what is the required break-even 

volume? 
(d) Suppose the projections given for price, sales volume, variable costs, and 

fixed costs are all accurale to wi thin ± 15% . What would be the NPW Cigures 
of th e best-case and wors t-case scenarios? 

Pro babilistic Analysis 
11. 17 The fo llowing in fo rmation is avai lable about Henson Manufacluring Co.: 

Probability Reh1m on Investment 

0.1 5 5% 

0.25 15% 

0.35 22% 

0.15 30% 

0.10 40% 

Compute Henson's expected return and standard deviation. 



11.18 Suppose that you are considering an investment project with a two-year life. If 
the annual cash flows are given in terms of three-point estimates and these cash 
flows are statistically independent of each other, compute the mean and vari
ance of the NPW distribution. Use a risk-free discount rate of 10%. 

J-iTu!,~~!Ol~J;<~llD~J~-~-~!;q§la!i~'lllff~~!ll~!~[~c~, 
0 -$10,000 -$8,000 -$7,000 

1 $5,000 $12,000 $15,000 

2 $4,000 $10,000 $13,000 

11.19 A corporation is trying to decide whether to buy the patent for a product 
designed by another company. The decision to buy will require an investment 
of $8 million, and the demand for the product is not known. If demand is light, 
the company expects a return of $1.3 million each year for three years. If the 
demand is moderate, the return will be $2.5 million each year for four years, 
and a high demand will mean a return of $4 million each year for four years. It 
is estimated that the probability of a high demand is 0.4 and the probability of 
a light demand is 0.2. The firm's interest rate (risk free) is 12%. Calculate the 
expected present worth of the investment. On this basis, should the company 
make the investment? (All figures represent after-tax values.) 

11.20 Consider the following investment cash flows over a three-year life: 

0 

1 
2 

3 

-$1,000 

$500 

$1,500 

$800 

0 

2002 

3002 

1002 

(a) If all cash flows are mutually independent, compute E(NPW) and Var(NPW) 
at i = 10%. 

(b) If all annual cash flows are normally distributed with the means and vari
ances as previously specified, compute the probability that the project will 
make a profit higher than its expected NPW. 

11.21 Assume that we can estimate a project's cash flows as follows: 

0 -$300 $20 

1 $120 $10 
2 $150 $15 
3 $150 $20 

4 $110 $25 

5 $100 $30 
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In this case, each annual flow can be represented by a random variable with 
known mean and variance. Further assume complete independence among the 
cash flows. 
(a) Find the expected NPW and the variance of this project at i = 10%. 
(b) If all cash flows are normally distributed with the given means and variances, 

what is the probability that the NPW will exceed $200? 

11.22 A consumer electronics firm is trying to decide whether to invest $18M in a new 
plant for expanding its output of cell phones. Management forecasts that the 
new expansion will generate incremental net cash flows over the next five years 
as follows: 

0 -$18M 0 

1 $SM $8M 

2 $8M $9M 

3 $12M $10M 

4 $10M $SM 
5 $SM $3M 

(a) If the firm's discount rate is 12%, determine the mean and variance of the 
NPW. 

(b) If all annual cash flows are normally distributed with the means and variances 
as previously specified, compute the probability that the project will lose 
money. 

11.23 Consider an investment with the following projected cash flows: 

0 

1 

2 

-$2,500 

$2,200 

$1,800 

too2 
2oo2 
3oo2 

The distributions are assumed to be independent of each other. 
(a) Compute the mean of the NPW al i = 10%. Using just the mean value, 

would the investment be accepted? 
(b) Compute the standard deviation of the NPW distribution. 
(c) Compute the two standard deviations below the mean. If these cash flows 

are normally distributed with the means and variances as previously speci
fied, what is the probability that the actual NPW will fall 2u below the 
mean? 

Comparing Risky Projects 
11.24 You are considering investing in one of two projects, which have the following 

returns and probabilities of occurrence: 



JWV~%kt!W.f&0Efiitf%f.&m;:itii~fJffl.:A}\~~lm:~~!!.tJl~~~rt~tii~ 
.lti\'f'~~~~J.~?!lli1fYxN¥:~~.:~'rnrni:m%'1».:m;lt1·111!10:n% 

0.10 -20% 

0.20 0 

0.25 10% 

0.30 15% 

0.10 20% 

0.05 40% 

(a) Compute the mean return for each project. 
(b) Compute the variance of return for each project. 
(c) Which project would you prefer, and why? 

-35% 

-10% 

15% 

25% 

40% 

50% 

11.25 You arc considering two mutually exclusive projects with the following cash 
flows: 

Investment required 1.0 $150,000 $180;000 

Annual cash flows and 0.3 $35,000 $45;000 
probabilities of occurrence 0.5 $40,000 $55,000 
for each of five years 0.2 $50,000 $67,000 

(a) Compute the mean and variance of NPW distribution for each project using 
i = 12%. Assume that project cash flows are mutually independent. 

(b) Which project has a higher probability of losing money? 

11.26 Juan Carols is considering two investment projects whose PWs are described as 
follows: 
rm Project 1: PW(10%) = 2X(X - Y), where X and Y are statistically inde

pendent discrete random variables with the following distributions: 

ml Project 2: 

$20 

$40 

0.30 

0.70 

$10 

$20 

lflITfiiw~~~~~K@IY·i:i! 
0 0.24 

$400 0.20 

$1,600 0.36 

$2,400 0.20 

0.60 

0.40 
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The cash flows between the two projects are assumed to be statistically 
independent. 
(a) Develop the NPW distribution for Project 1. 
(b) Compute the mean and variance of the NPW for Project 1. 
(c) Compute the mean and variance of the NPW for Project 2. 
(d) Suppose that Projects 1 and 2 are mutually exclusive. Which project would 

you select? 

11.27 A financial investor has an investment portfolio. A bond in her investment port
folio will mature next month and provide her $25,000 to reinvest. The choices 
for reinvestment have been narrowed to the following two options: 
Ill Option 1: Reinvest in a foreign bond that will mature in one year. This 

transaction will entail a brokerage fee of $150. For simplicity, assume that 
the bond will provide interest over the one-year period of $2,450, $2,000, or 
$1,675 and that the probabilities of these occurrences are assessed to be 0.25, 
0.45, and 0.30, respectively. 

Ill Option 2: Reinvest in a $25,000 certificate with a savings and loan associa
tion. Assume that this certificate has an effective annual rate of 7.5%. 

Which form of reinvestment should the investor choose in order to maximize 
her expected financial gain? 

11.28 A manufacturing firm is considering two mutually exclusive projects. Both 
projects have an economic service life of one year with no salvage value. The 
first cost or Project 1 is $1,000, and the first cost or Project 2 is $800. The net 
year-end revenue for each project is given as follows: 

Net revenue given in PW 

Net revenue given in PW 

Project 1 

0.2 $2,000 

0.6 $3,000 

0.2 $3,500 

0.3 

0.4 

0.3 

$1,000 

$2,500 

$4,500 

Assume that both projects are statistically independent or each other. 
(a) If you make decisions by maximizing the expected NPW, which project 

would you select? 
(b) If you also consider the variance of the projects, which project would you 

select? 

11.29 A business executive is trying to decide whether to undertake one of two con
tracts or neither one. He has simplified the situation somewhat and feels that it 
is sufficient to estimate that the contracts can be compared as follows: 



$50,000 

$0 

0.4 
0.4 

$10,000 

-$10,000 0.3 

(a) Should the executive undertake either one of the contracts? If so, which 
one? What would he choose if he were to make decisions by maximizing his 
expected PW? 

(b) What would be the probability that Contract A would result in a larger profit 
than that of Contract B? 

11.30 1\vo machines are being considered for a cost-reduction project: 
111!1 Machine A has a first cost of $60,000 and a salvage value (after tax) of 

$22,000 at the end of six years of service life. Probabilities of annual after
tax operating costs of this machine are estimated as follows: 

$8,000 

$10,000 

$12,000 

0.30 

0.30 
0.20 

m Machine B has a first cost of $35,000, and its estimated salvage value (after 
tax) at the end of four years of service is negligible. Probabilities of its 
annual after-tax operating costs are estimated as follows: 

$10,000 

$12.000 
$14,000 

0.30 
0.40 

0.20 

The MARR on this project is 10%. The required service period of these machines 
is estimated to be 12 years, and no technological advance in either machine is 
expected. 
(a) Assuming statistical independence of the two projects' cash flows, calculate 

the mean and variance for the equivalent annual cost of operating each 
machine. 

(b) From the results of part (a), calculate the probability that the annual cost of 
operating Machine A will exceed the annual cost of operating Machine B. 

11.31 1\vo mutually exclusive investment projects are under consideration. It is assumed 
that the cash flows are statistically independent random variables with means and 
variances estimated as follows: 
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1 

2 

$4,000 

$4,000 

1,00<>2 

1,0oo2 

t,5oo2 

ProjectB 

0 

1 

2 

-$10,000 

$6,000 

$8,000 

2,00<>2 

1,5002 

2,ooo2 

(a) For each project, determine the mean and standard deviation for the PW 
using an interest rate of 15%. 

(b) From the results of part (a), which project would you recommend? 

Cost of Capital 
11.32 Calculate the after-tax cost of debt under each of the following conditions: 

(a) Interest rate, 12%; tax rate, 25%. 
(b) Interest rate, 14%; tax rate,34%. 
(c) Interest rate, 15%; tax rate,40%. 

11.33 The estimated beta (/3) of a firm is 1.7. The market return (rm) is 14 %, and the 
risk-free rate (r1) is 7%. Estimate the cost of equity (ie). 

11.34 A firm's cost of equity Ue) is 25%. Its before-tax cost of debt is 12%, and its 
marginal tax rate is 40%. The firm's capital structure calls for a debt-to-equity 
ratio of 40%. Calculate the firm's cost of capital (k). 

11.35 Consider the estimated beta values as of June 30, 2011, for the following 
companies: 

Coca Cola 0.60 

Microsoft 0.80 
General Electric 1.20 
Alcoa Inc. 1.45 

If the risk-free rate is 4.35% and the average market return is 11.5%, estimate 
each company's cost of equity capital. 

11.36 An automobile company is contemplating issuing stock to finance an invest
ment in producing a new sport-utility vehicle. The annual return to the market 
portfolio is expected to be 15% and the current risk-free interest rate is 5%. The 
company's analysts further believe that the expected return to the project will 
be 20% annually. What is the maximum beta value that would induce the auto 
maker to issue the stock? 



Risk-Adjusted Discount Rate Approach 
11.37 Consider Problem 11.20. If you use a 25% risk-adjusted discount rate approach, 

would this project be justified? 

11.38 Consider Problem 11.21. If your risk-adjusted discount rate is 18%, is this pro
ject justifiable? 

11.39 Consider Problem 11.22. Determine the risk-adjusted discount rate at which the 
project breaks even. 

Short Case Studies with Excel 
11.40 Boston Metal Company (BMC), a small manufacturer of fabricated metal parts, 

must decide whether to compete to become the supplier of transmission hous
ings for Gulf Electric. Gulf Electric produces transmission housings in its own 
in-house manufacturing facility, but it has almost reached its maximum produc
tion capacity. Therefore, Gulf is looking for an outside supplier. To compete, 
BMC must design a new fixture for the production process and purchase a new 
forge. The available details for this purchase are as follows: 
liill The new forge would cost $125,000. This total includes retooling costs for 

the transmission housings. 
liJ If BMC gets the order, it may be able to sell as many as 2,000 units per year 

to Gulf Electric for $50 each, and variable production costs (such as direct
labor and direct-material costs) will be $15 per unit. The increase in fixed 
costs. other than depreciation, will amount to $10,000 per year. 

II The firm expects that the proposed transmission-housings project will 
have about a five-year project life. The firm also estimates that the amount 
ordered by Gulf Electric for the first year will also be ordered in each of 
the subsequent four years. (Due to the nature of contracted production, the 
annual demand and unit price would remain the same over the project after 
the contract is signed.) 

!fill The initial investment can be depreciated on a MACRS basis over a seven
year period, and the marginal income-tax rate is expected to remain at 40%. 
At the end of five years, the forge is expected to retain a market value of 
about 32% of the original investment. BMC's MARR is known to be 15%. 

What Makes BMC Managers Worry: BMC's managers are uneasy about this pro
ject because too many uncertain elements have not been considered in the analysis: 
ill If it decides to compete for the project, BMC must invest in the forging 

machine in order to provide Gulf Electric with samples as a part of the bid
ding process. If Gulf Electric does not like BMC's samples, BMC stands to 
lose its entire investment in the forging machine. 

ill If Gulf likes BM C's samples, but feels that they are overpriced, BMC would 
be under pressure to bring the price in line with those of competing firms. 
Even the possibility that BMC would get a smaller order must be consid
ered, as Gulf may use its overtime capacity to produce some units in-house 
instead of purchasing the entire number of units it needs. BMC is also not 
certain about the variable- and fixed-cost projections. 

Recognizing these uncertainties, the managers want to assess a variety of pos
sible scenarios before making a final decision. Put yourself in BMC's manage
ment's position mentally, and describe how you might address the uncertainty 

Problems 525 



526 CHAPTER 11 Handling Project Uncertainty 

associated with the project. In doing so, perform a sensitivity analysis for each 
variable and develop a sensitivity graph. 

$35,000 

0.50 

0.30 

5% 

7% 

0.50 

0.25 

11.41 MG Cutting Systems is considering an investment project with the following 
parameters, where all cost and revenue figures are estimated in constant dollars: 
Iii The project requires the purchase of a $23,000 asset, which will be used 

for only two years (project life). The project also requires an investment of 
$3,000 in working capital, and this amount will be fully recovered at the end 
of year 2. 

1!11 The salvage value of this asset at the end of two years is expected to be 
$6,000. 

Ill The annual revenue and the general inflation rate are discrete random vari-
ables but can be described by the following probability distributions: 

Both random variables are statistically independent. 
DD The investment will be classified as a three-year MACRS property (tax life). 
ml It is assumed that the revenues, salvage value, and working capital are 

responsive to the general inflation rate. 
ml The revenue and inflation rate dictated during the first year will prevail over 

the remaining project period. 
1111 The marginal income-true rate for the firm is 40%. The firm's inflation-free 

interest rate (i') is 10%. 
(a) Determine the PW as a function of X. 
(b) Compute the expected NPW of this investment. 
(c) Compute the variance of the PW of this investment. 

11.42 Mount Manufacturing Company produces industrial and public-safety shirts. 
As is done in most apparel manufacturing, the cloth must be cut into shirt parts 
in accordance with patterns marked on sheets of paper, which indicate the way 
that the particular cloth is to be cut. At present, these patterns are marked 
manually, and the annual labor cost of the process is running around $103,718. 
Mount has the option of purchasing one of two automated marking systems. 
The two systems are the Lectra System 305 and the Tex Corporation Marking 
System. The comparative characteristics of the two systems are as follows: 

Annual material savings 
Investment cost 
Estimated life 
Salvage value 

Depreciation method (MACRS) 

$136,150 

6years 
$20,000 

5year 

$51,609 

$274,000 

$195,500 

6years 

$15,000 

5year 



The firm's marginal tax rate is 40%, and the interest rate used for project evalu
ation is 12% after taxes. 
(a) Based on the most likely estimates, which alternative is better? 
(b) Suppose that the company estimates the material savings during the first 

year for each system on the basis of the following probability distributions: 

Lectra System 

$150,000 

$230,000 

$270,000 

Tex System 

0.25 

0.40 

0.35 

1r~tJ1~~1~,.n-:M•~~$!1!!!1tiY1~ 
$200,000 0.30 

$274,000 0.50 

$312,000 0.20 

Further assume that the annual material savings for both Lectra and Tex are 
statistically independent Compute the mean and variance for the equivalent 
annual value of operating each system. 

11.43 The following is a comparison of the cost structure of a conventional manufac
turing technology (CMT) system with that of a flexible manufacturing system 
(FMS) at one U.S. firm: 

Most Likely Estimates 

Number of part types 3,000 3,000 

Number of pieces produced/year 544,000 544,000 

Variable labor cost/part $2.15 $130 

Variable material cost/part $153 $1.10 

Total variable cost/part $3.68 $2.40 

Annual overhead costs $3.15M $1.95M 

Annual tooling costs $470,000 $300,000 

Annual inventory costs $141,000 $31,500 

Total annual fixed operating costs $3.76M $2.28M 

Investment $3.5M $10M 

Salvage value $05M $1M 

Service life to years 10 years 

Depreciation method (MACRS) 7year 7year 

(a) The firm's marginal tax rate and MARR are 40% and 15%, respectively. 
Determine the incremental cash flow (FMS - CMT) based on the most 
likely estimates. 
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(b) Management feels confident about all input estimates for the CMT. How
ever, the firm does not have any previous experience in operating an 
FMS. Therefore, many of the input estimates for that system, except the 
investment and salvage value, are subject to variation. Perform a sensitiv
ity analysis on the project's data, varying the elements of the operating 
costs. Assume that each of these variables can deviate from its base-case 
expected value by ±10%, ±20%, and ±30%. 

(c) Prepare sensitivity diagrams and interpret the results. 
(d) Suppose that probabilities of the variable material cost and the annual 

inventory cost for the FMS are estimated as follows: 

Material Cost 

l·~;;{:::1R:t§!fli!~k~lM.·.t@J:.,'\ .. !M:i'·:·Mi:tP.~~!!i¥Y'&.l·'.'··@n 
$1.00 0.25 

$1.10 0.30 

$1.20 

$1.30 

$1.40 

Inventory Cost 

0.20 

0.20 

0.05 

l~~!ilr~lJ!'.; .. i~~hI'1l&W~ml~m~1'.i! 
$25,000 0.10 

$31,000 0.30 

$50,000 

$80,000 

$100,000 

0.20 

0.20 

0.20 

What are the best and the worst cases of incremental PW? 
(e) In part (d), assuming that the random variables of the cost per part and the 

annual inventory cost are statistically independent, find the mean and vari
ance of the PW for the incremental cash flows. 

(f) In parts (d) and (e), what is the probability that the FMS would be a more 
expensive investment option? 
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Rep lace men t 
Decisions 
The Cost to Bridge the Gap The three-mile Tappan Zee 
Bridge, located about 13 miles north o f New Yo rk C ity, carries the 
New York State Thruway over the Hudson River, between Rockland 

and W estchester Counties. The structure serves as a lifeli ne betwee n 

New Yo rk C ity and Upstate New York. The bridge carries about 
140,000 vehicles every day, with volumes as high as 170,000 veh icles 

daily. When the bridge opened in 1955, it carried an average of 18,000 

vehicles daily in the first year of its opening. 
T his bridge is one of the many conduits to New York City, bringing 

bus- and carloads of commuters to work each day. And while the 

bridge's necessity is clearly evident, the New York State Thruway 

Authority-which is currently facing serious deficits in budgets and 

funding-was faced with a tough decision: dump a fortune into repairs 
(approximately $ 148 million a year) or spend billions of dollars on 
building an entirely new bridge. 

Recommendations co ncerni ng bridge replacement and t ransit 

modes we re made at the end of 2008 in conjunctio n with public 

information meetings. The results o f these screen ings are documented 
in two reports: 

• Rehabilitation and replacement of the Tappan Zee Bridge as docu
mented in the Alternatives Analysis (or Rehabilitation and Replacement 
o( the Toppan Zee Bridge report, March 2009. Replacement of the 

bridge is recommended. 

• Selection of a transit mode (as documented in the Transit Mode 
Selection Report, May 2009). A cross-corridor bus rapid transit (BRT) 



system is recommended from Suffern, NY to Port Chester, NY and a 
commuter rail transit (CRT) system is recommended across Rockland 
County (from Suffern, NY), across the replacement Tappan Zee Bridge, 
with a direct connection to the Hudson li ne in Tarrytown for the service 

to Grand Central Terminal. 

11 11 11 

531 
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But knowing the best way to improve this one bridge wasn't necessari ly 
the entire problem. The bridge is one of approximately 3000 bridges in the 

state that are classified as a "deficient," meaning that they are functionally 

safe but in need of repair, whether general maintenance or emergency repair. 
The state rejected a $26 billion repair proposal that would span five years. 

In the midst of an ever-growing economic crunch, plans were scaled back to 

cover only two years. 
The difficult part was determining who would pay the price tag for 

these repairs and for a potentially new bridge in the case of the Tappan Zee. 
Estimated costs for a new bridge ran from $9 billion to $ 16 billion: with 

$ 16 billion accounting for the full BRT system. The costs were argued by 
vehemently by both advocates and detractors of the BRT system. 

Faced with the prospect of absorbing such costs wh ile potentially 

building a new bridge, the New York State Thruway Authority and the state 
began to pursue private financial options and investors. 

In October 20 I I, the Federal Highway Administration and the Federal 
TransitAdministration rescinded all environmental studies regarding the BRT 
option and quickly greenlighted the bridge's replacement for cars and trucks 

only. The cost is now estimated at $5.2 billion. Construction is set to begin 

in 2013 with the bridge opening for traffic in 20 17. 

I 
n Chapters 5 through 7. we presented methods to help us choose the best invest
ment alternati ve. The problems we examined in those chapters primarily concern 
profit-adding projects. However, economic analysis is also freq uently perfo rmed on 
projects with existing facilities or profit-main taining projects. Profit-mai ntaining 

projects a re projects whose primary pu rpose is not to increase sa les but rather 
simply to ma intain ongoing opera ti ons. In practice, profit -maintaining projects less 
frequent ly involve the comparison of new mach ines; instead, the problem-which 
we can classify as a rcplaccmcnl problem-often fac ing manage ment is whether 10 

buy new and more efficient equipment or lo continue to use existing equipment. In 
this chapter. we examine the basic co ncepts and techniques rela ted to replacemen t 
analysis. 

lfWI Replacement-Analysis Fundamentals 
In this section and the following two secti ons, we examine three aspects of the replace
ment problem: (1) approaches for comparing defender and challenger; (2) determina
tion of economic service life: and (3) replacement analysis when the required service 
period is long. The impact of income-tax regulations will be ignored in these sections. Tn 
Section 12.4, we revisit these replacement problems and consider the effects of income 
taxes on them. 
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12.1. I Basic Concepts and Terminology 
Replacement projects are decision problems involving the replacement of existing ob
solete or worn-out assets. The continuation of operations is dependent on these assets. 
Failure to make an appropriate decision results in a slowdown or shutdown of the op
erations. The question is when the existing equipment should be replaced with more 
efficient equipment. This situation has given rise to the use of the terms defender and 
challenger, terms commonly used in the boxing world. In every boxing class, the cur
rent defending champion is constantly faced with a new challenger. In replacement 
analysis, the defender is the existing machine (or system), and the challenger is the best 
available replacement equipment. 

The question is not whether an existing piece of equipment will be removed but 
when it will be removed. An existing piece of equipment will be removed at some 
future time either when the task it performs is no longer necessary or when the task 
can be performed more efficiently by newer and better equipment. The question, then, 
is why we should replace existing equipment at this time rather than postponing re
placement of the equipment by repairing or overhauling it. Another aspect of the 
defender-challenger comparison concerns deciding exactly which equipment is the 
best challenger. If the defender is to be replaced by the challenger, we would generally 
want to install the very best of the possible alternatives. 

Current MarketValue 
The most common problem encountered in considering the replacement of existing 
equipment is the determination of what financial information is actually relevant to the 
analysis. Often, the inclusion of irrelevant information in the analysis is apparent. To 
illustrate this type of decision problem, let us consider Example 12.1. 

EXAMPLE 12.1 Relevant Information for Replacement 
Analysis 

Steve Hausmann, a production engineer at Euro Fashion-USA, a European-style 
furniture company, was considering replacing a 1,000 lb capacity industrial fork
lift truck, which was purchased three years ago for $18,000. The truck was being 
used to move assembled furniture from the finishing department to the warehouse. 
Recently, the truck had not been dependable and had been frequently out of 
service while awaiting repairs, a situation that eventually cost the company $3,000. 
Maintenance expenses were rising steadily. When the truck was not available, the 
company had to rent one. In addition, the forklift truck was diesel operated, and 
workers in the plant were complaining about the air pollution. If retained, the 
truck would have required an immediate engine overhaul to keep it in operable 
condition. The overhaul would have neither extended the originally estimated ser
vice life nor increased the value of the truck. Steve has found that the current truck 
has a book value of $0 (fully depreciated) and a market value of $7,500 today. 

Steve is considering an electric forklift truck as a replacement, which would 
eliminate the air-pollution problem entirely. The new electric lift truck is quoted at 
$20,000. The equipment dealer will allow Steve $8,000 as trade-in on a new truck. 
What value(s) for the defender is (are) relevant in our analysis? 
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DISSECTING THE PROBLEM 

METHODOLOGY 

Given: Financial data and history of the def ender. 

Find: Identify all cost information relevant to making the best replace
ment decision. 

---- -----~- -~--~-

SOLUTION 

Use the process of elimination. In this example, four different dollar figures relating to the defender are 
presented: 

1. Original cost: $18,000. 
2. Market value: $7,500. 
3. Book value: $0. 
4. Trade-in allowance: $8,000. 

In all replacement analyses, the relevant cost is the current market value 
of the equipment. The original cost, repair cost, and trade-in value are 
irrelevant.2 A common misconception is that the trade-in value is al
ways the same as the current market value of the equipment and thus 
could be used to assign a suitable current value to the equipment. This 
is not always the case. For example, a car dealer typically offers a trade
in value on a customer's old car to reduce the price of a new car. Would 
the dealer off er the same value on the old car if he or she were not also 
selling the new one to the customer? Not usually. In many instances, the 
trade-in allowance is inflated in order to make the deal look good, and the 
price of the new car is also inflated to compensate for the dealer's 
trade-in cost. In this type of situation, the trade-in value does not rep
resent the true value of the item, so we should not use it in economic 
analysis.3 

Sunk Costs 

A sunk cost is any past cost unaffected by any future investment decision. In Example 12.1, 
the company recently spent $3,000 to repair the truck. However, if the truck were sold 
today, the company could get only $7,500 back. It is tempting to think that the company 
could count the $3,000 repair cost, in addition to the cost of the new truck, if the old truck 
were to be sold and replaced with a new one, but this interpretation is incorrect. In a proper 
engineering economic analysis, only future costs should be considered; past, or sunk, costs 
should be ignored. Thus, the value of the defender that should be used in a replacement 
analysis should be the current market value, not the cost when defender was originally pur
chased and not the cost of repairs that have already been made on it. 

Sunk cost refers to money that has already been spent; no present action can re
cover it. These costs are the results of decisions made in the past. In making economic 

2 The original cost and current book value are relevant when you calculate any gains or losses associated 
with the disposal of the equipment. 
3 If we do make the trade, however, the actual net cash flow at this time, properly used, is certainly 
relevant. 
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decisions, we must consider options with only future results in mind-hopefully with the 
best possible future results. Incorporating sunk costs into the decision-making process 
would lead only to more bad decisions. 

Operating Costs 

The driving force in the decision to replace existing equipment is that equipment be
comes more and more expensive to operate over time. The total cost of operating a piece 
of equipment may include repair and maintenance costs, wages for operators, energy con
sumption costs, and costs of materials. Increases in any one or a combination of these cost 
items over time may lead us to want a replacement for the existing asset. Since the chal
lenger is usually newer than the defender and often incorporates design improvements 
and more advanced technology. it likely will be cheaper to operate than the defender. 

Whether these savings in operating costs offset the initial investment of buying the 
challenger thus becomes the focus of our analysis. It is important to focus on those op
erating costs that differ between the defender and challenger. In many cases, projected 
labor, energy, and material costs may be identical for each asset-whereas repair and 
maintenance costs will differ because older assets require more maintenance. Regard
less of which cost items we choose to include in the operating costs for our analysis, it is 
essential that the same items are included for both the defender and the challenger. For 
example, if energy costs are included in the operating costs of the defender, they should 
also be included in the operating costs of the challenger. 

12.1.2 Approaches for Comparing Defender and Challenger 
Although replacement projects are a subcategory of the mutually exclusive projects 
we studied in Chapter 5, they do possess unique characteristics that allow us to use 
specialized concepts and analysis techniques in their evaluation. We consider two 
basic approaches to analyzing replacement problems: the cash flow approach and 
the opportunity-cost approach. We start with a replacement problem where both the 
defender and the challenger have the same useful life. 

Cash-Flow Approach 
This approach can be used as long as the analysis period is the same for all replace
ment alternatives. In particular, with the actual cash flow approach, the salvage value 
of the defender is credited against the purchase price of the challenger. In other 
words, we explicitly consider the actual cash-flow consequences for each replacement 
alternative and compare them, using either PW or AE values. 

EXAMPLE 12.2 Replacement Analysis Using the Cash-Flow 
Approach4 

Adams Corporation is considering the purchase of equipment employing ad
vanced technology to lower production costs in a product line. At the end of the 
third year, management will close down the line and liquidate the remaining assets. 

4Tuis problem statement is adapted from "Replacement Decision: Getting It Right," Business Horizon, 
50 (2007):231-237. 
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The project will require an investment of $500,000 in plant upgrade and equip
ment and an additional $30,000 in working capital, which will be recovered in full 
at the end of year 3. 

Over its three-year useful life, the new equipment will reduce labor and raw 
materials usage sufficiently to cut operating costs from $9,000,000 to $8,850,000. It 
is estimated that the new equipment can be sold for $150,000 at the end of year 3. 
If the new equipment were purchased, the old machine would be sold to another 
company for $170,000 rather than be traded in for the new equipment. If the old 
equipment is kept for three more years, the salvage value would be reduced to 
$70,000.Adams management uses 10% to discount the cash flows. Decide whether 
replacement is justified now, ignoring any tax consideration. 

DISSECTING THE PROBLEM 

Given: Financial data for both defender and challenger, N = 3 years, 
i = 10% per year. 

METHODOLOGY 
Use cash flow values to find the 
present worth of each option and 
then the annual-equivalent value 
for each. 

Find: Whether to replace the def ender now. 

SOLUTION 

• Option 1: Keep the old equipment. If the old equipment is kept, 
there is no additional cash expenditure today. The machine is in good 
operational condition. The annual operating cost for the next three 
years will be $9,000,000 per year, and the equipment's salvage value 
three years from today will be $70,000. The cash-flow diagram for 
the defender is shown in Figure 12.l(a). 

Sales proceeds 

0 

from selling defender~ 

$70,000 

2 3 

$9,000,000 $9,000,000 $9,000,000 

(a) Defender 

$170.000 $30,000 
~ 
I $150,000 
I 
•o 2 3 

, $500,000 

~ $30,000 

' ' '. 
$8,850,000 $8,850,000 $8,850,000 

(b) CbaUenger 

Figure 12.1 Comparison of defender and challenger based on the cash-flow 
approach 
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• Oplion 2: Sell lhc old cq11ip111c111 and buy new. I f this option is taken, the de
fender (designated as D) ca n be sold for $170,000.111e cost of rhe challenger 
(designated as C) is $530,000. 111us. the initial combined cash now for this op
t ion is - $530,000 + $170.000 = - $360,000. 111e annual operating cost of the 
challenger is $8,850.000. ·111c salvage value of the challenger after three years 
will be $150.000. and the $30,000 working capital will be fully recovered as well. 
111e c<1sh-now diagram for this option is shown in Figure 12.1 (b ). 

We now use these cash now values to find the present worth of each op
tion and then use this value to find the annual-equivalen t value for the option. 
For the defender, we have 

PW( l0%)n = - $9.0CXJ.OOO(P / A. 10%. 3) + $70,000(P/ F. 10%. 3) 

= - $22.329.076. 

/\EC(10%)0 = $22.329,076(A / P. 10%. 3) 

= $8.978.852. 

For the challenger. we have 

P\V(10% )( = - $360,CXlO - $8.850.000(P/ A. 10%. 3) 

+ $180.000(P/ F. 10%. 3) 

= - $22,233,402. 

AEC(l0%)c = $22,233,402(A / P.10%, 3) 

= $8,940,380. 

Because of the annual difference of $38.472 in favor of the cha llenger. the 
replacement should be made now. 

COM MENTS: Once again. the cash-now approach works when both the defender 
and challenger have the same service lives. Lf not. we must make some adjustment 
to our analysis in calculating the A EC for the challenger. Suppose the challenger's 
life is six years, instead of three yea rs, then the $170,000 current salvage va lue of 
the defender shou ld be spread over the three-year li fe of the chnllcngcr (not over 
the six-year life) as the remaining life of the defender is only three years. Other
wise, there is a distortion of the AEC figures. 

Opportuni ty-Cost Approach 

Another way to analyze such a problem is to charge the $170,000 as an opporlunity 
co!.I of keeping the asset.5 That is, instead of deducting the salvage va lue from the 
purchase cost of the challenger, we consider the salvage value as a cash outnow for 
the defender (or investment required in keeping the defender). In replacemen t analy
sis, the opportunity-cost approach is more commonly used when the de[ender and 
challenger have unequnl lifc timcs. 

~ ·n1e opportunity-cost concept should not he confused with the ou1sidcr-vicwpoint approach. which is 
commonly described in traditional engineering economics texts. 111e outsider-viewpoint method approach
es a typical replacement problem from the standpoin t of a person (un outsider) who has a need for the 
service that the defender or challenger c:rn provide but owns neither. ' llli' view ha'> some conceptual naws. 
however. For example. the outsider purchase\ the defender at the seller's market price (or seller's ta.x rate) 
and assumes the seller's depreciation schedule. In practice. hm,·e,·er. if) ou place a used asset in service. you 
\\ill be able to depreciate it even though the asset may have been fully depreciated by the previous owner. 
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EXAMPLE 12.3 Replacement Analysis Using the 
Opportunity-Cost Approach 

Rework Example 12.2 using the opportunity-cost approach. 

-----,---------~--·------ ------

DISSECTING THE PROBLEM 

Recall that the cash-flow approach in 1 

Example 12.2 credited proceeds in the · 
amount of $170,000 from the sale of the 
def ender toward the $500,000 purchase 
price of the challenger, and no initial 
outlay would have been required had . 
the decision been to keep the defender. ' 

METHODOLOGY 

Use PW or AE analysis to determine 
the better option. 

Sales proceeds from 
selling defender viewed 
as an opportunity cost of 
keeping the asset 

/ 
0 2 

I 
I 
I 

t 
$170,000 

Given: Financial data for both defender and challenger. N = 
3 years, i = 10% per year. 
Find: Whether to replace the defender now. 

SOLUTION 

If the decision to keep the defender had been made under the 
opportunity-cost approach, however, the $170,000 current sal
vage value of the defender would have been treated as an in
curred cost. Figure 12.2 illustrates the cash flows related lo these 
decision options. 

Since the lifetimes are the same, we can use either PW or AE 
analysis to find the better option. For the defender, we have 

PW(I0%)0 = -$170,000 - $9,000,000(P/A, 10%, 3) 

+ $70,000(P/ F, 10%, 3) 

= -$22,499,076. 

$70.000 J $30.000 

3 0 

.. $500.000 

~ $30,000 

2 

' $150.000 

3 

1 

$9,000,!KlO $9,000,000 $9,000.000 

(11) Defender 

$8,850,000 $8,850,000 $8.850.000 

(b) Challenger 

Figure 12.2 Comparison of defender and challenger based on the opportunity-cost 
approach 
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AEC(10%)o = $22,499,076(A/P, 10%, 3) 
= $9,047,212. 

For the challenger, we have 

PW(10%)c = -$530,000 - $8,850,000(P/A, 10%, 3) 

+ $180,000(P/F, 10%, 3) 

= -$22,403,402. 

AEC(10%)c = $22,403,402(A/P, 10%, 3) 

= $9,008,740. 

The decision outcome is the same as in Example 12.2; that is, 
the replacement should be made. Since both the challenger 
and defender cash flows were adjusted by the same amount 
(-$170,000) at time zero, this outcome should not be a surprise. 

-------------------------~-

COMMENTS: Recall that we assumed the same service life for both the def ender 
and the challenger in Examples 12.2 and 12.3. In general, however, old equipment 
has a relatively short remaining life compared with new equipment, so this as
sumption is overly simplistic. In Section 12.3.3, we will consider handling unequal 
service life problems in replacement analysis. In the next section, we discuss how to 
find the economic service life of equipment. 

lt#J Economic Service Life 
You have probably seen a SO-year-old automobile still in service-provided that it re
ceives the proper repair and maintenance, almost anything can be kept operating for an 
extended period. If it is possible to keep a car operating for an almost indefinite period, 
why aren't there more old cars on the streets? There are several reasons. For example, 
some people get tired of driving the same old car. Others want to keep a car as long as it 
will last but realize that repair and maintenance costs will become excessive. 

We need to consider explicitly how long an asset should be held once it is placed 
in service. For instance, a truck rental firm that frequently purchases fleets of identical 
trucks may wish to make a policy decision on how long to keep a vehicle before replacing 
it. If an appropriate life span is computed, the firm could stagger the schedule of truck 
purchases and replacements to smooth out annual capital expenditures for overall truck 
purchases. Recall that in Section 6.1.2, the costs of owning and operating an asset can be 
divided into two categories: capital costs and operating costs. The economic service life 
is found simply by examining the sum of these two costs as a function of holding period. 

Capital (Ownership) Costs 
Capital costs have two components: the initial investment and the salvage value at the 
time of disposal. The initial investment for the challenger is simply its purchase price. 
For the defender, we should treat the opportunity cost (current market value) as its 
initial investment. We will use N to represent the length of time in years that the asset 
will be kept,/ to represent the initial investment, and SN to represent the salvage value 
at the end of the ownership period of N years. 
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The annual equivalent of capital cost, which is called the capital-recovery (CR) cost 
(refer to Section 6.1.2), over the period of N years can be calculated with the following 
equation: 

CR(i) = /(A/ P, i, N) - SN(A/ F, i, N) ( 12.l) 

= (/ - S,v)(A/ P, i, N) + iS,v. 

Generally speaking, as an asset becomes older, its salvage value becomes smaller. 
As long as the salvage value is Jess than the initial cost, the capital-recovery cost is a 
decreasing function of N. In other words, the longer we keep an asset, the lower the 
capital-recovery cost becomes. If the salvage value is equal to the initial cost, then no 
matter how long the asset is kept, the capital-recovery cost is also constant. 

Operating Costs 
As described earlier, operating and maintenance (O&M) costs tend to increase as a func
tion of the age of the asset. Because of the increasing trend of the O&M costs, the total 
operating costs (OC) of an asset usually increase as the asset ages. We use OC,, to repre
sent the total operating costs in year 11 of the ownership period and OC(i) to represent 
the annual equivalent of the operating costs over a life span of N years. OC(i) can be 
expressed as 

OC(i) = (,~oC,,(P/F, i, 11~(A/P, i, N). (12.2) 

Economic Service Life 

The total annual equivalent costs (AECs) of owning and operating an asset arc a summa
tion of the capital-recovery costs and the annual equivalent of the operating costs of the 
asset: 

AEC(i) = CR(i) + OC(i). ( 12.3) 

The economic service life of an asset is the period of useful life that minimizes the 
annual-equivalent costs, in constant dollars, of owning and operating that asset. From the 
foregoing discussions, we need to find the value of N that minimizes AEC as expressed 
in Eq. (12.3). If CR(i) is a decreasing function of N and OC(i) is an increasing function of 
N, as is often the case, then AEC will be a convex function of N with a unique minimum 
point as shown in Figure 12.3. In this book, we assume that AEC has a unique minimum 
point. Here arc some special cases that the economic service life can be determined easily. 

• If the salvage value is constant and equal to the initial cost, and the annual operat
ing cost increases with time, A EC is an increasing function of N and attains its mini
mum at N = 1. In this case, we should try to replace the asset as soon as possible. 

• If the annual operating cost is constant and the salvage value is less than the initial 
cost and decreases with time, AEC is a decreasing function of N. In this case, we 
would try to delay replacement of the asset as long as possible. 

• If the salvage value is constant and equal to the initial cost and the annual operat
ing costs are constant,AEC will also be constant. In this case, the time at which the 
asset is replaced does not make any economic difference. 

If a new asset is purchased and operated for the length of its economic life, the annual
equivalent cost is minimized. If we further assume that a new asset of identical price and fea
tures can be purchased repeatedly over an indefinite period, we would always replace this 
kind of asset at the end of iL'i economic life. By replacing perpetually according to an asset's 
economic life, we obtain the minimum AEC stream in constam dollars over an indefinite 
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Figure 12.3 A schematic illustrating the trends or capital-recovery cost (ownership 
cost), annual operating cost, and total annual-equivalent cost, as a function or asset age 

period. However, if the identical-replacement assumption cannot be made, we will have to 
use the methods to be covered in Section 12.3 to perform replacement analysis. The next 
example explains the computational procedure for determining economic service life.6 

EXAMPLE 12.4 Economic Service Life for a Forklift Truck 

As a challenger to the forklift truck described in Example 12.1, consider a new 
electric forklift truck that would cost $20,000, have operating costs of $6,000 in the 
first year, and have a salvage value or $14,000 at the end of the first year. For the 
remaining years, operating costs (including any loss of productivity due to mainte
nance) increase each year by 25% over the previous year's operating costs. Simi
larly, the salvage value declines each year by 30% from the previous year's salvage 
value. The truck has a maximum life or eight years without any major engine over
haul. The firm's required rate of return is 12%. Find the economic service life of 
this new machine without considering any income taxes. 

··--·------~---·-· ···-··· -------·--·------------
DISSECTING THE PROBLEM 

For an asset whose revenues are ei
ther unknown or irrelevant, we com
pute its economic life from the costs 
of the asset and its year-by-year mar
ket (salvage) values. To determine 
an asset's economic service life, we 
need to compare the options of keep
ing the asset for one year, two years, 
three years, and so forth. The option 
that results in the lowest AEC gives 
the economic service life of the asset. 

Given: Changes in market values and O&M costs, physical eight 
years, i = 12% per year. 
Find: Economic service life. 

6 Unlcss otherwise mentioned, or in the absence of income taxes, we arc assuming that all cash flows 
are estimated in constant dollars. Therefore, the interest rate used in finding the economic service life 
represents the inflation-free (or real) interest rate. 
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METHODOLOGY 
Create a cash-flow diagram for one
year, two-year, three-year, and eight
year replacement cycles. 

N= 1 
$14,000 

0 0 

$6,000 

$20,000 $20,000 

0 

SOLUTION 
In this case, our examination proceeds as follows: 

• N = 1 (one-year replacement cycle): In this case, the machine 
is bought, used for one year, and sold at the end of year l. The 
cash-flow diagram for this option is shown in Figure 12.4. The 
annual-equivalent cost for this option is calculated as follows: 

CR(l2%) 

AEC(12%) = ($20,000 - $14,000)(A/P, 12%, 1) + (0.12)($14,000) 

$6.000 
+._,,.........., 

OC(l2%) 

= $14,400. 

Note that (A/ P, 12%, 1) = (F/ P, 12%, 1) and that the annual
equivalent cost is the equivalent cost at the end of year 1, since 
N = 1. Because we are calculating the annual-equivalent costs, 
we have treated cost items with a positive sign and the salvage 
value with a negative sign. 

• N = 2 (two-year replacement cycle): In this case, the truck will 
be used for two years and disposed of at the end of year 2. 
The operating cost in year 2 is 25% higher than in year 1, and 
the salvage value at the end of year 2 is 30% lower than 

N=2 N=3 

$9,800 $6,860 

2 () 2 3 

----- ---------
$6,000 $7,500 

$6,000 $7,500 
$9,375 

g = 25'11- g = 25% 

$20,000 

N=8 
$1,153 

2 3 4 5 6 7 8 

$6,000 ---
g = 25% ... 

' ' $20,000 \ 

$28,610 

Figure 12.4 Cash-flow diagrams for the options of keeping the asset for one year, 
two years, three years, and eight years, where g represents a geometric gradient 



12.2 Economic Service Life 543 

at the end of year 1. The cash-flow diagram for this option is 
also shown in Figure 12.4. The annual-equivalent cost over the 
two-year period is calculated as follows: 

CR(l2%) 

AEC(12%) = ($20,000 - $9,SOO)(A/P, 12%, 2) + (0.12)($9,800) 

+ $6,000(P/Ai. 25%, 12%, 2)(A/P, 12%, 2) 

OC(l2%) 

= $13,919. 

• N = 3 (three-year replacement cycle): In this case, the truck 
will be used for three years and sold at the end of year 3. 
The salvage value at the end of year 3 is 30% lower than 
at the end of year 2-that is, $6,860. The operating cost per 
year increases at a rate of 25%. The cash-flow diagram for 
this option is also shown in Figure 12.4. For this case, the 
annual-equivalent cost is calculated as follows: 

CR(12%) 

AEC(l2%) = ($20,000 - $6,860)(A/P, 12%, 3) + (0.12)($6,860) 

+ $6,000(P/Ai. 25%, 12%, 3)(A/P, 12%, 3) 

OC(l2%) 

= $13,792. 

• Similarly, we can find the annual-equivalent cost for the op
tion of keeping the asset for each remaining year. The cash
flow diagram for N = 8 years is shown in Figure 12.4. The 
computed annual-equivalent costs over eight years are shown 
in Table 12.1. 

From Table 12.1, we find that AEC (12%) is the smallest when 
N = 3. If the truck were to be replaced every three years, it would 
have an annual cost of $13,792 per year. If it were to be used for a 
period other than three years, the annual-equivalent costs would 
be higher than $13,792. Thus, a life span of three years for this truck 
results in the lowest annual cost. We conclude that the economic 
service life of the truck is three years. By replacing the assets per
petually, according to an economic life of three years, we obtain 
the minimum annual-equivalent cost stream. Figure 12.5 illustrates 
the concept of perpetual replacement for one- and two-year re
placement cycles. Of course, we should envision a long period of 
required service for this kind of asset. 
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TABLE 12.1 Economic Service Life Calculation for Electric Fork Lift Truck 
(Example 12.4) 

A B C D E F G 

- =-PMT($0$4,A16,$B$8,-B16) 
L ____ '-_-_ ------==-----------------------' __ 

$9.800 

.---.----I 6 - - -

One-year replacement cycle 
Year 

0 2 3 4 5 6 

·~ 11111 r-

DU~ 0 

$14.400 

Two-year replacement cycle 
Year 

1 2 3 4 5 6 

l l l l l l 
$13,919 

Figure 12.S Conversion of an infinite number of replacement cycles to infinite AE cost 
streams 
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ff?l31 Replacement Analysis When the Required Service 
Period Is Long 

Now that we understand how the economic service life of an asset is determined, the 
next question is how we can use this information to decide whether now is the time to 
replace the defender? If now is not the right time, when is the optimal time to replace 
the defender. Before presenting an analytical approach to answer this question, we 
consider several important assumptions. 

12.3. I Required Assumptions and Decision Frameworks 
In deciding the replacement time for the defender, we need to consider the following 
three factors: 

• Planning horizon (study period) 
• Technology 
• Relevant cash-now information 

Planning Horizon (Study Period) 

By "planning horizon," we simply mean the service period required by the defender 
and a sequence of future challengers. The infinite planning horizon is used when we 
are unable to predict when the activity under consideration will be terminated. In other 
situations, it may be clear that the project will have a definite and predictable duration. 
In these cases, a replacement policy should be formulated more realistically on the 
basis of a finite planning horizon. 

Technology 

Predictions of technological patterns over the planning horizon refer to the development 
of types of challengers that may replace those under study. A number of possibilities exist 
in predicting purchase cost, salvage value, and operating cost as dictated by the efficiency 
of the asset over its life. If we assume that all future assets will be the same as those now 
in service, we arc implicitly saying that no technological progress in the area will occur. In 
other cases, we may explicitly recognize the possibility of future technologies that will 
make new machines significantly more efficient, reliable, or productive than those cur
rently on the market. (Personal computers are a good example.) This situation leads to 
the recognition of technological change, or obsolescence, via alternatives (such as smart
phones eliminate OPS devices). Clearly, if the best available machine gets better and bet
ter over time, we should certainly investigate the possibility of delaying replacement for 
several years; this scenario contrasts with situations where technological change is unlikely. 

Relevant Cash-Flow Information 

Many varieties of predictions can be used to estimate the patterns of revenue, cost, 
and salvage value over the life of an asset. Sometimes revenue is constant, but costs 
increase and salvage value decreases over the life of a machine. In other situations, 
a decline in revenue over equipment life can be expected. The specific situation will 
determine whether replacement analysis is directed toward cost minimization (with 
constant revenue) or profit maximization (with varying revenue). We formulate a re
placement policy for an asset for which the salvage value does not increase with age. 

Decision Criterion 
Although the economic life of the defender is defined as the number of years of ser
vice that minimizes the annual-equivalent cost (or maximizes the annual-equivalent 
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revenue), the end of the economic life is not necessarily the optimal time to replace the 
defender. The correct replacement time depends on certain data for the challenger as 
well as on certain data for the defender. 

As a decision criterion, the AEC method provides a more direct solution when 
the planning horizon is infinite. When the planning horizon is finite, the PW method 
is more convenient to use. We will develop the replacement-decision procedure for the 
infinite planning horizon. In case of a finite planning horizon, decision making requires 
some additional analysis techniques that arc beyond the scope of this textbook; so we will 
not address them here. We begin by analyzing an infinite planning horizon without tech
nological change. Even though a simplified situation such as this is not likely to occur in 
real life, the analysis of this replacement situation introduces methods useful for analyLing 
actual infinite-horizon replacement problems with technological change. 

12.3.2 Handling Unequal Service Life Problems in Replacement 
Analysis 

One important consideration in comparing defender and challenger is the question 
of how we can perform replacement analysis on assets with unequal lives. Recall from 
Chapter 6 that the use of AE with unequal lives is justified in some special circum
stances. We have here another special situation in which AE with unequal lives gives 
valid results but only when using the opportunity-cost approach. 

The implicit assumption made in using AE when the defender's remaining life is 
shorter than the challenger's life is that, after the initial decision, we make perpetual 
replacements with assets similar to those of the challenger. For example, let us consider a 
situation where you are comparing a defender (D) with an economic service life of three 
years and a challenger (C) with an economic service life of six years. This means that if 
we decide to keep the old machine (D) for three years, we will replace it at time 3 by an 
asset similar to the new machine. This asset will in turn be replaced six years later, at time 
9, by another asset C. There are two implied infinite sequences in this scenario: 

• Keep defender (D), buy a challenger (C) at time 3, buy another challenger (C) at 
time 9, buy another challenger (C) at time 15, and so on. 

• Buy challenger (C) at time 0, buy a challenger (C) at time 6, buy a challenger (C) 
at time 12, and so on. 

As shown in Figure 12.6, it is clear that the AE cost approach for either sequence 
of assets is the same after the remaining life of the defender. Therefore, we can directly 
compare the AEC for the remaining life of the defender with the AEC for the chal
lenger over its economic service life. 

12.3.3 Replacement Strategies under the Infinite Planning Horizon 
Consider the situation where a firm has a machine in use in a process. The process is ex
pected to continue for an indefinite period. Presently, a new machine is on the market 
that is, in some ways, more· effective for the application than the defender. The question 
is, when, if at all, should the defender be replaced with the challenger? 

Under the infinite planning horizon, the service is required for a very long time. 
Either we continue to use the defender to provide the service or we replace the defender 
with the best available challenger for the same service requirement. In such cases, the 
following procedure may be implemented in replacement analysis: 

1. Compute the economic lives of both defender and challenger. Let us use ~ and 
~to indicate the economic lives of the defender and the challenger. respectively. 
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Figure 12.6 Implicit assumption made in AE method when the defender's 
remaining life is shorter than the challenger's life 

The annual-equivalent costs for the defender and the challenger for their respec
tive economic lives are indicated by AECh and AECc. respectively. 

2. Compare AECh and AECc. 
• If AEC~ is more than AECc, we know that it is more costly to keep the 

defender than to replace it with the challenger. Thus, the challenger should 
replace the defender now. 

• If AEC~ is less than AEC(:, it costs less to keep the defender than to replace it 
with the challenger. Thus, the defender should not be replaced now. The defender 
should continue to be used at least for the duration of its economic life as long as 
there are no technological changes over the economic life of the defender. 

3. If the def ender should not be replaced now, when should it be replaced? First, we 
need to continue to use it until its economic life is over. Then we should calculate 
the cost of using the defender for one more year beyond its economic life. lf this cost 
is higher than AEC(:, the defender should be replaced at the end of its economic 
life. Otherwise, we should calculate the cost of running the defender for the second 
year after its economic life. If this cost is more than AEC(:, the defender should be 
replaced one year after its economic life. This process should be continued until we 
find the optimal replacement time. This approach is called marginal analysis; that is, 
we calculate the incremental cost of operating the defender for just one more year. 
In other words, we want to see whether the cost of extending the use of the defender 
for an additional year exceeds the savings resulting from delaying the purchase of 
the challenger. Here, we have assumed that the best available challenger does not 
change. The sequential steps for replacement decision are summarized in Figure 12.7. 

It should be noted that this procedure might be applied dynamically. For example, 
it may be performed annually for replacement analysis. Whenever there are updated 
data on the costs of the defender or data on new challengers available on the market, 
these new data should be used in the procedure. Example 12.5 illustrates this. 
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• Compute the AECs • Compare the AECs • When to replace 
for the defender the defender? 
and challenger for 
their respective 
economic service 
l ives ~ ~ 

lf Replace now 

Compute < AEC1)> AEC(. 

.. 
_A_E_c~·u_· ~A_E_c_l_ ---------~ 

If . . ,_ 
AECp< AECc 

Marginal analysis 
to determine the 

optimal time 

Figure 12.7 Logical steps for comparing the defender 
with the cha llenger under the infinite planning horizon 

EXAMPLE 12.5 Replacement Analysis under the Infinite 
Planning Horizon 

General Engineering Company is considering replacing an old vert ical cylinder hon
ing machine that had been used for honing automobile and tractor cylinders afte r the 
boring process. GEC is considering two opti ons: 

• Option 1: Retain the old honing machine. Jf kept. the old machine can be used 
for another six years with proper maintenance. The Cirm does not expect to real
ize any salvage value from scra pping it in six yea rs. The market value of the 
machine is expected to decl ine 25% annually over the previous year 's market 
value. The operating costs are estimated at $3,500 during the first year and are 
expecred to increase by $1,000 per year th ereafte r. 

• Option 2: A lte rnatively, the firm can sell the machine to another firm in the 
industry now for $4,000 and buy a new honing machine. 1l1e new machine costs 
$12,000 and will have operating costs of $2,300 in the firs t year, increasing by 
20% per year thereafter. The expected salvage value is $8,000 afte r o ne year 
and will decline 30% each year the reafter. 

The company requires a rate of return of 12% before tax. Find the economic life 
for each option, and dete rmine when the de fender should be replaced. D o not con
sider any income-tax effects. 

DISSECTING THE PROBLEM 

METHODOLOGY 

Use Excel work sheets to dete rmine 
the economic service life for each 
option and compare the options. 

G iven: Financial data for both defender and challenger. 

Find: (a) Economic service life for both defender and challenger and 
(b) th e best time to replace the d efender. 

SOLUTION 

(a) Economic service life: 

• Defender: Tf the company re tains the honing machine, it is, in effect, 
forgoing the opporrunity to cash in on rhe machine's current market 
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value, which is the opportunity cost of the machine, at $4,000. Other 
data for the defender are summarized as follows: 

0 $4,000 

l $3,500 $3,000 

2 $4,500 $2,250 

3 $5,500 $1,688 

4 $6,500 $1,266 

s $7,500 $949 

6 $8,500 $712 

We can calculate the annual-equivalent costs if the defender is to 
be kept for one year, two years, three years, and so forth, respec
tively. In doing so, we may use the following expressions: 

AEC(l2%)N 

CR(12%) 

= $4,000 (A/ P, 12%, N) - $4,000 (1 - 0.25)N (A/ F, 12%, N) 

+ $3,500 + $1,000 (A/G, 12%, N). 
~ -

oc (12%) 

For example, the cash flow diagram for N = 4 years is shown in 
Figure 12.8. 

For N = 4 years, we also calculate that 

AEC (12%) = $4,000 (A/ P, 12%, 4) - $1,266 (A/ F, 12%, 4) 

+ $3,500 + $1,000 (A/G, 12%, 4) 

N=4 

sJ.socr ............... 

= $5,911, 

2 

................ __ 
$4,500- ............... 

--

3 

~ ... _ 
$5.500- ...... - ...... 

$1.266 

4 

... _ 
G = S l ,000 $6.500 

Figure 12.8 Cash flow transactions associated with keeping 
the defender for four years 
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TABLE 12.2 Economic Service Life Calculation for Defender 

A B C D E F 

$4,980 
$5,277. 
$5,590 
$5,911 
$6,235 
$6,557. 

G 

=813.(1+$0$2) -- ~ - =C13+$D$3 --,;...=----·--'-·---~---·--·-------------. 
. - ·· =-PMT($DS4,A14,NPV($DS4,$C$9:C14)+$C$8,0) 

=-PMT($DS4.A14,$8$8,-B14) 

where G represents the gradient amount. When N = 1 year, we get 
the lowest AEC value. Thus, the defender's economic life is one year. 
Using the notation we have defined in the procedure, we have 

N°0 = lyear 

and 

AEC*o = $4,980. 

For N = 1to6, the results are shown in Table 12.2. 

• Challenger: The economic life of the challenger can be deter
mined by using the same procedure shown in this example for 
the defender and in Example 12.4. A summary of the general 
equation for AEC calculation for the challenger is as follows: 

AEC(12%)N 
CR(l2%) 

= $12,000(A/ P, 12%, N) - $8,000(1 - 0.30)N-l (A/ F, 12%, N) 

+ $2,300(P/A1o 20%, 12%, N)(A/P, 12%, N). 

OC(12%) 

You do not have to express the AEC equation in this format. 
What you need to do is just calculate two different cost com
ponents-ownership cost (capital cost), CR(12%), and the 
operating cost, OC(12%) year by year. The obtained results 
are as shown in Table 12.3. 
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TABLE 12.3 Economic Service Life Calculation for Challenger 

B c D E G 

2 JAnriual_changes in MV 
3 _ ~-ie.n11l1~1Jricreases in O&M 

-30%]. 

4 I Interest rate 1 

7 
8 0 $12,000 . 
9 1 $8,000 
10 2 $5,600 
11 3 $3,920 
12 4 $2,744 
13 5 $1,921 
14 6 $1,345 
15 7 $941 

8 $659 

$2,300: $5,440 
$2,760 $4,459 
$3,312 $3,834 
$3,974 $3,377 
$4,769 $3,027 
$5,723 $2,753 
$6,868 $2,536 
$8,241 $2 362 

=-PMT($0$4,A16,$B$8,-B16) 

The economic life of the challenger is thus five years; that is, 

N~ = 5 years 
and 

AEC~ = $6,312. 

(b) Should the defender be replaced now? 

Since AEC~ = $4,980 < AEC~ = $6,312, the answer is not to re
place the def ender now. If there are no technological advances in the 
next few years, the defender should be used for at least one more year. 

• When should the defender be replaced? 
Our question is, then whether we should replace the defender at 
the end of its economic service life. As we will see shortly, it is not 
necessarily best to replace the defender right at the end of its eco
nomic life. 
If we need to find the answer to this question today, we have to 
calculate the cost of keeping and using the defender for the sec
ond year from today. That is, what is the cost of not selling the 
defender at the end of year 1, using it for the second year, and 
replacing it at the end of year 2? The following cash flows are 
related to this question: 
(I) Opportunity cost at the end of year 1, which is equal to the 

market value then: $3,000 
(2) Operating cost for the second year: $4,500 
(3) Market value of the def ender at the end of year 2: $2,250 
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The diagram in Figure 12.9 represents these cash flows. 
As shown in Figure 12.9, the cost of using the defender for one 

year beyond its economic life is 

$3,000 x 1.12 + $4,500 - $2,250 = $5,610. 

Now compare this cost with AECc = $6,312. It is less than AEC(:. 
So, it is less expensive to keep the defender for the second year than 
to replace it with the challenger. Thus, the conclusion is to keep the 
defender beyond its economic service life. 

Since this second-year cost is still less than AEC(:, we need to 
calculate the cost of using the defender for the third year and then 
compare it with AEC(:. 

$2,250 x 1.12 + $5,500 - $1,688 = $6,332. 

For year 3, keeping the defender is more expensive than re
placing the defender with the challenger. This means that we 
should replace the def ender at the end of year 2. 

•Step 1: Calculate the 
equivalent cost of retaining the 
defender one more year 
beyond its economic service 
life, say 1 to 2. 

• Step 2: Compare this cost with 
AEC(: = $6,312 

• Conclusion: Since keeping 
the defender for the second 
year is less expensive than 
replacing it with the challenger, 
keep the defender beyond 
its economic service life. 

$3,0<Kl 

• 

S2.250 

2 

$4,500 

2 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

t 
$5,610 

Figure 12.9 Illustration of marginal analysis to determine the 
optimal time for replacing the defender with the challenger 

DIU Replacement Analysis with Tax Considerations 
Up to this point, we have covered various concepts and techniques that are useful in 
replacement analysis. In this section, we illustrate how to use those concepts and tech
niques to conduct replacement analysis on an after-tax basis. 
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To apply the concepts and methods covered in Sections 12.1 through 12.3 to afler
tax comparisons of the defender with the challenger, we have to incorporate the tax 
effects of gains (or losses) whenever an asset is disposed of. Whether the def ender is 
kept or the challenger is purchased, we also need to incorporate the tax effects of de
preciation allowances and operating costs in our analysis. 

Performing replacement studies requires knowledge of the depreciation schedule 
and of taxable gains or losses at disposal. Note that the depreciation schedule is de
termined at the time of asset acquisition whereas the current tax law determines the 
tax effects of gains at the time of disposal. In this section, we will use Example 12.6 to 
illustrate how to do replacement analyses on an after-tax basis. 

EXAMPLE 12.6 Replacement Analysis under an Infinite 
Planning Horizon 

Recall Example 12.5, where General Engineering Company was considering re
placing an old honing machine. Let us assume the following additional data: 

• The old machine has been fully depreciated, so it has zero book value. The 
machine could be used for another six years, but the firm does not expect to 
realize any salvage value from scrapping it in six years. 

• The new machine falls into a seven-year MACRS property class and will be 
depreciated accordingly. 

The marginal income-tax rate is 40%, and the after-tax MARR is 10%. Find the 
useful life for each option, and decide whether the defender should be replaced 
now or later. 
--------~--- ----· 

DISSECTING THE PROBLEM 

METHODOLOGY 

Use Excel to calculate the economic 
service lives for the def ender and the 
challenger, and compare the results. 

Given: Financial data as given in Example 12.5, tax rate = 40%, and 
MARR = 10% after tax. 
Find: (a) Economic service life for both defender and challenger and 
(b) optimal time to replace the defender. 

SOLUTION 

(a) Economic service life: 

• Defender: The defender is fully depreciated, so all salvage val
ues can be treated as ordinary gains and taxed at 40%. The 
after-tax salvage values are thus as follows: 

0 $4,000 $4,000(1 - 0.40) = $2,400 

1 $3,000 $3,000(1 - 0.40) = $1,800 

2 $2,250 $2,250(1 - 0.40) = $1,350 

3 $1,688 $1,688(1 - 0.40) = $1,013 

4 $1,266 $1,266(1 - 0.40) = $760 

s $949 $949(1 - 0.40) = $569 

6 $712 $712(1 - 0.40) = $427 



554 CHAPTER 12 Replacement Decisions 

If the company retains the old honing machine, it is, in effect, 
deciding to invest the machine's current market value (after 
taxes) in that alternative. Although there is no actual cash flow, 
the firm is withholding from the investment the market value 
of the honing machine (opportunity cost). The after-tax O&M 
costs are as follows: 

0 

1 

2 

3 

4 

5 

6 

$3,500 

$4,500 

$5,500 

$6,500 

$7,500 

$8,500 

$3,500(1 - 0.40) = $2,100 

$4,500(1 - 0.40) = $2,700 

$5,500(1 - 0.40) = $3,300 

$6,500(1 - 0.40) = $3,900 

$7,500(1 - 0.40) = $4,500 

$8,500(1 - 0.40) = $5,100 

Using the current year's market value as the investment re
quired to retain the defender, we obtain the data in Table 12.4, 
which indicate that the remaining useful life of the defender is 
still one year in the absence of future challengers. Note that we 

TABLE 12.4 Economic Service Life Calculation for Defender with Income-Tax 
Consideration 

G 

2 _ ; e.n_l}ual changes in M_V __ 
3 I Annual increases in AfT O&M $600 
4 )Interest rate (After tax) 10% 
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also use a 10% discount rate (instead of 12%) to reflect the 
return desired after-tax. 

• Challenger: The economic service life with tax consideration 
can be calculated in several steps. 

• Step 1: Because the challenger will be depreciated over its tax 
life, we must determine the book value of the asset at the end 
of each holding period in order to compute the after-tax market 
value. This process is shown in rows 4 through 15 in Table 12.5. 
For example, if you keep the challenger for four years, the al
lowed MACRS depreciation amounts are as follows: 

Total depreciation = $1,715 + $2,939 + $2,099 
+ (1/2) ($1,499) 

= $7,503. 

Book value= $12,000 - $7,503 = $4,497. 

• Step 2: To determine the equivalent annual operating cost 
for each holding period, we need to consider two cash flow 
elements: (1) O&M cost and (2) depreciation tax shield. The 
process is illustrated in rows 17 through 28 in Table 12.5. For 
example, if you keep the challenger for four more years, the 
O&M cost each year will be as follows: 

O&MCosts 

AffO&M 

PWofAffO&M 

$2,300 

$1,380 

$1,.255 

$2,760 

$1,656 

$1,369 

$3,312 

$1,987 

$1,493 

$3.9'74 
$2,384 

Sl.628 

Total PW of Arr O&M Costs = $1,255 + $1,369 

+ $1,493 + $1,628 

= $5,745. 

This figure is shown in cell K24 in Table 12.5. 

• Step 3: With the book value as calculated in Step 1, we can 
determine the after-tax market values. With N = 4, 

Taxable gains (losses) = $2,744 - $4,497 = -$1,753, 
Gains taxes (loss credit) = ($1,753)(0.40) = -$701, and 

Net Alf market value = $2,744 - (-$701) = $3,445. 

• Step 4: We are now ready to find the economic service life of 
the challenger by generating AEC entries. These calculations 
are summarized in rows 30 through 41 in Table 12.5. 

• Step 5: The economic life of the challenger is six years with 
an AEC(10%) of $4,018. 
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TABLE I 2.5 Economics of O wning and Operating the Challenger for N More Years 

A B c D E F G H J K 

1 
2 Tax Rate 40% 

3 MARR 10% 

4 Pennllted Annual Depqciatlon Amoull1I ~the 
5 Holding Total Book 

6 Period 2 3 4 5 6 7 8 Oepreciatlon Value 

7 0 $12,000 

8 1 $1.715 $1,715 $10.285 

9 2 $1,715 $1,470 $3,185 $8,815 

10 3 $1,715 $2,939 $ 1,050 $5,704 $6,296 

11 4 S1,715 $2,939 $2,099 $750 t $7~3 $4,497 

12 5 $1,715 $2,939 $2,099 $1,499 5536 $8,788 $3,212 

13 6 $1,715 $2,939 $2,099 1 $1 ,499 $1,072 l $535 $9,859 $2,141 

14 7 $1,715 $2,939 S1,499 $ 1,070 S536 $10,930 $1,070 S2,099 , $1,072 

15 8 $1,715 $2,939 $2,099 $1,499 $1,072 $ 1,070 $1,072 $534 $12,000 so 
16 
17 Annual O&M Coats over the Hold~ PtflOd Total PW 

18 Holding Total PW of ofAIT 

19 Period 2 3 4 5 6 7 8 O&MCosts O&M Costs 

20 0 + 
21 1 $2,300 $2,091 S1 ,255 

22 2 $2,300 $2,760 $4,372 S2,623 

23 3 S2.300 $2,760 $3,312 $6,860 S4,116 

24 4 $2,300 $2,760 53,312 53,974 $9,575 $5,745 

25 5 $2,300 52,760 S3,312 S3,974 S4.769 $12,536 $7,522 

26 6 $2,300 $2,760 $3,312 $3,974 S4,769 $5,723 $15,767 $9,460 

27 7 $2,300 $2,760 $3,312 $3,974 $4,769 SS~ S6.868 $19,291 $1 1,575 

28 B $2,300 $2,760 $3,312 $3,974 S4.769 SS,723 $6,868 SB.241 $23, 136 $13,881 

29 
30 Expected Net NT A/T Operating Costs (In PW) Total 
31 Holding Market Taxable Gains Market over the Holding Period OC(10%) CR(10%) AEC(10%) 
32 Period Value Gains Tax Value O&M Costs Tax Shield Total OC 

33 0 

34 1 $8,000 (S2.285)_ (S914) $8,914 $1 ,255 $624 $631 $694 $4,286 $4,980 
35 2 SS.600 ($3,215) ($1,286) $6,886 52,623 $1, 110 $1,514 $872 $3,635 $4,507 
36 3 $3,920 I ($2,376) , ($950) $4,870 $4,116 51,911 $2,205 $887 $3,354 $4,241 
37 4 $2,744 ($1,753) ($701) $3,445 [ $5,745 $2,431 $3,314 $ 1,045 $3,043 $4,089 
38 5 $ 1,92W- ($1,291 $516) $2,437 $7,522 $2,769 $4,753 $ 1,254 $2,766 ] $4,020 
39 6 $1,345 ($796) ($318) $1,663 $9,460 $3,023 $6,437 $1,478 I $2.540 I $4,018 
40 7 $941 ($129) ($52) $993 $ 11.~ $3,253 1 $8,321 t $1,709 t $4,069 $2,360 

41 8 $659 $659 $264 $395 $13,881 $3,463 $10,418 Sl ,953 $2,215 $4,168 
42 
43 Sample cell fomulas: i l cell G39L PV($Bt.B 13:11 3)"$8$_2 __ 
44 
45 cell K13:=$K$7-J13 cell D39:=C39.$B$2 
46 cell K26:==J26.(1-$8$2) cell E39:=B39-D39 cell 139:=-PMT($B$3,A26,H39,0,0) --
47 cell C39:=839-K13 cell F39:=K26 cell J39:=-PMT $8$3,A26, 12000,-E39 



Replace defender now 

Replace in year 1 

Replace in year 2 

Replace in year 3 

Replace in year 4 

Replace in year 5 

0 
f 

f 

f 

l 
~ 

$2,940 

l 
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(b) Optimal time to replace the defender: 

Since the AEC for the defender's remaining useful life (one year) is 
$2,940, which is less than $4,018, the best decision will be to keep the 
defender for now. Note, however, that the defender's remaining useful 
life of one year does not necessarily imply that the defender should be 
kept for only one year before it is switched for the challenger. The reason 
for this is that the defender's remaining useful life was calculated without 
considering for what type of challenger would be available in the future. 
When a challenger's financial data are available, we need to enumerate 
all timing possibilities for replacement. Since the defender can be used 
for another six years, seven replacement strategies exist: 

• Replace now with the challenger. 
• Replace in year 1 with the challenger. 
• Replace in year 2 with the challenger. 
• Replace in year 3 with the challenger. 
• Replace in year 4 with the challenger. 
• Replace in year 5 with the challenger. 
• Replace in year 6 with the challenger. 

If the costs and efficiency of the current challenger remain un
changed in the future years, the possible replacement cash patterns 
associated with each alternative are as shown in Figure 12.10. From 

2 3 4 5 6 7 8 9 IQ ______ "' 

l l l l l l l l l ______ l 
$4,018 

l l l l l l l l l ______ l 
$4,018 

l l l l l l l l l i 
$3,126 $4,018 

rt ··.· .. r l ·· i r i i i i i i l ______ l 
$3,321 .. ! $4,018 

Figure 12.10 Equivalent annual cash now streams when the defender is kept for 11 years 
followed by infinitely repeated purchases of the similar challenger every six years 
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the figure, we observe that, on an annual basis, the cash flows after six 
years are the same, regardless of how long the def ender is kept. 

Before we evaluate the economics of various replacement
decision options, recall the AEC figures for the defender and the chal
lenger under the assumed service lives as shown in the accompanying 
chart. (A figure in box denotes the minimum AEC at N*v = 1 and 
N*c; = 6, respectively.) 

1 1$2,9401 $4,980 

2 $3,126 $4,507 

3 $3,321 $4,241 

4 $3,522 $4,089 

5 $3,726 $4,020 
6 $3,930 1$4,0181 

7 $4,069 

8 $4,168 

Instead of using the marginal analysis in Example 12.5, we will 
use the PW analysis, which requires evaluation of infinite cash-flow 
streams. (You will have the same result under marginal analysis.) Im
mediate replacement of the defender by the challenger is equivalent 
to computing the PW for an infinite cash flow stream of $4,018. If 
we use the capitalized-equivalent-worth approach from Chapter 
S(CE(i) = A/i), we obtain the following: 

• n = 0: 

PW(10%)n=O = (1/0.10)($4, 018) 

= $40,180. 

Suppose we retain the old machine n more years and then replace 
it with the new one. Now we will compute PW(i)no 

• n=l: 

• n=2: 

• n=3: 

PW(10%)n=l = $2,940(P/A, 10%, 1) 

+ (1/0.10)($4,018)(P/F, 10%, 1) 

= $39,200. 

PW(10%)n=2 = $3,126(P/A, 10%, 2) 

+ (1/0.10)($4, 018)(P IF, 10%, 2) 

= $38,631. 

PW(10% )n=J = $3,321(P /A, 10%, 3) 

+ (1/0.10)($4, 018)(P/ F, 10%, 3) 
= 1$38,4471. 
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• 11=4: 

PW(l0%)n=4 = $3,522(P/A, 10%, 4) 

+ (1/0.10)($4, 018)(P IF, 10%, 4) 

= $38,608. 

PW(l0%),,=s = $3,726(P/A, 10%, 5) 

+ (1/0.10)($4, 018)(P/F, 10%, 5) 

= $39,073. 

COMMENTS: This result leads us to conclude that the defender should be kept for 
three more years. The NPW of $38,447 represents the net PW cost associated with 
retaining the defender for three years, replacing it with the challenger, and then 
replacing the challenger every six years for an indefinite period. 

SUMMARY 
ml In replacement analysis, the defender is an existing asset; the challenger is the best 

available replacement candidate. 

ml The current market value is the value to use in preparing a defender's economic 
analysis. Sunk costs-past costs that cannot be changed by any future investment 
decision-should not be considered in any economic analysis. 

Iii! Two basic approaches to analyzing replacement problems are the cash-flow approach 
and the opportunity-cost approach. The cash flow approach explicitly considers the 
actual cash-flow consequences for each replacement alternative as it occurs. 'fypi
cally, the net proceeds from the sale of the defender are subtracted from the purchase 
price of the challenger. The opportunity-cost approach views the net proceeds from 
the sale of the defender as an opportunity cost of keeping the def ender. That is, in
stead of deducting the salvage value from the purchase cost of the challenger, we 
consider the salvage value an investment required in order to keep the asset. 

Di! Economic service life is the remaining useful life of a defender (or a challenger) that 
results in the minimum equivalent annual cost or maximum annual-equivalent rev
enue. We should use the respective economic service lives of the defender and the 
challenger when conducting a replacement analysis. 

ml Ultimately, in replacement analysis, the question is not whether to replace the de
fender but whe11 to do so. The AE method provides a marginal basis on which to 
make the year-by-year decision about the best time to replace the defender. As a 
general decision criterion, the PW method provides a more direct solution to a vari
ety of replacement problems with either an infinite or a finite planning horizon or a 
technological change in a future challenger. 

ml!I The role of technological change in asset improvement should be weighed in mak
ing long-term replacement plans: If a particular item is undergoing rapid, substantial 
technological improvements, it may be prudent to shorten or delay replacement (to 
the extent where the loss in production does not exceed any savings from improve
ments in future challengers) until a desired future model is available. 
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SELF-TEST QUESTIONS 
Problem Stateme nt for Questions ( 12s. 1-l 2s.5) 
Conside r the following replacement decision problem: 

• Option 1: Continue to use the old machine: A machine now i.n use, which 
was bought five yea rs ago for $5.000. has been fu lly depreciated. It can be 
sold for $3,000. but cou ld be used for three more yea rs (remaining useful 
life), al the end of which lime it wou ld have no salvage value. The annual 
operating and mainte nance costs for the old machine amount to $12,00. 

• Option 2: Re place the old machine: A new machine can be purchased at 
an invoice price of $ 15.000 to replace the present equipment. Because of 
the nat ure of the nrnnufactured product, the new machine has an expected 
economk life of three yea rs, and it will have no salvage value at the end or 
that time. The new machine's expected operating and maintenance costs 
amount lo $2,500 for the first year and $3,500 fo r each of the next two years. 
The income tax rate is 35%. Any gains will a lso be taxed at 35%. The a llowed 
depreciation amounts fo r the new machine are $1.500 during the first year. 
and $2.600 per year for the next two yea rs. The firm's interest rate is 12%. 

12s.1 If the old machin e is to be sold now, what will be the ga ins tax? 
(a) $800 (b) $850 (c) $950 (d) $1.050 

12s.2 ff you decide to re tain the old machine for now. what will be the opportunity cost? 

(a) $2.500 (b) $3.000 (c) $ 1.650 (cl) $1.500 

l 2s.3 If the old asset is to be sold now. its sunk cost is 
(a) $2,500 (b) $5.000 (c) $ 1,650 (d) $1.500 

12s.4 For depreciation purposes, the first cost of the new machine under the opportunity 
cost approach will be 
(a)$14,000 (b)$11.500 (c)$ l2,000 (d)$16,500 

12s.5 What is the incremental annual aft e r-tax now of replacing the old mach ine? 

(a) $8,091 (b) $9, 199 (e) $9,670 (cl) $2,298 

l2s.6 A local delivery company has purchased a delivery truck for $15,000. The truck 
wil l be depreciated under MACRS as a five-yea r property. T he truck's marke t 
va lue (or selling price) is expected to be $2,500 less each yea r. The O&M costs 
are expected to be $3.000 pe r yea r. The firm is in a 40% tax bracket. and its 
MAR R is 15 % . Compute the ann ual-equiva lent cost for retaining the truck for 
a two-year period, which will be 
(a) $5,527 (b) $5.J75 (c) $5,362 (cl) $5,014 

L2s.7 T he fo llowing table summarizes the financia l data for a proposed new asset. 111e 
issue is how long the asset should be kept. Assume an interest rate of 12% and 
determine the economic service life of the asset before taxes. 

End of Year (n) lmc"tment Co!tt O&M Cost Salvage Value 

0 $14.000 

$3.400 $8.000 

2 4,600 6.000 

3 5,800 4,000 

4 7,200 2,000 

5 8,300 0 

(a) 2 years (b)3ycars ( c) 4 years (cl) 5 years 



12s.8 The annual-equivalent after-tax costs of retaining a defender over its three-year 
remaining life and the annual equivalent operating costs for its challenger over 
its four-year physical life are as follows: 

1 

2 

3 

4 

$3,000 

$2,500 

$3,200 

$5,000 

$4,000 

$3,100 

$4,500 

Assume an MARR of 12% and determine the optimal replacement time for 
the defender. Assume an infinite planning horizon and no technological change 
(cost) in the challenger. What would be your decision? 
(a) Replace now 
(b) Replace one year later 
(c) Replace two years later 
(d) Replace three years later 

PROBLEMS 
Replacement Basics without Considering Income-Tax Effects 
12.1 Newnan Furniture owns and operates an industrial lift truck in its warehousing 

operation. The record indicates that the lift truck was purchased four years ago 
at $15,000. The estimated salvage value is $4,000 after four years of operation. 
First-year O&M expenses were $2,000, but the O&M expenses have increased 
by $400 each year for the first four years of operation. Using i = 10%, compute 
the annual equivalent costs of the lift truck for four years on a before-tax basis. 

12.2 Macintosh Printing Inc. purchased a $20,000 printing machine two years ago. The 
company expected this machine to have a five-year life and a salvage value of 
$5,000. Unfortunately, the company spent $5,000 last year on repairs, and current 
operating costs are now running at the rate of $8,000 per year. Furthermore, the 
anticipated salvage value has now been reduced to $2,500 at the end of the print
er's remaining useful life. In addition, the company has found that the current 
machine has a book value of $14,693 and a market value of $10,000 today. The 
equipment vendor will allow the company the full amount of the market value as 
a trade-in on a new machine. What value(s) for the defender is (are) relevant in 
our analysis? 

12.3 Consider again the scenario in Problem 12.2. Suppose that the company has been 
offered the opportunity to purchase another printing machine for $15,000. Over 
its three-year useful life, the machine will reduce labor and raw-materials usage 
sufficiently to cut operating costs from $8,000 to $6,000. This reduction in costs 
will allow after-tax profits to rise by $2,000 per year. It is estimated that the new 
machine can be sold for $5,500 at the end of year 3. If the new machine were pur
chased, the old machine would be sold to another company rather than be traded 
in for the new machine. Suppose that the firm will need either machine (old or 
new) for only three years and that it does not expect a new, superior machine to 
become available on the market during the required service period. Assuming that 
the firm's interest rate is 12%, decide whether replacement is justified now. 

Problems 561 
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12.4 Razorback Manufacturing is considering replacing a broken metal cutting machine. 
Several options have been proposed. 
liil Option 1: The broken machine can be sold today for $3,000. 
iii Option 2: It can be overhauled completely for $7,000, after which it will 

produce $2,500 in annual cash flows over the next five years. The resale 
value of the asset at the end of five years is zero. 

Iii Option 3: It can be replaced for $18,000. The life of the replacement machine 
is five years, and it has an estimated salvage value of $2,000 at the end of five 
years. The anticipated operating cash inflows for each year will be $5,000. 

If the firm's required rate of return of 12%, what should Razorback do? 

12.5 A firm is considering the replacement of a 2,000 lb capacity pressing machine 
purchased five years ago at a cost of $22,000. The machine was originally expect
ed to have a useful life of 10 years and a $2,000 estimated salvage value at the 
end of that period. However, the machine has not been dependable and is fre
quently out of service while awaiting repairs. The maintenance expenses of the 
pressing machine have been rising steadily and currently amount to about $5,000 
per year. The machine could be sold now for $6,000. If retained, the machine 
will require an immediate $2,500 overhaul to keep it in operable condition. This 
overhaul will neither extend the originally estimated service life nor increase the 
value of the machine. The updated annual operating costs, engine overhaul cost, 
and market values over the next five years are estimated as follows: 

9·'1':'~~1.'ti:,t1:it@i~M.iJl\&@AM~!Jtr!£l~j!@~)i'.)rJ:.fa,~i!t'1~~~th1~118'[' ~~ltYlil~.:f 
-5 
-4 

-3 

-2 

-1 

0 

1 $5,000 

2 $5,500 

3 $6,000 

4 $6,500 

5 $7,500 

$2,858 

$4,898 

$3,498 

$2,500 

$1,784 

$1,786 

$1,840 

$892 

$0 

$0 

$2,500 

$3,000 

$6,000 

$4,500 

$3,500 

$3,000 

$2,500 

$2,000 

A drastic increase in operating costs during the fourth year is expected as a 
result of another overhaul, which will be required to keep the machine in oper
ating condition. The firm's MARR is 15%. 
(a) If the machine is to be sold now, what will be its sunk cost? 
(b) What is the opportunity cost of not replacing the machine now? 
(c) What is the equivalent annual cost of owning and operating the machine for 

two more years? 
(d) What is the equivalent annual cost of owning and operating the machine for 

five more years? 



12.6 A manufacturing firm is considering replacing one of its CNC machines with a 
machine that is newer and more efficient. The company has an MARR of 12%. 
Ill Old Machine: The firm purchased the current CNC machine 10 years ago at 

a cost of $155,000. It had an expected economic life of 12 years at the time of 
purchase and an expected salvage value of $10,000 at the end of the 12 years. 
The original salvage estimate is still good, and the machine has a remaining 
useful life of two years. The firm can sell this old machine now to another 
firm in the industry for $30,000. 

Dill New Machine: The new machine can be purchased for $175,000, including 
installation costs. It has an estimated useful (economic) life of eight years. 
The new machine is expected to reduce cash operating expenses by $35,000 
per year over its eight-year life. At the end of its useful life, the machine is 
estimated to be worth only $8,000. 

(a) What is the opportunity cost of retaining the old asset? 
(b) Compute the cash flows associated with retaining the old machine for the 

next two years (years 1 to 2). 
(c) Compute the cash flows associated with purchasing the new machine for 

use over the next eight years (years 1 to 8). (Use the opportunity-cost 
concept.) 

(d) If the firm needs the service of this type of machine for an indefinite period 
and no technology improvement is expected in future machines, what would 
be your decision? 

12.7 A manufacturer is considering the replacement of one of its boring machines 
with a newer and more efficient one. The relevant details for both defender and 
challenger are as follows: 
rm Defender: The current book value of the old boring machine is $50,000, and 

it has a remaining useful life of five years. The salvage value expected from 
scrapping the old machine at the end of five years is zero, but the company 
can sell the machine now to another firm in the industry for $10,000. 

Ill Challenger: The new boring machine can be purchased at a price of $150,000 
and has an estimated useful life of seven years. It has an estimated salvage 
value of $50,000 and is expected to realize economic savings on electric 
power usage, labor, and repair costs and to reduce the amount of reworks. 
In total, annual savings of $80,000 will be realized if the new machine is 
installed. 

The firm uses an MARR of 12%. Using the opportunity-cost approach, address 
the following questions: 
(a) What is the initial cash outlay required for the new machine? 
(b) What are the cash flows for the defender in years zero to five? 
(c) Should the firm purchase the new machine? 

12.8 A local hospital has the following replacement decision problem: 
Ill Old machine: The hospital purchased a digital image-processing machine 

three years ago at a cost of $50,000. The machine had an expected life of 
eight years at the time of purchase and an expected salvage value of $8,000 
at the end of the eight years. However, the old machine has been slow at 
handling the increased business volume, so management is considering 
replacing it. The old machine can be sold today for $12,000. 
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ml New machine: A new machine can be purchased for $80,000, including 
installation costs. Over its five-year life, the new machine will reduce cash 
operating expenses by $30,000 per year. Sales are not expected to change. 
At the end of its useful life, the new machine is estimated to be worthless. 

The hospital's interest rate for project justification is known to be 12%. The hos
pital does not expect a better machine (other than the current challenger) to be 
available for the next five years. Assume that the economic service life for the 
new machine and the remaining useful life for the old machine are both five years. 
(a) Determine the cash flows associated with each option (keeping the defender 

versus purchasing the challenger). 
(b) Should the hospital replace the defender now? 

12.9 Higgins Machine Tools, Inc. is currently manufacturing one of its products on a 
hydraulic stamping press machine. The unit cost of the product is $16, and in the 
past year 4,000 units were produced and sold for $24 each. It is expected that 
the future demand of the product and the unit price will remain steady at 4,000 
units per year and $24 per unit, respectively. 
Im Defender: The machine has a remaining useful life of three years and could 

be sold on the open market now for $8,000. Three years from now, the 
machine is expected to have a salvage value of $1,800. 

Ill Challenger: A new machine would cost $40,000, and the unit manufacturing 
cost on the new machine is projected to be $14. The new machine has an 
expected economic life of five years and an expected salvage of $8,000. 

The appropriate MARR is 10%. The firm does not expect a significant improve
ment in the machine's technology to occur, and it needs the service of either 
machine for an indefinite period of time. 
(a) Compute the cash flows over the remaining useful life if the firm decides to 

retain the old machine. 
(b) Compute the cash flows over the useful service life if the firm decides to 

purchase the machine. 
(c) Should the new machine be acquired now? 

Economic Service Life 
12.10 You purchased an industrial oven five years ago for $70,000. O&M costs are $20,000 

this year but are expected to increase by $1,500 each year for the next five years. 
The current salvage value of the machine is $20,000; salvage value after one year is 
estimated to be $10,000; after two years, $9,000; after three years, $8,000; after four 
years, $7,000; and so on. At i = 12 % , find the remaining economic life of the asset. 

12.11 A special-purpose machine is to be purchased at a cost of $30,000. The follow
ing table shows the expected annual operating and maintenance cost and the 
salvage value for each year of service: 

1 $5,000 $25,800 
2 $6,500 $16,000 

3 $10,000 $10,000 
4 $12,500 $5,000 
5 $14,800 $0 

If the interest rate is 12%, what is the economic service life for this machine? 



12.12 Consider a new electric forklift truck that would cost $18,000, have operating 
costs of $1,000 in the first year, and have a salvage value of $10,000 at the end of 
the first year. For the remaining years, operating costs increase each year by 15% 
over the previous year's operating costs. Similarly, the salvage value declines 
each year by 25% from the previous year's salvage value. The truck has a maxi
mum life of seven years. Overhauls costing $3,000 and $4,500 will be required 
during the fifth and seventh years of service, respectively. The firm's required 
rate of return is 15%. Find the economic service life of this new machine. 

12.13 A firm is considering replacing a machine that has been used for making a 
certain kind of packaging material. The new machine will cost $31,000 and 
will have an estimated economic life of 10 years with a salvage value of $2,500. 
Operating costs are expected to be $1,000 per year throughout its service life. 
The machine currently in use had an original cost of $25,000 four years ago, and 
its service life (physical life) at the time of purchase was estimated to be seven 
years with a salvage value of $5,000. This machine has a current market value of 
$7,700. If the firm retains the old machine, its updated market values and operat
ing costs for the next four years will be as follows: 

0 $7,700 $7,809 

1 $4,300 $5,578 $3,200 

2 $3,300 $3,347 $3,700 

3 $1,100 $1,116 $4,800 
4 $0 $0 $5,850 

The firm's minimum attractive rate of return is 12%. 
(a) Working with the updated estimates of market values and operating costs over 

the next four years, determine the remaining useful life of the old machine. 
(b) Determine whether it is economical to make the replacement now. 
(c) If the firm's decision in part (b) is to replace the old machine, when should 

the replacement occur? 

Replacement Decisions When Required Service Life Is Long 
12.14 Eight years ago, a firm purchased a lathe for $45,000. The operating expenses 

for the lathe are $8,700 per year. An equipment vendor offers the firm a new 
machine for $53,500 with operating costs of $5,700 per year. An allowance of 
$8,500 would be made for the old machine on the purchase of the new one. 
The old machine was expected to be scrapped at the end of five years. The new 
machine's economic service life is five years with a salvage value of $12,000. The 
new machine's O&M cost is estimated to be $4,200 for the first year, increasing 
at an annual rate of $500 thereafter. The firm's MARR is 12%. Which option 
would you recommend? 

12.15 Advanced Electrical Insulator Company is considering replacing a broken 
inspection machine, which has been used to test the mechanical strength of elec
trical insulators with a newer and more efficient one. If repaired, the old machine 
can be used for another five years although the firm does not expect to realize 
any salvage value from scrapping it in five years. Alternatively, the firm can 
sell the machine to another firm in the industry now for $5,000. If the machine 
is kept, it will require an immediate $1,200 overhaul to restore it to operable 
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condition. The overhaul will neither extend the service life originally estimated 
nor increase the value of the inspection machine. The operating costs are esti
mated at $2,000 during the first year and are expected to increase by $1,500 per 
year thereafter. Future market values are expected to decline by $1,000 per year. 

The new machine costs $10,000 and will have operating costs of $2,000 in the 
first year, increasing by $800 per year thereafter. The expected salvage value is 
$6,000 after one year and will decline 15% each following year. The company 
requires a rate of return of 15%. Find the economic life for each option and 
determine when the defender should be replaced. 

12.16 CTI Corporation purchased a special-purpose turnkey stamping machine four 
years ago for $18,000. It was estimated at that time that this machine would 
have a life of 10 years and a salvage value of $4,000 with a removal cost of 
$1,500. These estimates are still good. This machine has annual operating costs 
of $3,000. A new machine, which is more efficient, will reduce the annual oper
ating costs to $1,500 but will require an investment of $22,000, plus $2,000 for 
installation. The life of the new machine is estimated to be 12 years with a sal
vage value of $4,000 and a removal cost of $2,000. An offer of $7,000 has been 
made for the old machine, and the purchaser is willing to pay for its removal. 
Find the economic advantage of replacement or of continuing with the present 
machine. State any assumptions that you make. (Assume i = 12%.) 

12.17 Cushman Manufacturing Company has a five-year-old vertical numerical chucker 
(VNC) that has a current market value of $5,000 and expected O&M costs 
of $3,000 this year, which increase by $1,500 per year. Future market values 
are expected to decline by $1,000 per year. The VNC machine can be used for 
another three years. The challenger costs $10,000 and has O&M costs of $2,000 
per year, which increase by $1,000 per year. The machine will be needed for only 
three years, and the salvage value at the end of the three years is expected to be 
$4,000. The MARR is 15%. 
(a) Determine the annual cash flows for retaining the old VNC machine for 

three years. 
(b) Determine whether now is the best time to replace the old machine. 

12.18 Greenleaf Company is considering the purchase of a new set of air-electric quill 
units to replace an obsolete machine. The current machine has a market value of 
zero; however, it is in good working order, and it will last physically for at least 
an additional five years. The new quill units will perform the operation with so 
much more efficiency that the firm's engineers estimate that labor, material, and 
other direct costs will be reduced by $3,000 a year if the units are installed. The 
new set of quill units costs $10,000 delivered and installed, and its economic life 
is estimated to be five years with zero salvage value. The firm's MARR is 10%. 
(a) What is the investment required to keep the old machine? 
(b) Compute the cash flow to use in the analysis of each option. 
(c) If the firm uses the internal-rate-of-return criterion, would the analysis indi

cate that the firm should buy the new machine? 

12.19 Acme-Denver Corporation is considering the replacement of an old, relatively 
inefficient surface-grinder machine that was purchased seven years ago at a cost 
of $12,000. The machine had an original expected life of 10 years and a zero 
estimated salvage value at the end of that period. The current market value of 



the machine is $2,000. The divisional manager reports that a new machine can be 
bought and installed for $14,000. Over its five-year life, this machine will expand 
sales from $10,000 to $12,500 a year and, furthermore, will reduce labor and raw
materials usage sufficiently to cut annual operating costs from $7,000 to $5,000. 
The new machine has an estimated salvage value of $4,000 at the end of its five
year life. The firm's MARR is 12%. 

(a) Should the new machine be purchased now? 
(b) What current market value of the new machine would make the two options 

equal? 

12.20 An auto-part manufacturer is faced with the prospect of replacing its old robot, 
which has been used in stamping operation for 10 years. This particular robot 
was installed at a cost of $100,000 and was assumed to have a 15-year life with 
no appreciable salvage value. The current annual operating costs are $20,000 
for this old robot, and these costs are presumed to be the same for the rest of 
its life. A sales representative from Advanced Robotic Systems is trying to sell 
this company a new-highly efficient robot. The new system would require an 
investment of $200,000 for installation. The economic life of this new robot 
is estimated to be IO years with a salvage value of $18,000, and the robot will 
reduce annual operating costs to $5,000. No detailed agreement has been made 
with the sales representative about the disposal of the old robot. Determine the 
range of resale values associated with the old system that would justify installa
tion of the new system at a MARR of 14%. 

12.21 A company is currently producing chemical compounds by a process installed 
10 years ago at a cost of $100,000. It was assumed that the process would have 
a 20-year life with a zero salvage value. The current market value of the equip
ment, however, is $60,000, and the initial estimate of its economic life is still 
good. The annual operating costs associated with this process are $18,000. A sales 
representative from U.S. Instrument Company is trying to sell a new chemical
compound-making process to the company. This new process will cost $200,000 
have a service life of IO years with a salvage value of $20,000, and reduce annual 
operating costs to $4,000. Assuming the company desires a return of 12% on all 
investments, should it invest in the new process? 

12.22 Four years ago, a firm purchased an industrial batch oven for $23,000. The oven 
had an estimated life of IO years with $1,000 salvage value. These original esti
mates are still good. If sold now, the machine will bring in $2,000. If sold at the 
end of the year, it will bring in $1,500. The market value after the first year has 
decreased at annual rate of 25%. Annual operating costs for subsequent years 
are $3,800. A new machine will cost $50,000 and have a 12-year life with a $3,000 
salvage value. The operating cost for the new machine will be $3,000 as of the end 
of each year, where the $6,000-per-year savings are due to better quality control. 
If the firm's MARR is 10%, should the new machine be purchased now? 

12.23 Georgia Ceramic Company has an automatic glaze sprayer that has been used 
for the past 10 years. The sprayer can be used for another 10 years and will have 
a zero salvage value at that time. The annual operating and maintenance costs 
for the sprayer amount to $15,000 per year. Due to an increase in business, a 
new sprayer must be purchased, either in addition to or as a replacement for the 
old sprayer. 
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• Option 1: H the old sprayer is retained, a new, smaller capaci ty sprayer will 
be purchased at a cost of $48,000; this new sprayer will have a $5.000 salvage 
value in I 0 years and annual operating and maintenance costs of SJ 2.000. 
The old sprayer has a current market val ue of $6.000. 

• Option 2: If the old sprayer is sold, a new sprayer of larger capacity will be 
purchased fo r $84,000. This sprayer will have a $9,000 salvage value in 10 
years and annual opcrn ling nnd mai ntenance costs of $24,000. 

Wh ich option should be selected at MARR = 12%? 

Re place m e nt Analysis with Tax Conside rations 
12.24 Rework Problem 12.1, assuming the following additional informa tion: The asset 

is classified as a five-year MACRS property. The firm's marginal tax n11e is 40%, 
and its a fter-tax MARR is 8%. 

l2.25 Rework Problem 12.7, assuming the following additional informa tion: 
• The current book va lue of the old machine is $0 (fully depreciated). 
• The new machine will be depreciated under a seven-year MACRS clas . 
• The company·s marginal tax rate is 40%. and the fi rm uses an after-tax 

MARR of 12% . 

12 .26 Rework Problem 12.8, assurning the following additiona l informa tion: 
• 111e old machine will be depreciated according to the straight-line method 

for the remaining useful life. 
• l11e new machine will be depreciated according to seven-year MACRS. l11c 

income tax rate is 35%, and the after-tax MARR is 12%. 

Economic Se rvice Life with Tax Considerations 
l2.27 Rework Problem 12. 11, assuming the following additional in fo rmati on: 

• The machine is classified as a seven-year MACRS recovery period. The 
tax rate is 40%. and the nfte r-tax MARR is 10%. 

12.28 Rework Problem 12.13 with the fo llowing additional information: 
• The current book value of the old machine is $7.809. TI1c anticipated book 

values for the next four years arc as follows: year 1. $5,578; year 2, $3,347: 
yea r 3, $ L.l 16; and yea r 4 , $0. 

• llw new machine wi ll be depreciated under a seven-year MACRS class. 
• The company's marginal tax rate is 35%. and the firm uses an after-tax 

MARR of 10%. 

12.29 A machine has a purchase cost of SI0.000. End-of-year book values. salvage 
values, and annual O&M costs arc provided over its useful life as follows: 

Year-End Douk Vulue Sulvnge V11lue Operating Costs 

$8.000 $5.300 $ 1.500 

2 $4,800 $3,900 $2. 100 

3 $2,880 $2,800 $2,700 

4 $ 1.728 $ 1,800 $3,400 

5 $576 $ 1.400 $4,200 

6 $0 $600 $4,900 



(a) Determine the economic life of the machine if the MARR is 15% and the 
marginal tax rate is 40%. 

(b) Determine the economic life of the machine if the MARR is changed to 
10% and the marginal tax rate remains at 40%. 

12.30 Assume, for a particular asset, that 

and 

where 

I= $30,000, 

Sn = 22,000 - 2,000n, 

B11 = 30,000 - 3,000n, 

O&Mn = 3,000(1 + 0.15)11
-

1, 

Im= 0.40, 

I = asset purchase price, 

Sn = market value at the end of yearn, 

Bn = book value at the end of yearn, 

O&Mn = O&M cost during yearn, and 

tm = marginal tax rate. 

(a) Determine the economic service life of the asset if i = 10%. 
(b) Determine the economic service life of the asset if i = 25%. 
(c) Assuming that i = 0, determine the economic service life mathematically. 

12.31 Rework Problem 12.11, assuming the following additional information: 
II For tax purposes, the entire cost of $30,000 can be depreciated according to 

a five-year MACRS property class. 
Ill The firm's marginal tax rate is 40%. 

Replacement Decisions When the Required Service Period Is Long 
(with tax considerations) 
12.32 Rework Problem 12.16, assuming the following additional information: 

!ii The current book value of the old machine is $5,623, and the asset has been 
depreciated according to a seven-year MACRS property class. 

Ill The new asset is also classified as a seven-year MACRS property. 
Iii The company's marginal tax rate is 30%, and the firm uses an after-tax 

MARRof8%. 

12.33 Rework Problem 12.18, assuming the following additional information: 
Ill The current book value of the old machine is $4,000, and the annual depre

ciation charge is $800 if the firm decides to keep the old machine for the 
additional five years. 

II The new asset is classified as a seven-year MACRS property. 
Ill The company's marginal tax rate is 40%, and the firm uses an after-tax 

MARRofl0%. 
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12.34 Rework Problem 12.20, assuming the following additional information: 

llJil The old switching system has been fully depreciated. 
ml The new system falls into the five-year MACRS property class. 
fill The company's marginal tax rate is 40%, and the firm uses an after-tax 

MARR of 14%. 

12.35 Five years ago, a conveyor system was installed in a manufacturing plant at 
a cost of $35,000. It was estimated that the system, which is still in operating 
condition, would have a useful life of eight years with a salvage value of $3,000. 
If the firm continues to operate the system, it's estimated market values and 
operating costs for the next three years are as follows: 

0 

1 
2 

3 

$11,500 

$5,200 

$3,500 

$1,200 

$15,000 

$11,000 

$7,000 

$3,000 

$4,500 

$5,300 

$6,100 

A new system can be installed for $43,500. This system would have an estimated 
economic life of 10 years with a salvage value of $3,500. The Qperating costs 
for the new system are expected to be $1.500 per year throughout its service 
life. The firm's MARR is 18%. The system belongs to the seven-year MACRS 
property class. The firm's marginal tax rate is 35%. 

(a) Should the existing system be replaced? 
(b) If the decision in (a) is to replace the existing system, when should replace

ment occur? 

12.36 Rework Problem 12.14, assuming the following additional information: 

Bil The old machine has been fully depreciated. 
ml The new machine will be depreciated under the seven-year MACRS class. 
II The marginal tax rate is 35%, and the firm's after-tax MARR is 12%. 

12.37 Rework Problem 12.23, assuming the following additional information: 

11 Option 1: The old sprayer has been fully depreciated. The new sprayer is 
classified as a seven-year MACRS property. 

Hi! Option 2: The larger capacity sprayer is classified as a seven-year MACRS 
property. 

!\lil Tax Information: The company's marginal tax rate is 40%, and the firm uses 
an after-tax MARR of 12%. 

12.38 A six-year old CNC machine that originally cost $8,000 has been fully depre
ciated, and its current market value is $1,500. If the machine is kept in service 
for the next five years, its O&M costs and salvage values are estimated as 
follows: 



O&MCosts 

1 $1,300 $600 $1,200 

2 $1,500 $800 $1,000 

3 $1,700 $1,000 $500 

4 $1,900 $1,200 $0 

s $2,000 $1,400 $0' 

It is suggested that the machine be replaced by a new CNC machine of improved 
design at a cost of $6,000. It is believed that this purchase will completely eliminate 
breakdowns, and the resulting combined savings in delays, operation, and repairs will 
be a reduction of $200 more a year at each age than is the case with the old machine. 
Assume a five-year life and a $1,000 terminal salvage value for the challenger. The new 
machine falls into the five-year MACRS property class. The firm's MARR is 12%, and 
its marginal tax rate is 30%. Should the old machine be replaced now? 

Short Case Studies with Excel 
12.39 Quintana Electronic Company is considering the purchase of new robot-welding 

equipment to perform operations currently being performed by less efficient 
equipment. 

II The new machine's purchase price is $150,000 delivered and installed. A 
Quintana industrial engineer estimates that the new equipment will produce 
savings of $30,000 in labor and other direct costs annually as compared with 
the present equipment. He estimates the proposed equipment's economic life at 
10 years, with a zero salvage value. Depreciation of the new equipment for tax 
purposes is computed on the basis of the seven-year MACRS property class. 

Iii The present equipment is in good working order and will last, physically, for 
at least 10 more years. 

Quintana Company expects to pay income taxes of 40%, and any gains will also 
be taxed at 40%. Quintana uses a 10% discount rate for analysis performed on 
an after-tax basis. 

(a) Assuming that the present equipment has zero book value and zero salvage 
value, should the company buy the proposed equipment? 

(b) Assuming that the present equipment is being depreciated at a straight-line 
rate of 10%, has a book value of $72,000 (a cost of $120,000 and accumu
lated depreciation of $48,000) and zero net salvage value today, should the 
company buy the proposed equipment? 

(c) Assuming that the present equipment has a book value of $72,000 and a 
salvage value today of $45,000 and that, if the equipment is retained for 10 
more years, its salvage value will be zero, should the company buy the pro
posed equipment? 

(d) Assume that the new equipment will save only $15,000 a year, but that 
its economic life is expected to be 12 years. If all other conditions are as 
described in (a), should the company buy the proposed equipment? 
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(e) Assume that Quintana Company decided to purchase the new equipment 
(hereafter called "Model A"). Two years later, even better equipment 
(called "Model B") comes onto the market. This equipment makes Model 
A completely obsolete with no resale value. The Model B equipment costs 
$300,000 delivered and installed, but it is expected to result in annual sav
ings of $75,000 over the cost of operating the Model A equipment. The eco
nomic life of Model B is estimated to be 10 years with a zero salvage value. 
(Model B also is classified as a seven-year MACRS property.) What action 
should the company take with respect to the potential replacement of Model 
A with Model B? 

(f) In (e), If the company decides to purchase the Model B equipment, a mis
take must have been made because good equipment bought only two years 
previously is being scrapped. How did this mistake come about? 

12.40 Rivera Industries, a manufacturer of home-heating appliances, is considering 
the purchase of a used Amada turret punch press to replace its less advanced 
present system, which uses four old, small presses. Currently, the four smaller 
presses are used (in varying sequences, depending on the product) to produce 
one component of a product until a scheduled time when all machines must 
retool in order to set up for a different component. Because setup cost is high, 
production runs of individual components arc long. This factor results in large 
inventory buildups of one component, which arc necessary to prevent extended 
backlogging while other products arc being manufactured. 

The four presses in use now were purchased six years ago at a price of 
$100,000. The manufacturing engineer expects that these machines can be 
used for eight more years, but they will have no market value after that. These 
presses have been depreciated by the MACRS method (seven-year property). 
The current book value is $13,387. and the present market value is estimated 
to be $40,000. The average setup cost, which is determined by the number of 
required labor hours times the labor rate for the old presses, is $80 per hour, and 
the number of setups per year expected by the production control department is 
200. These conditions yield a yearly setup cost of $16,000. The expected operat
ing and maintenance costs for each year in the remaining life of this system are 
estimated as follows: 

Ii~\wsW~!-l~~i~~vii_;tl~,~!!~~~~11 
1 $16,000 $15,986 

2 $16,000 $16,785 

3 $16,000 $17,663 

4 $16,000 $18,630 

5 $16,000 $19,692 

6 $16,000 $20,861 

7 $16,000 $22,147 

8 $16,000 $23,562 

These costs, which were estimated by the manufacturing engineer with the 
aid of data provided by the vendor, represent a reduction in efficiency and an 
increase in needed service and repair over time. 



The price of the two-year-old Amada turret punch press is $135,000 and 
would be paid for with cash from the company's capital fund. In addition, the 
company would incur installation costs totaling $1,200. Also, an expenditure 
of $12,000 would be required in order to recondition the press to its original 
condition. The reconditioning would extend the Amada's economic service 
life to eight years. It would have no salvage value at the end of that time. The 
Amada would be depreciated under the MACRS with the half-year conven
tion as a seven-year property. The average setup cost of the Amada is $15, and 
it would require 1,000 setups per year, yielding a yearly setup cost of $15,000. 
Rivera's accounting department has estimated that at least $26,000, and prob
ably $36,000, per year could be saved by shortening production runs and thus, 
carrying costs. The operating and maintenance costs of the Amada as estimated 
by the manufacturing engineer are similar to, but somewhat less than, the O&M 
costs for the present system: 

1 $15,000 $11,500 

2 $15,000 $11,950 

3 $15,000 $12,445 

4 $15,000 $12,990 

5 $15,000 $13,590 

6 $15,000 $14,245 

7 $15,000 $14,950 

8 $15,000 $15,745 

The reduction in the O&M costs is caused by the age difference of the 
machines and the reduced power requirements of the Amada. 

If Rivera Industries delays the replacement of the current four presses 
for another year, the secondhand Amada machine will no longer be available, 
and the company will have to buy a brand-new machine at an installed price 
of $200,450. Its expected setup costs would be the same as those for the sec
ondhand machine, but the annual O&M costs of the new one would be about 
10% lower than the estimated O&M costs for the secondhand machine. The 
expected economic service life of the brand-new press would be eight years with 
no salvage value at the end of that period. The brand-new press also falls into a 
seven-year MACRS property class. 

Rivera's MARR is 12% after taxes, and the marginal income-tax rate is 
expected to be 40% over the life of the project. 
(a) Assuming that the company would need the s~rvice of either the Amada 

press or the current presses for an indefinite period, which option would you 
recommend? 

(b) Assuming that the company would need the press system for only five more 
years, which option would you recommend? 

Problems 573 



_CH_AP_TE_R THIRTEEN 

Understanding 
Financial Statements 

Warren Edward Buffett 1 He is an American investor, businessman, 

and philanthropist. He has amassed an enormous fortune from astute 

investments, particularly through the company Berkshire Hathaway of 
which he is the largest shareholder and CEO. With an estimated current 
net worth of around US $50 billion, he is ranked by Forbes2 as the third

richest person in the world behind Microso~ cofounder Bill Gates. 

1 ··warren Buffe1."" \Vikipt:dia (June 21. 201 1 ). 
2 ··Tue World"s Billionaires 2011:· Forbe!>. ~ larch :WI I (w,,·\\.forbc~com/wcahh/billiona ircs/ 
li51). 



Buffett's philosophy on business investing is a modification of the value 

investing approach of his mentor Benjamin Graham.3 Graham bo ught 

companies because they were cheap compared to their intrinsic value. He 

was of the belief that as long as the market undervalued them relative to their 
intrinsic value, he was making a solid investment. He reasoned that the market 
wi ll eventual ly realize it has underva lued the company and will correct its 

course regardless of what type of business the company was in. In addition, he 

believed that the business has to have solid economics behind it. 
In order to determine whether an investment is visible, he considered 

the fol lowing factors: 

• Does the company have a consumer monopoly or a strong brand name? 

• Does the company have high operational costs, low capital expenditure, 
or investment cash outflow? 

• Does the company have flat earnings or are they on a consistent upward 

trend with good margins? 

• Does the company have high and consistent returns on investments? 

• Does the company reinvest earnings and profit from these investments? 

• Does the company have a low debt-to-equity ratio? A high earnings-to

debt ratio? When earnings are low, can the company repay its debt? 

• Does the company have the ability to adjust prices for inflation? 

• Does the company have enough earnings to grow? 

Where would Mr. Buffett collect all these pieces of information for a 

company to purchase? And what all these pieces of information have to do 
with the topic of engineering economics? 

.i Benjamin Grnham.Jason Zweig. and Warren E. Buff cu. Tlrt' /111elltge111 /111·e.1wr: Tire Defi11i1fre 
Book 011 Value lm·esting (Harper Business Es cn1ials. 2003 ). 

11 11 11 

575 



576 CHAPTER 13 Understanding Financial Statements 

W
hile knowledge of PW criterion. AE analysis. and the other topics we have 
covered nre essential. understanding how a project impacts the firm's 
bo1tom line is also important. In this chapter. we begin by discussing the 
characteristics of these financial statements and the factors that each com

prises. Our purpose is not to present bookkeeping aspects of accounting but to acquaint you 
with financial statements and to give you the basic information you need to make sound 
engineering economic decisions. Good economic decisions will in tum improve thc market 
value of the corporation. as investors like Warren Buffe tt will bid on the company"s stock. 

1111 Accounting: The Basis of Decision Making 
We need finnncial in formation to make business decisions. Virtually all businesses 
and most individuals keep accounting records to aid them in mnking decisions. As 
illustrated in Figure 13.1, accounting is the information system that measures business 
activities, processes that information into reports. and communicates the results to de
cision makers. For this reason, we call accounting "the language of business."1l1e bt.!tter 
you understand this language, the bette r you can manage your financial we ll-being and 
make financial decisions. 

l'<opk ""'C 
Company prl!pnrc\ / 
r eport~ to show the / 
rc\ults of tlu:ir / 
opl!rations / 

I 

Figure 13.1 An illustration of the flow of information in the accoun ting 
system 
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Personal financial planning, education expenses, loans, car payments, income taxes, 
and investments are all determined on the basis of the information system we call 
accounting. The use of accounting information is diverse and varied: 

• Business managers use accounting information to set goals for their organizations, 
lo evaluate progress toward those goals, and to take corrective actions if neces
sary. Decisions based on accounting information may include which building or 
equipment to purchase, how much merchandise inventory to keep on hand, and 
how much cash to borrow. 

• Investors and creditors provide the money a business needs to begin operations. 
To decide whether to help start a new venture, potential investors evaluate what 
income they can expect on their investment. This means analyzing the financial 
statements of the business. Before making a loan, banks determine the borrower's 
ability to meet scheduled payments. This evaluation includes a projection of future 
operations and revenue, which is based on accounting information. 

An essential product of accounting is a series of financial statements that allow peo
ple to make informed decisions. For business use, these statements are the documents 
that report financial information about a business entity to decision makers. They tell us 
how a business is performing and where it stands financially. These financial statements 
include the balance sheet, income statement, and statement of cash flows. 

ltllfJ Financial Status for Businesses 
All businesses must record and report on their financial status. Of the various reports cor
porations issue to their stockholders, the annual report is by far the most important. The 
annual report contains basic financial statements as well as management's opinion of the 
past year's operations and the firm's future prospects. What would managers and investors 
want to know about a company at the end of the fiscal year (or another fiscal period, such 
as a quarter)? Managers or investors are likely to ask the following four basic questions: 

• What is the company's financial position at the end of the fiscal period? 
• How much profit did the company make during the fiscal period? 
• How did the company decide to use its profits? 
• How much cash did the company generate and spend during the period? 

As illustrated in Figure 13.2, the answer to each question is provided by one of the 
financial statements. The fiscal year (or operating cycle) can be any 12-month term but 
is usually January 1 through December 31 of a calendar year. 

As mentioned in Section 1.2.1, one of the primary business responsibilities for engi
neers is to plan for the acquisition of equipment (capital expenditure) lhal will enable the 
firm to design and produce products economically. This task requires estimation of savings 
and costs associated with the equipment acquisition and the degree of risk associated with 
project execution. These amounts affect the business's bottom line (profitability), which 
eventually affects the firm's stock price in the marketplace as illustrated in Figure 13.3. 
Therefore, engineers should understand the meanings of various financial statements in 
order to communicate with upper management about the nature of a project's profitability. 

For illustration purposes, we use data taken from Lam Research Corporation, 
a leading supplier of wafer fabrication equipment and services to the world's semi
conductor industry. In particular, Lam is a technology and market leader in etch prod
ucts. Founded in 1980, Lam is headquartered in Fremont, California, and maintains a 
network of facilities throughout the United States, Japan, Europe, and Asia in order lo 
meet the needs of its global customer base. 
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Beginning or fiscal period (January 1, 201X) 
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Figure 13.2 Information reported on a company's 
financial statements 
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Figure 13.3 Summary of major factors affecting stock price 
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The company's revenue for the last four quarters of 2011 totaled $3.24 billion. The 
increase in net revenues for both fiscal year 2011 and fiscal year 2010 was principally 
driven by an increase in export sales in Korea, Japan, and the Asia Pacific region. In 
its 2011 annual report, management painted an optimistic picture for the future, stat
ing that Lam Research will continue to invest in research, development, and engineer
ing activities to support its growth and to provide for new competitive products. Lam 
Research's 2011 Annual Report starts like this: 

To Our Stockholders: 

Lam Research delivered strong fiscal 2011 results as the semiconductor equipment in
dustry quickly recovered from the recent global recession. Our fiscal year ending June 26, 
2011, was a year of records for the Company, including shipments of $3.3 billion, revenues 
of $3.2 billion, and diluted earnings per share of $5.79. We also generated strong cash 
flows from operations of more than $880 million, or 27% of revenues, and ended the fiscal 
year with approximately $2.1 billion cash, cash equivalents, and short-term investments. 

The shipment performance reinforces the significant gains in market share Lam Re
search achieved in calendar year of 20 I 0. We remain the market share leader in etch, 
with an estimated shipped share greater than 50% at the end of fiscal 2011. We are also 
building a solid position in single-wafer clean, with market share of approximately 30% 
at fiscal year-end ... Our ability to consistendy deliver leading-edge technology and cost
effective production performance positions us well for the critical new application wins 
that ultimately drive future share gains. 

Over the next several years, we see the potential for strong semiconductor demand 
and healthy levels of WFE spending. The rapid growth and penetration of content-rich 
devices such as smartphones, tablets, and notebook computers should rive unit growth of 
integrated circuits in the low double digits over the next several years, reaching as many 
as 275 billion units by 2014 .... 

To summarize several of the key financial highlights: 

• Revenue topped $3.2 billion (or precisely $3,237,693,000), an increase of 52% year-
over-year 

• Our closing total net cash balance reached $1.492 billion 

• Gross margins exceeded 46.24% of revenues 

• Operating margins were 24.84% 
• Net income swing to a profit in the amount of $724 million 

What can individual investors make of all this? Actually, they can make quite a 
bit. As you will see, investors use the information contained in an annual report to 
form expectations about future earnings and dividends. Therefore, the annual report is 
certainly of great interest to investors. 

13.2.1 The Balance Sheet 
What is a company's financial position at the end of a reporting period? A company's 
balance sheet statement will provide the answer. A balance sheet, sometimes called 
a statement of financial position, reports three main categories of items: assets, li
abilities, and stockholders' equity. Figure 13.4 illustrates the relationship between as
sets and liabilities, including equity, and how these items appear in the balance sheet. 
The financial statements are based on the most basic tool of accounting, the accounting 
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ASSETS 

Current A ~sci\ 

Long.Term Asset.~ 

LI AB I LIT! ES 

Current Linbililies 

1--------------
Long·Turm Liabilit ies 

Equily 
I. Owner Contributions 
2. Rcrnincd Earnings 

Figure 13.4 The four quadrnn ts of the 
ba lance sheet 

equation. TI1e accounting equa tion shows the re la tio nship among assets. liabiliti es, and 
owners' equity: 

Assets = Liabilities + Stockholder 's Eq uity. 

Every business transaction , no matte r how simple or complex, can be expressed 
in terms of its effect o n the accounting equation. Regardless of whether a business 
grows o r contracts. this equa lity between its assets and the cla ims aga inst those assets 
is a lways maintained. In o ther words, any change in the amount of tota l assets is neces
sarily accompanied by a n equal change on the o ther side of the equation - that is, by an 
increase or decrease in e ithe r the liabilities or the owne rs' equit y. 

As shown in Table 13. l , the firs t ha lf o f Lam Research's year-end 20 1 I and 20 IO 
balance sheets lists the firn1 's assets while the re ma ining portion shows the liabiliti es 
and eq uity, or claims agai nst these assets. 

Assets 

The dollar amo unts shown unde r the Assets column in Tabl e 13. l re present how much 
the company owns a t the time of reporting. We list the asset items in the o rder of th e ir 
'·liquidity," or the le ngth of time it takes to convert them to cas h. according lo the fol
lowing three categories: 

• Current assets can be converted to cash or its eq uivalent in less than one year. This 
type of asset generally includes four major accounts: 

1. The first account is cash and cash equivalents. A firm typically has a cash ac
cou nt at a bank to provide for the fu nds needed to conduct day-to-day business. 
Although we sta te a ll the assets in te rms of doll ars, only items labe l~d as cash 
represent actual money. Cash-equivalent ite ms include marke table securities 
s uch as s tocks and bonds. 

2. The second account includes short-term i11ves1111e11ts such as savings accounts, 
money marke t funds, certificates of deposit. and U.S. Treasury securities. 

3. 1l1e third account is acco11111s receivable. which is money tha t is owed to the 
firm but has no t yet been received. For exa mple. when Lam Research receives 
an order from a manufacture r, it wi ll send a n invoice a long with the sh ipment 
to the manufacture r. 1l1e n the unpaid bill immediately fa lls into the accounts
receivable category. When this bill is pa id. it is deducted from the accounts
receivable category and placed into the cash category. Normally. a typica l firm 
will have 30- to 45-day accounts receiva ble, depending on the frequency of its 
bills and the payment te rms for cus tomers. We ca n trea t sales on credit cards in 
a simila r category. 



TABLE 13.1 Consolidated Statement of Financial Position 

LAM RESEARCH CORPORATION 
CONSOLIDATED BALANCE SHEETS 

PERIOD ENDING 
(in thousands, except per share data) 

26-Jun-11 

ASSETS 
Current Assets: 
Cash and Cash Equivalents $1,492,132 
Short Term Investments 630,115 
Accounts Receivables 590,568 
Inventories 396,607 
Other Current Assets 167,370 

Total Current Assets $3,276,792 
Property Plant and Equipment, Net 270,458 
Goodwill 169,182 
Other Intangible Assets 47,434 
Other Assets 

Total Assets $4,057,394 

LIABILITIES AND STOCKHOLDERS' EQUITY 

Current Liabilities 
Accounts Payable 
Accrued Expenses 
Other Current 

Total Current Liabilities 
Long-Term Debt 
Income Taxes Payable 
Other Long-Term Liabilities --Total Liabilities 

Stockholders' Equity: 
Preferred Stock 
Common Stock 
Treasury Stock 
Paid-in Capital (Capital Surplus) 
Accumulated Other Comprehensive Loss 
Retained Earnings 

Rlnll 

163,541 
358,756 
161,989 

684,286 
738,488 

113,582 
51,193 

1,587,549 

124 
(1,761,591) 
1,531,465 

9,761 
2,690,086 
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27-Jun-10 

$545,767 
280,690 
499,890 
318,479 
111,835 

$1,756,661 
200,336 
169,182 
67,724 

293,489 

$2,487,392 

$121,099 
309,397 
128,161 

558,657 
17,645 

110,462 

32,493 

719,257 

126 
(1,581,417) 
1,452,939 

(69,849) 
1,966,336 
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4. The fourth account is inventories, which show the dollars the company has 
invested in raw materials, work-in-process, and finished goods available for 
sale. 

• Fixed assets are relatively permanent and take time to convert into cash. Fixed 
assets reflect the amount of money a company has paid for its plant and equip
ment acquired at some time in the past. The most common fixed assets include 
the physical investment in the business, such as land, buildings, factory machinery, 
office equipment, and automobiles. With the exception of land, most fixed assets 
have a limited useful life. For example, buildings and equipment are expended over 
a period of years. Each year, a portion of the usefulness of these assets expires, and 
a portion of their total cost should thus be recognized as a depreciation expense. As 
stated previously in this book, the term depreciation refers to the accounting process 
for this gradual conversion of fixed assets into expenses. The item "property, plant, 
and equipment, net" thus represents the current book value of these assets after 
such depreciation expenses have been deducted. 

• Other assets are listed at the end of this category. l}'pical assets in this category in
clude investments made in other companies and intangible assets such as goodwill, 
copyrights, franchises, and so forth. Goodwill appears on the balance sheet only 
when an operating business is purchased in its entirety. This item indicates any ad
ditional amount paid for the business above the fair market value of the business. 
(Here, the fair market value is defined as the price that a buyer is willing to pay 
when the business is offered for sale.) 

Liabilities and Stockholders' Equity (Owners' Net Worth) 
The claims against assets are of two types: liabilities and stockholders' equity. Liabili
ties refer to money the company owes. Stockholders' equity indicates the portion of the 
assets of a company that is provided by the investors (owners). Therefore, stockhold
ers' equity is also the liability of a company to its owners. (Recall Figure 13.4, which il
lustrates the relationship between assets and liabilities, including equity.) The different 
categories of liabilities and stockholders' equity are described as follows: 

• Current liabilities are what a company currently owes to its suppliers and creditors. 
Major current liabilities include accounts and notes payable within a year as well 
as accrued expenses (wages, salaries, interest, rent, taxes, etc., owed but not yet 
due for payment) and advance payments and deposits from customers. Accrued 
expenses are bills that the company has incurred that it has not yet paid. In other 
words, accrued expenses are the opposite of prepaid expenses. 

• Other liabilities include long-term liabilities such as bonds, mortgages, and long
term notes, which are due and payable more than one year in the future. Another 
example is Income Tax Payable, which is the income tax a company accrues over 
the years that it does not have to pay yet according to various federal, state, and 
local tax schedules. 

• Stockholders' equity represents the amount that is available to the stockholders 
(owners) after all other debts have been paid. It generally consists of preferred and 
common stock, treasury stock, capital surplus, and retained earnings. 

1. Preferred stock is a hybrid between common stock and debt. Such stock prom
ises a fixed dividend (much like a bond's interest payment) but often limited 
voting rights. In the case of bankruptcy, preferred stockholders receive money 
after debt holders and before common stockholders are paid. Many firms do 
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not use any preferred stock. The common stockholders' equity, or net worth, is a 
residual and is calculated as follows: 

Assets - Liabilities - Preferred stock = Common stockholders' equity. 

2. Common stock is the aggregate par value of the company's issued stock. Com
panies rarely issue stocks at a discount (i.e .• at an amount below the stated par). 
Corporations normally set the par value low enough so that, in practice, stock is 
usually sold at a premium. 

3. Treasury stock: If the corporation buys back part of its own issued stock, the 
value of the repurchase is listed as treasury stock on the balance sheet. Compa
nies buy back their shares for a variety of reasons. In most cases, it is a sign that 
management believes the stock is undervalued. Depending upon its objectives, 
a company can either retire the shares it purchases or hold them with the inten
tion of reselling them to raise cash when the stock price rises. 

4. Paid-in capital (capital surplus) is the amount of money received from the sale 
of stock over the par value. Outstanding stock is the number of shares issued 
that actually is held by the public. 

5. Retained earnings represent the cumulative net income of the firm since its be
ginning, less the total dividends that have been paid to stockholders. In other 
words, retained earnings indicate the amount of assets that the company has 
financed by plowing profits back into the business. Therefore, these retained 
earnings belong to the stockholders. 

What to Read from Lam Research's Balance Sheet 

Recall that all financial data related to the annual report is shown in thousands of 
dollars, except share value. Lam Research generated revenue of $3,237,693 (this num
ber means $3.238 billion) for fiscal year 2011. The $4,057,394 of total assets shown in 
Table 13.1 were necessary to support the sales of $3,237,693. 

• Acquisition of Fixed Assets: One way we can determine the amount of new 
fixed assets added during FY 2011 is to observe the change in the Property Plant 
and Equipment account, which shows a net increase in the amount of $70,122 
(=$270,458 - $200,336). By adding back the depreciation taken during year 2011 
($45,322 = $322,274 - $276,952), we find that Lam Research acquired $115,444 
(=$70,122 + $45,322) in new fixed assets in FY 2011. 

Manufacturing, engineering, and office equipment 

Computer equipment and software 

Land 

Buildings 

Leasehold improvements 

Furniture and fixtures 

Less: accumulated depreciation and amortization 

95,770 

14,758 

65,429 
55,833 
15,258 

592,732 
(322,274) 

$270,458 

77,249 

15,788 

62,085 
55,300 

14,095 
477,288 

(276,952) 

$200,336 
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• Debt: Lam Resea rch had a to ta l long-te rm debt of $738,488 that consisted of t he 
severa l bonds issued in previous yea rs. Tiic inte rest payments associated with these 
long-te rm debts were about $5,380. 

• E11uity: Lam Research had 123.529 shares of common stock outstanding. lnvesLors 
initially provided the company with a to ta l capita l of $124 + $1,531.465. However. 
Lam Research has re ta ined the current as well as previous earnjngs of $2.690.086 
since it was incorpora ted. These earnings belong to Lam Research·s common stock
holders. A t the end of 201 1. the combined ne t stockholder's equity was $2.469,845. 
(This net eq uity figure includes $1,761,591 worth of treasury stock.) 

• Share va lue: Stock holders on average have a total investment of $20 per share 
($2.469.845/123 .529 shares) in the company; this investment is known as the stock's 
book va lue. In June 20 11, the stock was traded in the general range of $43 to $48 
per share. Note that this market price is quite diITerent from the stock's book value. 
Many factors affect the marke t price-most importantly, how investors expect the 
company to do in the future. Cert ainly, the company's unique etch products have 
had a major innuence on the marke t value of its stock . 

13 .2.2 The Income Statement 
TilC second financial report is the income statement, which indicates whether the com
pany is making or losing money during a stated period. Most businesses prepare quar
te rly and mo nthly income state ments in additio n to ann ual ones. For Lam Research's 
income stateme nt. the accounting pe riod begins on June 27 and ends on June 26 of the 
following yea r. Table 13.2 gives the 2011 and 2010 income statements fo r Lam Research. 

Net Income 

Typical c lements tl rnt a re itcmi;ccd in the income sta tement arc as follows: 

• The total revenue (or net sales) fi gure represents the gross sales less any sa les 
re turn a nd a llowa nces. 

• The expenses and costs of doing business are listed on the next several lines as 
deductions from the revenues. The largest expense for a typical manufacturing 
firm is its production expense for making a product (such as labor, materia ls. and 
overhead) called the cost of goods sold (or cost of revenue). 

• Tota l revenue less the cost of goods sold indicates the gross profit (margin). 
• Next, we subtrac t any o ther operating expenses from operating income. Tiiese 

o ther o perating expenses a re items such as interest, lease, selling, research and 
development (R & D ). and administra tion expenses. This operation res ults in the 
opera ting income period. 

• If the company generated other income from investments or any nonopcrating 
activities. this item will be a part of income subject to income taxes as well. 

• Finally, we determine the ne t income (or ne t profit) by subtracting the income 
rnxes from the taxable income. This ne t income is also common ly known as the 
acco1111ri111: i11co111e. 

Earnings per Share 

Another important piece of financial information provided in the income statement is 
the earnings pe r shm e (EPS) figure. In simple situations, we compute this amount by 
dividing the available earn ings to common stockholders by the number of shares of 
common stock outstanding. Stockho lde rs and potentia l investors want to know what 
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TABLE 13.2 The Income Statement for Lam Research Corporation 

LAM RESEARCH CORPORATION 

INCOME STATEMENT 

PERIOD ENDING 

(in thousands, except per share data) 

26-Jun-ll 

Total Revenue 

Cost of Goods Sold 

Gross Profit (Margin) 

Research Development 

Selling General and Administrative 

Nonrecurring-Restructuring Charges 

Operating Income or Loss 

Interest Income 

Earnings before Interest and Taxes 

Interest Expense 

Other 

Income before Tax 

Income Tax Expense 

Wifili" 
Net Income 

Net Income per Share 

Basic 

Diluted 

Number of Shares Used in Per Share 

Basic 

$3,237,693 

1,740,461 

1,497,232 

373,293 

308,075 

11,579 

804,285 

15,572 

819,857 

5,380 

13,601 

800,876 

77,128 

$723,748 

$5.86 

$5.79 

123,529 

125,019 

27-Jun-10 

$2,133,776 

1,163,841 

969,935 

320,859 

240,942 

(17,276) 

425,410 

8,598 

434,008 

994 

2,873 

430,141 

83,472 

$346,669 

$2.73 

$2.71 

126,933 

128,126 

their relative share of profits is, not just the total dollar amount. Presentation of prof
its on a per-share basis allows stockholders to relate earnings to what they paid for a 
share of stock. Naturally, companies want to report a higher EPS to their investors as a 
means of summarizing how well they.managed their businesses for the benefit of their 
owners. 

Dividends and Retained Earnings 

As a supplement to the income statement, corporations also report their retained earn
ings during the accounting period. When a corporation makes some profits, it has to 
decide what to do with these profits. The corporation may decide to pay out some of the 
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profits as dividends to its stockholders. Alternatively, it may retain the remaining profits 
in the business in order to finance expansion or support other business activities. 

When the corporation declares dividends, preferred stock has priority over com
mon stock in regard to the receipt of dividends. Preferred stock pays a stated divi
dend much like the interest payment on bonds. The dividend is not a legal liability 
until the board of directors has declared it. However, many corporations view the divi
dend payments to preferred stockholders as a liability. Therefore, the term "available 
earn ings for common stockholders" re flects the net earnings of the corporation less 
the preferred-stock dividends. When preferred- and common-stock dividends are sub
tracted from net income, the remainder is retained earnings (profits) for the year. As 
mentioned previously, these retained earnings arc reinvested in the business. 

What to Read from Lam's Income Statement 

(All numbers in thousands except per share.) Net sales were $3,237,693 in 2011, 
compared with $2,133,776 in 2010, a whopping gain of 52%. Profits from operations 
(operating income) rose to $804,285, and net income was up to a profit of $723,748 
from $346,669 a year ago. We can infer the following: 

1. Dividends: Lam Research issued no preferred stock, so there is no required cash 
dividend. In fact, Lam Research did not even pay any cash dividends to its com
mon stockholders either. 

2. EPS: Earnings per common share climbed at a faster pace to $5.86 from $2.73 
iJ1 2010. We can see that Lam Resea rch had ea rnings available to common 
stockholders of $723,748. The beginning balance of the retained earnings was 
$1,966,336. Sec Table L3.l for the retained earning entry in 2010, so if the entire 
earnings were retained, the ending balance should be $2,690,084. However, the 
ending balance of the re tained earnings in 2011 was $2,690,086, implying that 
Lam Research had an extra $2 from other business activities including reissu
ance of treasury stock. 

3. Profit margins: Table 13.3 illustrates the calculation of the gross margin , operat
ing margin, and net margin , which are expressed as percentages of tota l sa les. 
Lam Research's net margin is about 22.35%, meaning that for every dollar of 
sa les, Lam Research is making 22.35 cen ts of net profit. 

13.2.3 The Cash-Flow Statement 
The income statement explained in the previous section indicates only whether the 
company was making or losing money during the reporting period. Therefore, the 
emphasis was on determining the net income (profi ts) of the firm , mainly for the op
erating activities. However, the income statement ignores two other important busi
ness activities for the period: financing and investing activities. 111erefore, we need 
another financial stat ement - the cash-Oow statement - that details how the company 
generated cash and how the company used its cash during the reporting period. This 
statement is concerned with how the company actually used its cash in its period, thus 
explaining how the firm went from the level of cash in its accounts reported at the start 
of the year to the level of cash it had at the end of the year. 



TABLE 13.3 Understunding Operating Margin and Net Margin 

LA~l RESEARCH CORPORATION 
Operating and Profit Margins 

(in thousand • except percentage data) 

PERIOD ENDING 26-Jun-11 

Total Revenue $3.237.693 

Cost of Goods Solc.J I .7~0..t6J 

Gross Profit (Gross Margin) 1,497,232 

Research Development 373,293 

Selling General and Adm inistrat ive 308.075 

Nonrccu rri ng- Rcst ruct uring Chnrges J 1.579 

Opcruting Profit (Operuting Margin) 804,285 

Interest Income/Other Expenses, Net 1.971 

Earnings before Interest and Taxes 806,256 

Interest Expense 5,380 

Income hcfore Tax 800,876 

Income Tax Expense 77,128 

Net Income (Net Margin) $723,748 

Sources and Uses of Cash 
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% ofTotal 

Revenue 

100.00% 

53.76% 

46.24% 

11.53% 

9.52% 

0.36% 

24.84% 

0.06% 

24.90% 

0. 17% 

24.74% 

2.38% 

22.35% 

TI1e difference between the sources (in nows) and uses (out nows) of cash represents the 
net cash flow during the re porti ng period. TI1is is a very important piece of information 
because investors determine the va lue o f an asset (or a whole firm) by the cash flows it 
generates. Figure IJ.5 illustrates how a firm generates cash flows and summarizes the 
sources and uses of cash during its business cycle. We may also summarize the sources 
and uses of funds according to the changes in account activities (see Figure l3.6). 

Certainly. a firm's net income is important, but cash flows a rc even more impo rtant 
because we need cash to pay di vidends and co purchase the assets required for continu
ing operations. As we me ntioned previously, the goal of the firm should be to maximize 
the price of its stock. Since the value of any asset depends on the cash flows produced 
by the asset. managers want to maximize cash flows available to its investo rs over the 
lo ng run. ·111ercforc. managers sho uld make investment decisions o n the basis of cash 
flows rather than profits. Fo r such investment decisions. it is necessary to convert prof
its (as determined in the income State ment) to cash nows. Table 13.4 is Lam Research's 
statement of cash nows as it would appear in the company's annual report. 
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From sale 
of shares 

sales 

To pay di\'idcnd. 
To purcha~e back 
shares 

To pay labor. 
materials_ and 
overhead 

Figure 13.5 ll1e cash now cycle in a typical manufacturing fim1 

t Source 
of 
Funds 

Uses of 
Funds 

Increase in liabilit ies 
and equities 

Decrease in asse ts 

Increase in assets 

Decrease in liabilities 
and equities 

Figure 13.6 Summary of sources and uses 
of funds according to changes in account 
activi t ics 

Reporting Form at 

In preparing a cash-now s tacc mcnt such as the one in Table 13.4, many companies 
ide ntify the sources and uses of cash according to the types of business activitics. ll1e re 
arc three types of activities: 

• O perating uctiYities: We start with the ne t change in operating cash nows from the 
income sta tement. Herc. operating cas h flows represent those cash fl o ws re la ted 
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TABLE 13.4 The Cash-Flow Statement for Lam Research Corporation 

LAM RESEARCH CORPORATION 

CASH FLOW STATEMENT 

(in thousands, except per share data) 

PERIOD ENDING 

Net Income 

Cash Flows from Operating Activities 

Depreciation 

Other Noncash Items 

Change in Accounts Receivables 

Changes in Liabilities 

Changes in Inventories 

Changes in Other Operating Activities 

Total Cash Flow from Operating Activities 

Cash Flows from Investing Activities 

Capital Expenditures 

Investments 

Total Cash Flows from Investing Activities 

26-Jun-11 

$723,748 

78,313 

57,014 

(89,716) 

214,412 

(77,461) 

(25,282) 

881,028 

( 127,495) 

(352,418) 

(479,913) 

27-Jun-10 

$346,669 

71,401 

92,524 

(246,653) 

190,120 

(79,701) 

(23,647) 

350,713 

(35,590) 

(67,766) 

(103,356) 

[tJ;f U(Pl:t11ff8Wr.ill\ITlf0JWf V~~-:~;:VW:t~3.~:);muw:m-vK-:@[.-:(A-(?i~-0t-:!X:~·~~-i'.1-iWr-1~J-:::N:-::r,w-.:pf-.}f:.i-·!;f:i'.-;}L-~%1-f~-~+-:~4-N~-:m-&f;-;1~:tf-~J1-w.;-li;~,-sw-·:.!\v.-~Y-fA;-;;;t;;0-;t~-;#-Nt;-f~~-iiJ.'.\-·WH 
Cash Flows from Financing Activities 

Financing Cash Flow Items 23,290 10,234 

Dividends Paid 

Issuance (Retirement) of Stock, Net (225,016) (62,194) 

Issuance (Retirement) of Debt, Net 878,301 (20,704) 

Other Cash Flows from Financing Activities (149,589) 

Total Cash Flows from Financing Activities 526,986 (72,664) 

Effect of Exchange Rate Changes 18,264 (3,093) 

Change in Cash and Cash Equivalents $946,365 $171,600 

to the production and sales of goods or services. All noncash expenses are added 
back to net income (or after-tax profits). For example, an expense such as depre
ciation is only an accounting expense (bookkeeping entry). While we may charge 
such an item against current income as an expense, it does not involve an actual 
cash outflow. The actual cash flow may have occurred when the asset was pur
chased. Any adjustments in working-capital terms will also be listed here. Once 
again, working capital is defined as the difference between current assets and cur
rent liabilities. Furthermore, we can determine the net change in working capital 
requirement by the difference between "change in current assets" and "change in 
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• Defini1ion: 
• WC = Curren! Assc l ~ 
(CA) - Curren! Liahili1ics (CL) 

• Changes in Working Capiinl 
• n we = .lCA - .lCL 

• If~ WC > 0. working capi1al 
rcquin:mcn1 (Use or Funds) 

• Ir il WC < 0. working ca pi in I 
release (Source or Funds) 

Accounl receivables 

Inventories 

Other current asse ts 

Working Cupitul 

••• 
• 

Account payables 

Short-term debt 

Other current liabilities 

Figure 13.7 Working capital and its impact on cash flow statement 

current liabilities.'' lf this net change is positive, the working capital requirement 
appears as uses or cash in the cash flow statement. This concept is illustrated in 
Figure 13.7. 

• ln\'esting activities: Arter determining th e operating cash flows, we consider 
any cash rtow transactions related to investment activities. Investment activities 
include transactions such as purchasing new fixed asse ts (cash outflow), reselling 
old equi pment (cash inflow), and buying and se lling financial assets. 

• Financing aclh•itics: Finally, we detail cash tra nsactions re lated to financing any 
capit al used in business. For example, the compa ny could borrow or sell more stock, 
resulting in cash inflows. Paying off existing debt would result in cash outflows. 

By summarizing cash inf lows and outflows from these three types of activities fo r a 
given accounting period, we obtain the net changes in cash flow position of the company. 

What to Read from La m Re search's C ash Flow Stat e ment 

As shown in Table 13.4, Lam Research's cash flow Crom operations in fisca l year 2011 
amounted to $946,365. Note that this amount is much different from the net income of 
$723,748 earned during the reporting period. Where did the rest of the money come 
from? Basica lly, we arc trying to explain the sources and uses of funds during the busi
ness cycle, as de picted in Figure .13.8, a graphica l presentation similar to Figure 13.5, 
with emphasis on cash flow from operational acti vities. 

l . Cash llow rrom opcralions: The main reason for the di(ference (net income ver
sus cash flow from opcrnlions) is the accrual-basis accounting principle used by 



The Cnsh Flow-Business Cycle 

• €hanges In equity 
• Changes In llutiHltfes. 

Cash 

Collection of 
receivable 

Cnsh Accounu 
receivable Sales 

Credit 
Sales 

• Lubor 
•Materials 

Inventory 

•Overhead 
Depreciation 

Faxed assets 

Figure 13.8 Explaining the cash flow activities by the business cycle, 
showing where the cash is generated and where the cash is spent 
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Lam Research Corporation. In accrual-basis accounting, an accountant recognizes 
the impact of a business event as it occurs. When the business performs a service, 
makes a sale. or incurs an expense, the accountant enters the transaction into the 
books. no matter whether cash has been received or paid. For example, the increase 
in accounts receivable during 2011 from $499,890 to $590,568 (in Table 13.1) rep
resents the increased amount of total sales on credit. Since this figure was included 
in the total sales in determining the net income, we need to subtract this figure in 
order to determine the true cash position. In general, 

• Sources of funds are indicated by increase in equities and decrease in assets. 
• Uses of funds arc indicated by increases in assets and decreases in equities. 

After making similar adjustments in other operating cash flows, the net cash pro
vided from operating activities is $881,028. 

2. Cash Dow from investing activities: From the investment activities, Lam 
Research purchased capital assets worth $127,495. It made $352,418 worth of 
investments during the period. The net cash flow used from these investing 
activities amounted to $479,913, which means that there was an outflow. 

3. Cash Dow from financing activities: Financing decision making generated financ
ing activities that produced a net inflow of $526,986, including a repurchase of 
Lam Research's own shares worth $225,016, and an issuance of debt worth 
$878,301. (This repurchase of its own stock is equivalent to investing its idle cash 
from operations in the stock market. Lam Research could have bought another 
company's stock. such as that of Apple or Microsoft, with the money. However, it 
viewed its own stock undervalued, so it ended up buying it instead.) 

Finally, there was the effect of exchange-rate changes on cash for foreign 
sales. This amounts to a net increase of $18,264. 
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Together. the three types of activities generated a total cash flow of $946,365 in 
2011. With the initial cash balance of $545,767, the ending cash balance now increases 
to $1,492,132. This amount appears as the change in cash and cash equivalent in Lam 
Research's balance-sheet statement in Table 13.1. 

dltCM Using Ratios to Make Business Decisions 
Financial statements tell us what has happened during a particular period. In that sense, 
financial statements are essentially historical documents. However, most users of finan
cial statements are concerned about what will happen in the future. For example, 

• Stockholders are concerned with future earnings and dividends. 
• Creditors are concerned with the company's ability to repay its future debts. 
• Managers are concerned with the company's ability to finance future expansion. 
• Engineers are concerned with planning actions that will influence the future course 

of business events. 

Despite the fact that financial statements are historical documents, they can still 
provide valuable information that addresses all of these concerns. An important part of 
financial analysis is the calculation and interpretation of various financial ratios,4 which 
provide insight into a firm's future status. In this section, we consider some of the widely 
used ratios that analysts use in attempting to predict the f uturc course of events in busi
ness organizations. We may group these ratios in five categories (debt management, liquid
ity, asset management, profitability, and market trend) as outlined in Figure 13.9. In all 
of the upcoming financial-ratio calculations, we will use the 2011 financial statements for 
Lam Research Corporation as summarized in Tables 13.1, 13.2, and 13.4. 

We often compare a company's financial ratios with industry average figures; how
ever, we should note at this point that an industry average is not an absolute number 
that all firms should strive to maintain. In fact, some very well-managed firms will be 
above the average while other good firms will be below it. However, if a firm's ratios 
are quite different from the average for its industry, we should examine the reason that 
this variance occurs. 

13.3.1 Debt Management Analysis 
All businesses need assets in order to operate. To acquire assets, a firm must raise capi
tal. When the firm finances its Jong-term needs externally, it may obtain funds from 
the capital markets. Capital comes in two forms, debt and equity. Debt capital refers 
to borrowed capital from financial institutions and bond markets. Equity capital refers 
to capital obtained from the owners of the company. Use of debt increases returns to 
shareholders in good times (if money is put to use in creating profits) and reduces them 
in bad times. Therefore, the degree to which a business is utilizing borrowed money is 
known as financial leverage. 

The basic methods of debt financing include bank loans and bond sales. For ex
ample, say that a firm needs $10,000 to purchase a computer. In this situation, the firm 
could borrow the money from a bank and repay the loan and the specified interest 

4 Financial ratios can be calculated in several different ways. Therefore, financial ratios that we cal
culate for Lam Research might be different from some other published figures. So be warned: You 
should not accept a ratio at face value without knowing how it has been calculated. 



Debt Management 

Ratios that show how a 
firm uses debt financing 
and summarizes the firm's 
ability to meet debt 
repayment obligations. 

•Debt ratio 

• limes-interest· 
earned ratio 

Uquidlty 

Ratios that show the 
relationship of a firm's 
cash and other assets 
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. Market 1iend 

A set of ratios that relate 
the firm's stock price to 
its earnings and book 
value per share. 

•PIE ratio 

• Markel/book ratio 

Profitability 

A set of ratios that show 
the combined effects of 
liquidity. asset management, 
and debt on operating 
results. 

• Profit margin on 
sales 

• Return on total 
assets 

• Return on common 
equity 

Figure 13. 9 Types of financial ratios used in evaluating a firm's financial health 

in a few years, an approach known as a short-term debt fi11a11ci11g. Now suppose that 
the firm needs $100 million for a construction project. It would normally be very ex
pensive (or require a substantial amount of mortgage) to borrow the money directly 
from a bank. In this situation, the firm would go public in order to borrow money on a 
long-term basis. When investors lend capital to a company and the company agrees to 
repay the loan at an agreed interest rate, the investor is a creditor of the corporation. 
The document that records the nature of the arrangement between the issuing com
pany and the investor is called a bond. Raising capital through issuing bonds is called 
long-term debt financing. 

Similarly, there arc different types of equity capital. For example, the equity of a 
proprietorship represents the money provided by the owner. For a corporation, equity 
capital comes in two forms: preferred and common stock. Investors provide capital to a 
corporation, and the company agrees to provide the investor with fractional ownership 
in the corporation. 

Since a company must pay its creditors on time and in full to remain solvent and 
out of bankruptcy, one primary concern of financial analysis is to determine how able 
a firm is to cover its required debt payments. To do so, we first examine the extent to 
which a company uses debt financing (or financial leverage) in business operations, as 
follows: 

• Check the balance sheet to determine the extent to which borrowed funds have 
been used to finance assets, and 

• Review the income statement to see the extent to which fixed charges (interests) 
arc covered by operating profits. 
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1\vo essential indicators of a business' ability to pay its long-term liabilities are the 
debt ratio and the times-interest-earned ratio. 

Debt Ratio 
The relationship between total liabilities and total assets, generally called the debt 
ratio, tells us the proportion of the company's assets that it has financed with debt: 

D b 
. total debt 

e t ratio = . 
total assets 

(13.Ja) 

For example, Lam Research's debt ratio for 2011 can be calculated from Table 13.1 as 
follows: 

. - $1,587,549 - 0 

Debt ratio - $
4

,
057

•394 - 39.13 Yo. 

Total debt includes both current liabilities and long-term debt. If the debt ratio 
is 1, then the company has used debt to finance all of its assets. As of June 26, 2011 
Lam Research's debt ratio was 39.13%; this means that its creditors have supplied close 
to 40% of the firm's total financing. Certainly, most creditors prefer low debt ratios 
because the lower the ratio, the higher will be the cushion against the creditor's losses 
in case of liquidation. If a company seeking financing already has large liabilities, then 
additional debt payments may be too much for the business to handle. For this highly 
leveraged company, creditors generally charge higher interest rates on new borrowing 
in order to help protect them. 

Another way to express leverage is in terms of company's debt-to-equity ratio: 

long-term debt 
Debt-equity ratio= . (13.lb) 

eqmty 

If this ratio is more than 1, the majority of assets arc financed through debt. If it is less 
than 1, assets arc primarily financed through equity. For Lam Research, the debt-equity 
ratio in 2011 was 

. . $738,488 
Debt-eqmty ratio = $

2
,4

69
•
845 

= 0.2990. 

This indicates that almost 70% of Lam Research's assets were financed through equity. 

Times-Interest-Earned Ratio 

The most common measure of the ability of a company's operations to provide pro
tection to the long-term creditor is the times-interest-earned ratio. We find this ratio 
by dividing earnings before interest and income taxes (EBIT) by the yearly interest 
charges that must be met. For example, Lam Research issued $738,488 worth of senior 
notes and long-term bonds. This results in $5,380 in interest expenses in the year 2011, 
so we calculate the following: 

T
. . d . EBIT 1mes-mterest-earne ratio = -----

Interest expense 

$806,256 
= $5,380 

= 149.86 times. 

(13.2) 
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The ratio measures the extent to which operating income can decline before the 
firm is unable to meet its annual interest costs. Failure to meet this obligation can lead 
to legal action by the firm's creditors, possibly resulting in bankruptcy. Note that we use 
the earnings before interest and income taxes, rather than net income in the numerator. 
Because Lam Research must pay interest with pretax dollars, Lam Research's ability 
to pay current interest is not affected by income taxes. Only those earnings remain
ing after all interest charges have been incurred are subject to income taxes. For Lam 
Research, the times-interest-earned ratio for 2011 is almost 150 times. 

13.3.2 Liquidity Analysis 
Lam Research's short-term suppliers and creditors are also concerned with the level 
of liabilities. Short-term creditors want to be repaid on time. Therefore, they focus 
on Lam Research's cash flows and on its working capital, as these quantities are Lam 
Research's primary sources of cash in the near future. The excess of current assets over 
current liabilities is known as working capital. This figure indicates the extent to which 
current assets can be converted to cash in order to meet current obligations. Therefore, 
we view a firm's net working capital as a measure of its liquidity position. In general, 
the larger the working capital, the better able the business will be to pay its debts. 

Current Ratio 

We calculate the current ratio by dividing current assets by current liabilities: 

. current assets 
Current rat10 = 1. b"I .. current 18 1 1lles 

(13.3) 

For example, Lam Research's current ratio in 2011 can be calculated as follows: 

. $3,276,792 . 
Current ratio = $

684
,
286 

= 4.79 times. 

If a company is getting into financial difficulty, it begins paying its bills (accounts pay
able) more slowly, borrowing from its bank, and so on. If current liabilities are rising 
faster than current assets, the current ratio will fall, and this could spell trouble. What 
is an acceptable current ratio? The answer depends on the nature of the industry. The 
general rule calls for a current ratio of 2 to 1. This rule, of course, is subject to many 
exceptions, depending heavily on the composition of the assets involved. 

Quick (Acid Test) Ratio 

The quick ratio tells us whether the company could pay all its current liabilities if they 
came due immediately. We calculate the quick ratio by deducting inventories from cur
rent assets and then dividing the remainder by current liabilities: 

Q 
. k . _ current assets - inventories 

UIC ratio - 1· b"I. . . current 18 1 1t1es 
(13.4) 

For example, Lam Research's quick ratio in 2011 can be calculated as follows: 

Q 
. k . - $3,276,792 - $396,607 - 4 21 . 

u1c ratio - $
684

•
286 

- . trmes. 
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·nic quick ratio measu res how well a company ca n meet i1s obligatio ns withou t 
having to liquidate or depend too heavily on selling its invento ry. In ventories a re typi
cally the least liquid of a firm 's curre nt assets; he nce, they arc the assets on which losses 
arc most likely to occur in cnsc of liquidation. Since Lam Resea rch's current ratio for 
20 11 is 4.79. its liquidity position is relatively s trong. as it cnrried a small amount of 
inventory in its current assets (on ly $396.607 o ut of $3.276.792 of curren t assets). 

13.3.3 Asset Management Analysis 
ll1e ability to sell inventory and collect accounts receivable is fundamentaJ to business suc
cess. llierefore, the third group of rntios measures how effectively the firm is managing its 
assets. We will review three rat ios related to a Cirm's asset management: (l) inven1ory
turnover ratio, (2) days-sale-outstand ing ratio. and (3) total-assets-turnover ratio. ll1c pur
pose of these ratios is to answer 1hc fo llowing question: Docs the total amount of each type 
of asset as reported on the balance sheet seem reasonable in view of current and projected 
sales levels? Any asset acquisition requires the use of funds. If a firm has an excess of assets. 
its cost of capitaJ wiU be too high; as a result. its profits will be depres ed. On the other hand. 
if assets arc too low. the fim1 is likely to lose profitable sales. 

Inventory-Turnover Ratio 

We find this by measuring how many times a company has sold and replaced its inven
tory during the year. We compute the ratio by dividing sales by lhe average level of 
invento ries on hand. We compute the average invento ry figure by taking the average 
o f the beginning and ending inventory figu res. Since Lam Resea rch has a beginning 
inven to ry amo unt of $318,479 and an ending inventory <lmount of $396.607. its average 
inver11ory for the year would be $357,5-B. Then we compu te L..1111 Research's inventory
turnover ratio for 201 l as follows: 

sales 
Inventory-turnover ratio = ---------

average inven tory balance 

$3,237,693 :\ ()"- . 
= $357,543 = l.J. o tunes . 

( 13.5) 

As a rough approximntion, Lam Research was able Lo sell and restock its inven
to ry 9.06 times in 2011. Its turnover of 9.06 times is a li11le faster than that of its indus
try average. 7.2 times. during the same operati ng period. This result suggests that Lam 
Research· competitors arc holding excessive stocks of inventory: excess stocks arc. 
of cour e. unproductive. and they represent an investment with a low or zero rate of 
return . A relatively high ratio compared with those of competitors in the same industry 
may indicate that tbe firm is working close to capacity. signaling that it would need addi
tional investment to generate ndditional business. 

Days-Sa les-Outstanding (Accounts Receivable Turnover) Ratio 

111c days-sales-outstanding (DSO) rntio is a rough measure of how many times a com
pnny's accounts receivable have been turned into cash during the year. We determ ine 
the ratio. also called the a\'cragc collect ion period. by dividing accounts receivable by 
average sales per day. In other words. this ratio indicates the average length of time the 
firm must wait after making a snle before receiving c:<lsh. For Lam Research in 2011. 
we have 
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DSO = accounts receivables = accounts receivables 
average sales per day annual sa les/365 

(13.6) 

$590,568 $590,568 = = 
$3.237 .693/ 365 $8.870 

= 66.58days. 

Thus. for Lam Research. on average. it takes about 66.58 days to collect on a credit 
sn lc. Whether its average of 66.58 days taken to collect on an account is good or bad 
depends on the credit terms La m Research is offering its customers. If credit terms are 
90 days. we can say tha t Lam Research's customers. on average, are paying their bills on 
time. Tn order to improve their working-capital position, most customers tend to with
hold payment for as long as the credit terms wi ll all ow and may even go over by a few 
days. Tirn long collection peri od may signal th at customers are in financial trouble or 
the company has poor credit management. 

Total-Assets-Turnover Ratio 

TI1e total-assets-lllrnover ratio measures how effectively a firm uses its total assets in 
generating irs revenues. It is the ratio of sales to all of the firm's assets. For Lam Re
search in 20 LI. 

. sales 
Total-assets-mm over ra tio = 

1 tota assets 
( 13. 7) 

$3,237.693 
= 

$4.057.394 

= 0.80 times. 

Lam Research's ratio of 0.80 times. when compared with the industry average 
ratio of 0.9 times, is almost 11.11 % slower, indicating that Lam Research is using its 
total assets about 11.11 % less intensively than its peers. If this ratio does not improve. 
we can say that Lam Research has relatively high investment in inventory. plant. and 
equipment compared wi th the size of sales. 

13.3.4 Profitability Analysis 
One of the most important goals fo r any business is to earn a profit. The ratios exam
ined thus far provide useful clues as to the effectiveness of a firm's operations. but 
profitability ratios show the combined effects of liquidity. asset management, and debt 
on operating results. 111erefore. ratios that measure profitability play a large role in 
decision making. 

Profit Margin on Sales 

We calculate the profit mnrgin on sales by dividing net income by sales. Tiiis ratio indi
cntes the profit per dollnr of sn les. For L'lm Resea rch in 2011. 

nee income avail able to common stockholders 
Profit margin on sa les = -----------------

sales 

$723,748 - 0 

= $3,237,693 - 22·35 Yo. 

(13.8) 
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Thus, Lam Research's profit margin is equivalent to 22.35 cents for each sales dol
lar generated. Lam Research's net profit margin is higher than the industry average of 
16.8%. This difference indicates that Lam Research's operation is more efficient than its 
competitors. Recall that net income is income after taxes. Thus, if two firms have identi
cal operations in the sense that their sales, operating costs, and earnings before income 
tax are the same but one company uses more debt than the other, then the company 
with more debt will have higher interest charges. Those interest charges will pull net 
income down, and because sales are the same, the result will be a relatively low profit 
margin for the indebted company. 

Return on Total Assets 

The return on total assets (ROA), or simply return on assets, measures a company's 
success in using its assets to earn a profit. The ratio of net income to total assets meas
ures the return on total assets after interest and taxes. For Lam Research in 2011, 

net income + interest expense (1 - tax rate) 
Return on total assets = 

1 
(13.9) 

average tota assets 

$723,748 + $5,380(1 - 0.096) 

= ($2,487,392 + $4,057,394)/2 = 22
·
27

%. 

Adding a portion of interest expenses back to net income results in an adjusted 
earnings figure that shows what earnings would have been if the assets had been ac
quired solely through equity. (Note that Lam Research's effective tax rate is 9.6% in 
2011.) With this adjustment, we may be able to compare the return on total assets 
among companies with differing amounts of debt. Again, Lam Research's 22.27% re
turn on assets is well above the industry average of 14.7%. This high return results from 
(1) the company's high basic earning power and (2) its low use of debt, both of which 
cause its net income to be relatively high. 

Return on Common Equity 

Another popular measure of profitability is the rate of return on common equity 
(ROE). This ratio shows the relationship between net income and the common stock
holders' investment in the company. That is, it answers the following question: How 
much income is earned for every $1 invested by common shareholders? To compute 
this ratio, we first subtract pref erred dividends from net income; the result is known 
as "net income available to common stockholders." We then divide this net income 
available to common stockholders by the average common (stockholders) equity dur
ing the year. We compute average common equity by using the beginning and ending 
balances. At the beginning of fiscal year 2011, Lam Research's common equity balance 
was $1,768,135, and its ending balance was $2,469,845. The average balance is, then, 
simply $2,118,990. So, we find the following: 

R 
. net income available to common stockholders 

etum on common eqmty = . (13.10) 
average common eqmty 

$723,748 = ~~~~~~~~~~ 
($1,768,135 + $2.469,845)/2 

- $723,748 - 0 

- $2,118,990 - 34•16 ~. 
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•This is an example of a healthy 
company that might not have a 
spectacular ROE because there 
is so much equity in the 
company . B . . 

• Tu;. ; ... ,~m.,, ., • _ I ··e· ts I = leveraged company that might 
have a spectacular ROE 
because the owners have put so 
few of their own resources into 
the company. 

Equity 

Figure 13.10 How the debt-to-equity ratio affects the 
return on equity 

The rate of return on common equity for Lam Research was 34.16% during 2011. 
To learn more about what management can do to increase ROE, we may rewrite 

ROE in terms of the following three components: 

ROE = Net income 
Average shareholders' equity 

Net income Sales Assets = x ~~- x ~~~~~~~~~~~ 
Sales Assets Average shareholders' equity" 

(13.11) 

The three principal components can be described as the profit margin, asset turnover, 
and financial leverage, respectively. 

ROE = (Profit margin) x (Asset turnover) x (Financial leverage) 

= (22 35%) x (0 80) x ($
4

•
057

•
394

) 
• 

0 
• $2,118,990 

= 34.24%. 

The slight difference is due to rounding errors. This expression tells us that manage
ment has only three key ratios for controlling the ROE: (1) the earnings from sales 
(profit margin). (2) the revenue generated from each dollar of assets employed (asset 
turnover), and (3) the amount of equity used to finance the assets in business operation 
(financial leverage). 

Figure 13.10 illustrates how the debt-to-equity ratio (total debt over total equity) 
(distinct from the debt ratio) impacts the return on equity. 

13.3.5 Market-Value Analysis 
When purchasing a company's stock, what would be your primary factors in valuing that 
stock? In general, investors purchase stock to earn a return on their investment. This 
return consists of two parts: (1) gains (or losses) from selling the stock at a price that is 
higher (or lower) than the purchase price and (2) dividends, the periodic distributions of 
profits to stockholders. The market-value ratios, such as price-earnings ratio and market
book ratio, relate the firm's stock price to its earnings and book value per share. These 
ratios give management an indication of what investors think of the company's past per
formance and future prospects. If a firm's asset management and debt management are 
sound and its profit is rising, then its market-value ratios and stock price will be high. 
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Price/Earnings Ratio 

ll1e price/earnings (PfE) ra tio shows how much investors arc willing to pay per dollar 
of report ed profits. Lam Research's slock sold for $43.22 (closing price) on June 24, 
2011, so with an EPS of $5.86, ils P/E ratio is: 

Net income 
Earnings per share = . 

Average number of shares outstnndmg 

= $723.748 = s-86 
123.529 ). 

price per share 
P/E ratio = --.----

earnmgs per share 

= $43.22 = 7 38 
$5.86 . . 

(13.1 2) 

(13. 13) 

That is, the stock was selling for about 7.38 times its current earnings per share. 
In general , P/E ra tios arc higher for firms with high growth prospects with all other 
things held constant but lower for firms with lower expected earnings. Lam Re
search's expected annual increase in operating earnings is 16% over the next three 
to five yea rs. Since Lam Research's expected growth is more than 4.17%. the average 
for the semiconductor industry, we may infer that investors va lue Lam Research's 
stock more highly than most other stocks in the industry. I l owcver, all stocks with 
high P/E ratios will also carry high risk whenever the expected growth does not 
materialize. Any slight ea rnings disappointment tends to punish the market price 
significantly. 

Book Value per Share 

Another ratio frequen tly used in a sessing the well-being of common stockholders is 
book value per share. The book value per share measures the amount that would be 
distributed to holders of each share of common stock if all assets were sold at their 
balance-sheet carrying amounts and if all creditors were paid off. We compute the 
book value per share for L<1m Research's common stock in 20 11 as follows: 

total stockholders' equity - prercrrcd stock 
13ook value per share = . (13.14) 

shares outstandmg 

= $2,469.845 - so = $20 
123.529 . 

If we compare 1his book value with the market price of S-t3.22 at the time of publica
tion, lhen we may say that 1he stock appears to be overpriced. Once again. market 
prices reflect expectations about future earnings and dividends whereas book value 
largely reflects the results of events that occurred in th e past. TI1crcfore, the market 
value of a stock tends to exceed its book value. 

Thcrc arc many sources of financial ratio information in add ition to those we have 
examined here. For example, www.reuters.com shows a variety of financial ratios for 
publically traded companies. Table 13.5 summarizes the financial ratios for Lam Re
search Corpora tion in reference to industry and the S&P averages. In looking at num
bers such as these, you may find the figures that we have calculated could be different 
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TABLE 13.S Comparisons of Key Financial Ratios for Lam Research Corporation with 
the Industry Average and the S&P 500 (as of May 18, 2011) 

Debt/Equity Ratio 0.299 0.14 1.2 

Debt Management Time-interest-earned ratio 149.86 38.6 83.4 

Current ratio 4.79 3.9 1.4 

Liquidity Analysis Quick ratio 4.21 3.2 0.9 

Inventory-turnover ratio 9.06 7.2 14.2 

Asset Management Days-sales-outstanding ratio 66.58 50.69 8.33 

Total-assets turnover ratio 0.80 0.9 2 

Profit margin 22.35% 16.8 12.6 

Profitability Return on total assets 22.27% 14.7 14.2 

Return on common equity 34.16% 21.60% 38.60% 

Source: MSN Finance - http://money.msn.com 

from the published numbers. The reason is that different sources frequently do their 
calculations somewhat differently even if the ratio names are the same. Table 13.6 sum
marizes the financial ratios introduced in this section. 

13.3.6 Limitations of Financial Ratios in Business Decisions 
Business decisions are made in an uncertain world. As useful as ratios are, they have 
limitations. We can draw an analogy between the use of financial ratios in decision 
making and a physician's use of a thermometer. A reading of 102°F indicates that some
thing is wrong with the patient, but the temperature alone does not indicate what the 
problem is or how to cure it. In other words, ratio analysis is useful, but analysts should 
be aware of ever-changing market conditions and make adjustments as necessary. It 
is also difficult to generalize about whether a particular ratio is "good" or "bad." For 
example, a high current ratio may indicate a strong liquidity position, which is good, 
but holding too much cash in a bank account (which will increase the current ratio) 
may not be the best use of funds. In addition, ratio analysis based on any one year may 
not represent the true business condition. It is important to analyze trends in various 
financial ratios as well as their absolute levels, for trends give clues as to whether the fi
nancial situation is likely to improve or to deteriorate. To do a trend analysis, we simply 



TABLE 13.6 Summary of Key Financial Ratios 

Debt Management 

Liquidity Analysis 

Asset Management 

Profitability Analysis 

• Debt ratio = total debt . 
total assets 

. . long-term debt 
• Debt--eqwty ratio = . 

eqwty 

Ti 
. d . EBIT 

• 1mes-mterest-earne ratm = 
1 nterest expense 

. current assets 
• Current ratio = 1

. b.
1
. • • 

current ia 1 1ties 

• Quick ratio 
current assets - inventories 

current liabilities 

In 
• sales 

• ventory-turnover ratio = . bal 
average mventory ance 

• DSO = receivables = receivables 
average sales per day annual sales/365 

. sales 
• Total-assets-turnover rat10 = 

1 tota assets 

P f
. . 

1 
net income available to common stockholders 

• ro 1t margm on sa cs = 
1 sa es 

net income + interest expense(l - tax rate) 
• Return on total assets = taI 

average.to assets 

R 
. net income available to common stockholders 

• etum on common equity = . 
average common equity 

Net income Sales Assets 
= x-- x ---------

Sales Assets Average common equity 

Market Trend Analysis price per share 
• PIE ratio = ----------

earnings per share 

total stockholders' equity - preferred stock 
• Book value per share = d" 

shares outstan mg 

Debt ratio may be measured 
in many different forms. 

EBIT: Earnings before 
interest and taxes. This ratio 
is also known as the interest 
coverage ratio. 

As a variatio~ "sales" may 
be replaced by "cost of goods 
sold" in ratio calculation. 

As a variation, the Htotal 
assets" may be replaced by 
the "average of the assets." 

w 
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plot a ratio over time. As a typical engineering student, your judgment in interpreting 
a set of financial ratios is understandably weak at this point, but it will improve as you 
encounter many facets of business decision making in the real world. Again, account
ing is a language of business, and as you speak it more often, it will provide useful 
insights into a firm's operations. 

13.3.7 Where We Get the Most Up-to-Date Financial 
Information 

Recall that all the financial ratio analyses given in the previous section were based the 
Lam Research's 2011 Annual Report, as of June 26, 2011. This is a historical document 
that allows us to examine the past performance of the corporation as well as some 
business outlooks portrayed by the management. To get the most up-to-date financial 
information, you may visit many online financial information sources such as Yahoo 
Finance or the company's website under the heading "Investor Relations." Certainly, 
you need to find out how other competitors did during the same period before making 
a financial decision. 

DBI Principle of Investing in Financial Assets 
When you want to invest in an individual company, the financial analysis such as we 
have done for Lam Research Corporation in the previous sections would be a start
ing point. Once you understand the implications of financial risk associated with the 
company, you need to come up with an investment strategy that tells you what to do as 
far as putting together an appropriate investment portfolio. The next question involves 
how do you go about actually implementing the decisions you have made. Because 
investing is an inexact science, it is bener to be approximately right than precisely wrong. 
This is the approach taken in this section. The technique that is commonly practiced 
in financial investment is the concept of project diversification. The same concept also 
applies to the creation of an investment project portfolio. 

13.4.1 Trade-Off between Risk and Reward 
When it comes to investing, trying to weigh risk and reward can be a challenging task. 
Investors do not know the actual returns that project assets will deliver or the difficul
ties that will occur along the way. Risk and reward are the two key words that will fonn 
the foundation for much of this section. This is what investing is all about: the trade-off 
between the opportunity to earn higher returns and the consequences of trying to do so 
and failing. The greater the risk, the more you stand to gain or lose. There is no such thing 
as a truly risk-free investment. So, the real task is not to try to find "risk-free" invest
ments; strictly speaking, there are not any. The challenge is to decide what level of risk 
you are willing to assume and then, having decided on your risk tolerance, to understand 
the implications of that choice. Your range of investment choices-and their relative risk 
factors-may be classified into three types of investment groups: cash, debt, and equities. 

13.4.2 Broader Diversification Reduces Risk 
Even if you find risk exciting sometimes, you will probably sleep better if you have 
your money spread among different assets; do not put all your eggs in one basket. Your 
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best protection against risk is diversification-spreading your investments around in
stead of investing in only one thing. For example, you can balance cash investments 
such as certificates of deposit {CDs) and money-market funds with stocks, bonds, and 
mutual funds. Even within equity investments, you can buy stocks of small, growing 
companies while also investing in large and well-established companies. What would 
you gain from this diversification practice? Well, you would hope to reduce the effect 
of market volatility on your holdings. 

Usually, when returns are low in one area, you would like to see returns go up in 
another area. We may explain the concept of diversification graphically as shown in 
Figure 13.11. This figure shows three different investment scenarios explained as follows: 
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Figure 13.1 I Reducing investment risks by asset diversification 
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• Case (A)-lnvcst in two assets with similar return characteristics: Suppose you 
have the two types of investments shown in Figure 13.ll(a). These two invest
ments are similar in their pattern of return; that is, they fluctuate to the same 
degree such that as one goes up or down, so does the other.5 In other words, you 
will experience a great deal of volatility while you are in the market. If you keep 
both investments, your expected rate of return is simply the weighted average of 
their returns. 

• Case (8)-lnvest in two assets with dissimilar return characteristics: Suppose 
you find the set of investments shown in Figure 13.ll(b). The investments both 
have the same potential return, but the returns come at opposite times. That is, 
as one goes down, the other goes up.6 Again, the return would be the weighted 
average of the returns of the two investments, but we may control the risk (fluc
tuation) considerably. All the negative returns of one investment would be offset 
by the positive returns of the other. 

• Case (C)-lnvest in multiple assets with dissimilar return characteristics: Of 
course, in the real world, we are not likely to find either of the foregoing scenarios. 
The more likely situation is that larger portfolios will have a number of assets in 
them with differing, but not necessarily opposite, patterns of return. Then the re
sults could be as shown in Figure 13.1 l(c). The overall yield of the portfolio is the 
weighted average of the individual assets, but the fluctuation-the risk-is damp
ened. It is therefore possible to achieve a higher rate of return without consider
ably increasing the risk by building a multiple-asset portfolio. This is exactly what 
we achieve in asset investment through diversification. 

13.4.3 Broader Diversification Increases Expected Return 
As we observe in Figure 13.11, diversification reduces risk. However, there is far 
more to the power of diversification than simply spreading your assets over a num
ber of investments. Well-diversified portfolios contain various mixes of stocks, bonds, 
mutual funds, and cash equivalents such as treasury bills. With such portfolios, over 
lengthy periods, you do not have to sacrifice much in the way of returns in order to 
get that reduced volatility. Finding the right mix depends on your assets, your age, 
and your risk tolerance. Diversification also requires regularly evaluating your assets 
and realigning the investment mix. For example, if your stocks increase in value, they 
will make up a larger percentage of your portfolio. To maintain a certain level of risk 
tolerance, you may want to decrease your stock holdings and increase your cash or 
bond holdings. Example 13.1 illustrates the difference an asset allocation makes for a 
long-term investor. 

EXAMPLE 13.1 Broader Diversification Increases Return 

Suppose you have $10,000 in cash and are considering the following two options 
for investing money: 

• Option 1: You put the entire $10,000 into a secure-investment mutual fund 
consisting of a long-term U.S. Treasury bond with a yield of 7%. 

5 Mathematicians refer to such a relationship as a perfect positfre cross correlation. 
"This relationship is technically called a perfect 11egmfre cross correlation. 
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• Option 2: You split the $10,000 into equal amounts of $2,000 and diversify 
among five investment opportunities with varying degrees of risk from, say, 
extremely risky to very conservative and with potential returns ranging from 
-100% to 15%. 

$2,000 Buying lottery tickets -100% (?) 

$2,000 Under the mattress 0% 

$2,000 Turm deposit (CD) 5% 

$2,000 Corporate bond 10% 

$2,000 Mutual fund (stocks) 15% 

Given these two options, which would you choose? 

DISSECTING THE PROBLEM 
The $10,000 bond investment, which 
earns 7%, poses virtually no risk. 
With the diversified approach, you 
are going to lose the first $2,000 with 
practical certainty, make nothing on 
the next $2,000, make only 5% on the 
third $2,000, make 10% on the fourth 
$2,000, and make 15% on the last 
$2,000. At first glance, you might think 
Option 1 is a more rational strategy 
because of the very limited risk poten
tial. Indeed, that might well be the best 
alternative for many short-term inves
tors. However, say that we add one 
more element to our scenario: Our 
time horizon is 25 years. Would that 
make a difference? 

METHODOLOGY 
Create a table of expected returns and 
values in 25 years for both options. 

Given: Rate of return for each investment option. 

Find: Value of the investments at the end of 25 years. 

SOLUTION 
As you will see, the longer the time horizon, the better choice cer
tain investments, such as stocks (represented by the mutual fund in 
this example), become. First, we can find the value of the govern
ment bond in 25 years as follows: 

F = $10,000(F/P, 7%, 25) = $54,274. 

Similarly, we can find the value for each investment class in Option 2: 



1 $10,000 

$2,000 

$2,000 

2 $2,000 

$2,000 

$2,000 

Bond 

Lottery tickets 

Under mattress 

Term deposit (CD) 

Corporate bond 

Mutual fund (stocks) 

7% 

-100% 

0% 

5% 

10% 

15% 

$54,274 

$0 

$2,000 

$6,773 

$21,669 

$65,838 

$96,280 
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' At the outset, Option 2 appears to be a losing proposition, but you 
would end up with about 77% more money despite the fact that the 
first two choices you made were, at best, unproductive. Of course, 
you can come up with a counterexample where Option 1 would be a 
better choice. However, the message is clear: Diversification among 
properly chosen assets can increase your return without unneces
sary risks as long as you keep the assets invested in the market over 
a long period. 

COMMENTS: In an extreme case, if you invested the entire $10,000 in the stock, 
the expected return over 25 years would be $10,000(1 + 0.15)25 = $329,190, 
which is much more than the return expected from the diversification. There
fore, it is commonly suggested that if you are a long-term investor, you can 
increase your exposure to riskier assets, such as stocks. 

SUMMARY 
!1ll The primary purposes of this chapter were (1) to describe basic financial statements, 

(2) to present some background information on cash flows and corporate profitabil
ity, and (3) to discuss techniques used by investors and managers to analyze finan
cial statements. 

l'i!ll Before making any major business decisions, it is important to understand the im
pact of the decisions on the firm's financial statements. 

II The three basic financial statements contained in a company's annual report are 
the balance sheet, the income statement, and the statement of cash flows. Investors 
use the information provided in these statements to form expectations about future 
levels of earnings and dividends and about the firm's riskiness. 

Iii A firm's balance sheet shows a snapshot of the firm's financial position at a particu
lar point in time. 

1111 A firm's income statement reports the results of operations over a certain period, 
and it shows earnings per share as its "bottom line." 
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• A firm 's statement of cash flows reports the impact o f operating. invest ing. a nd 
financing ac tivities on cash flows over an accounting pe riod. 

• TI1e purpose o f ca lculating a set o f financia l ratios is twofo ld: ( 1) to examine the 
re lative stre ngths and weaknesses of a company coin pared with o the r com panic!. 
in the same industry and (2) to s how whe the r the company·s fi nancia l posit ion has 
been im proving o r de te riorating over time. 

• Liquidity ratios show the re lat ionship of a firm·s current assets to its current liabili
ties, and thus its ability to meet maturing debts. Two commonly used liqu idity ra tios 
are the current ra tio and the quick (acid test) ratio. 

• Asset management ratios measure how cff ectively a firm is managing its assets. 
Some of the major ratios incl ude the invento ry-turnover ratio. the collection period. 
and the to ta l-assets-wrnover ratio. 

• Debt management ratios revea l ( 1) the extent to which a firm is financed with debt 
and (2) the firm's like lihood of defaulting on its debt obligations. In this ca tegory. we 
may include the debt ratio and the times-int e rest-ea rned ratio. 

• Profitability rat ios show the combined e ffects of liquidity. asset manageme nt, and 
debt management pol icies on ope rating results. Profi tability ratios include th e profit 
margin o n sa les. the re turn o n to tal assets. and the re turn on commo n equity. 

• Marke t-value ratios rela1e a fi rm ·s stock price 10 its earnings and book value per !>hart! 
and give management an indica1ion of wha t investo rs think of the com pany"s past per
formance and future prospects. Marke t value ratios include the price/eamjngs ra1io 
and the marke t/book ratio. 

• Trend ana lysis. whe re a rat io ove r I inH! is plotted. is impo rtant because it reveals 
whethe r a firm·s ra tios a rc improving o r de te riorating over time. 

• Once you set your risk to le rance. you arc establishing an uppe r-bound limit on the 
portfolio·s lo ng-te rm expected rate o f re turn. 

• There i · no such thing a a risk-free.! investment. ·111e cha llenge is 10 decide wha t 
level o f ri k you a rc willing 10 assume and then. having decided on your risk to ler
ance, to unde rstand the implications of tha t choice. 

• TI1ere is far more to the power of diversification than simply spreading your asscls 
over a number o f investments to reclw.:c risk. By combining assets with d ifferent pat 
te rns o f re turn . ii is possible to achieve a higher ra1e o f re turn without significantly 
increasing risk. 

SELF-TEST QUESTIONS 
I 3s.1 Which o f the fo llowing s1a1e mc n1s is most correct? 

(a) ·nie ba lance sheet s1nteme n1 summarizes how much the firm owns as we ll as 
owes fo r a typical operating pe ri od. 

(b) The income s1a1eme nt summarizes the ne 1 income prod uced by the corpora-
1ion a t a specified reporting date. 

(c) ll1e cash now statement summarizes how the corporation generated ca-,h 
during the o perating period. 

(d) None of the above. 



13s.2 Which of the following statements is most correct? 
(a) Working capital measures the company's ability to repay current liabilities 

using only current assets. 
(b) The days sales outstanding (DSO) represents the average length of time that 

the firm must wait after making a sale before receiving cash. 
(c) The lower debt ratio, the more the protection afforded creditors in the event 

of liquidation. 
( d) All of the above. 

13s.3 Which of the following statements is most correct? 
(a) P/E ratios are higher for firms with high growth prospects, other things held 

constant, but they are lower for riskier firms. 
(b) Higher market/book (MB) ratios are generally associated with firms that 

have a high rate of return on common equity. 
(c) A high quick ratio is not always a good indication of a well-managed liquidity 

position. 
(d) All of the above. 

13s.4 Which of the following statements is most correct? 
(a) A decline in inventory turnover ratio suggests that the firm's liquidity posi

tion is improving. 
{b) The profit margin on sales is calculated by dividing net operating income by 

sales 
(c) When a corporation buys back its own stock, this is called Treasury Stock. 

The firm's cash and equity are both reduced. 
(d) None of the above. 

13s.5 Which of the following statements is most correct? 
(a) Generally, firms with high profit margins have high asset turnover ratios. 
(b) Having a high current ratio and a high quick ratio is always a good indication 

a firm is managing its liquidity position well. 
(c) Knowing that return on assets {ROA) measures the firm's effective utiliza

tion of assets without considering how these assets are financed, two firms 
with the same EBIT must have the same ROA. 

(d) One way to improve the current ratio is to use cash to pay off current 
liabilities. 

The following data apply to the next six problems. Consider Fisher & Company's finan
cial data as follows (unit: millions of dollars except ratio figures): 

Cash and marketable securities 

rJXed assets 

Sales 

Net income 

Inventory 

Current ratio 

Average collection period 

Average common equity 

$100 

$280 

$1,200 

$358 

$180 

3.2 
45 days 

$500 

Self-Test Questions 609 
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13s.6 Find Fisher's accounts receivable. 
(a) $147.95 (b) $127.65 
(c) $225.78 (d) $290.45 

13s.7 Calculate the amount of current assets. 
(a) $223 (b) $248 
(c) $280 (d) $428 

13s.8 Determine the amount of current liabilities. 
(a) $156 (b) $134 
(c) $244 (d) $334 

13s.9 Determine the amount of total assets. 
(a) $528 (b) $428 
(c) $328 (d) $708 

13s.10 Calculate the amount of the long-term debt. 
(a) $134 (b) $500 
(c) $74 (d) $208 

13s.l 1 Calculate the profit margin. 
(a) 20% (b) 30% 
(c) 35% (d) 40% 

The following financial statements apply to the next six problems, 13s.12-13s.18. 

Inland Manufacturing Balance Sheet 
(Dollars in millions) 

Cash $400 $300 

Account receivables 560 450 

Inventory 790 550 

Total current assets $1.750 $1.300 

Total fixed assets 1.200 1.210 

Total assets $2.950 $2,510 

Account payable $350 $250 

Note payable 470 330 

Other current liabilities 220 130 

Total current liabilities $1,040 $710 

Long-term debt 580 580 

Common equity $1.330 $1.220 

Total liabilities and equity $2,950 $2,510 

Inland Manufacturing Income Statement December 319 2011 

(Dollars In Millions) 

Gross sales $2,450 

Cost of goods sold: 

Materials $230 



Inland Manufacturing Income Statement December 31, 2011 (continued) 

(Dollars in Millions) 
Labor 

Overhead 

Depreciation 

Gross profit 
Selling expenses 

General and administrative expenses 

Earnings before interest and taxes (BBIT) 

Interest expenses 
Earnings before income taxes 

Provision for income taxes ( 40%) 

Net income 

850 

230 
400 $1,710 

$740 

40 

60 

$640 

2S 

$615 

246 
$369 

13s.12 Calculate the liquidity ratios, that is, the current and quick ratios. 
(a) (1.68, 0.92) (b) (1.56, 0.92) 
(c) (1.68, 0.82) (d) None of the above 

13s.13 Calculate the debt management ratios, that is, the debt and times-interest
earned ratios. 
(a) (1.22, 12.56) 

(c) (0.75,26.60 
(b) (0.55, 26.60) 
(d) (1.22, 22.55) 

13s.14 Calculate the inventory-turnover ratio. 
(a)3.66 (b)7.33 
(c) 2.88 (d) 4.21 

13s.15 Calculate the return on equity. 
(a) 14% (b) 29% 
(c) 15% (d) None of the above 

13s.16 Calculate the price/earnings ratio. Inland had an average of 100 million 
shares outstanding during 2005, and the stock price on December 31, 2005, 
was $35. 
(a) 2.63 
(c) 9.49 

(b) 13.3 
(d) 5.23 

13s.17 If Inland uses $350 of cash to pay off $350 of its accounts payable, what is the 
new current ratio after this action? 
(a) 1.68 (b) 2.03 
(c) 3.12 (d) 1.45 

13s.18 If Inland uses its $400 cash balance to pay off $400 of its long-term debt, what 
will be its new current ratio? 
(a) 1.68 (b) 2.03 
(c) 1.35 (d) 3.12 

Self-Test Questions 611 
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PROBLEMS 
Financial Statements 
13.1 Definitional problems: Listed are eight terms that relate to financial statements: 

1. Balance-sheet statement 
2. Income statement 
3. Cash-flow statement 
4. Operating activities 
5. Investment activities 
6. Financing activities 
7. Treasury account 
8. Capital account 

Choose the term from the list that most appropriately completes each of the 
following statements: 

Iii As an outside investor, you would view a firm's as the most 
important financial report for gauging the quality of earnings. 

tiill Retained earnings as reported in the represent income earned 
by the firm in past years that has not been paid out as dividends. 

SJ The is designed to show how a firm's operations have affected 
its cash position by providing actual net cash flows into or out of the firm 
during some specified period. 

lfil T}'pically, a firm's cash flow statement is categorized into three activities: 
________ ,and ___ _ 

ml When you issue stock, the money raised beyond the par value is shown in 
the in the balance-sheet statement. 

13.2 Definitional problems: Listed are 11 terms that relate to ratio analysis: 
1. Book value per share 
2.Inventoryturnover 
3. Debt-to-equity ratio 
4. Average collection period 
5. Average sales period 
6. Return on common equity 
7. Earnings per share 
8. Price/earnings ratio 
9. Return on total assets 

10. Current ratio 
11. Accounts-receivable turnover 

Choose the financial ratio or term from the list that most appropriately com
pletes each of the following statements: 
Iii! The tends to have an effect on the market price per share as 

reflected in the price/earnings ratio. 
llil The indicates whether a stock is relatively cheap or relatively 

expensive in relation to current earnings. 



!1iil The measures the amount that would be distributed to hold-
ers of common stock if all assets were sold at their balance-sheet carrying 
amount and if all creditors were paid off. 

Iii The is a rough measure of how many times a company's 
accounts receivable have been turned into cash during the year. 

ml The is a measure of the amount of assets being provided by 
creditors for each dollar of assets being provided by the stockholders. 

Di The measures how well management has employed its assets. 

13.3 Consider the following balance-sheet entries for Delta Corporation: 

Balance Sheet Statement as of December 31, 201X 

Cash 

Marketable securities 

Accounts receivable 

Inventories 

Prepaid truces and insurance 

Manufacturing plant at cost 

Less accumulated depreciation 

Net fixed assets 

Goodwill 

Liabilities and Shareholders' Equity 

Notes payable 

Accounts payable 

Income taxes payable 

Long-term mortgage bonds 

Preferred stock, 6%, $100 par value (1,000 shares) 

Common stock, $15 par value (10,000 shares) 

Capital surplus 

Retained earnings 

(a) Compute the following for the firm: 
Current assets:$ ___ _ 
Current liabilities:$ ___ _ 
Working capital:$ ___ _ 
Shareholders' equity:$ ___ _ 

$150,000 

$200,000 

$150,000 

$50,000 

$30,000 

$600,000 

$100,000 

$500,000 

s20,ooo 

$50,000 

$100.000 
$80,000 

$400,000 

$100,000 

$150,000 

$150,000 

$70,000 

(b) If the firm had a net income after taxes of $500,000, what are the earnings 
per share? 

(c) When the firm issued its common stock, what was the market price of the 
stock per share? 

13.4 Birmingham Steels has the following (incomplete) balance sheet and income 
statement. 
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Assets 

Current assets 

Fixed assets 

Balance Sheet 

Liabilities and Shareholders' Equity 

Current liabilities 

Long-te rm debt 

Income Statement, 2012 

Revenue 

Cos t of revenue 

Depreciation 

Inte rest expense 

All figures in million dollars 

20U 

200 

700 

90 

550 

2011 

100 

600 

60 

450 

2,350 

1130 

420 

210 

(a) De termine the shareholde rs' equity in 20 I l and 2012. 
(b) De te rmine the ne t working capital in 201 1 and 2012. 

(c) Assuming that Birmingham Steels has a 35% tax rate, determine the income 
taxes paid in year 2012. 

(d) What is cash generated from operatio n in year 2012? 

Financia l-Ratio Analysis 

13.5 The following data are available for two companies, Apple and Oracle. a ll sta ted 
in thousands of dollars. 

Description Apple Oracle 

Total revenue $42,905,000 $23,253,000 

Earnings before 12,066,000 8,464,000 

interest and taxes 

Inte rest expenses 0 630,000 

Earnings before tax 12,066.000 7,834,000 

Taxes at 40% 3,83 1.000 2,24 1,000 

Earnings after tax 8,235.000 5.593,000 
(net income) 

Debt $15,861,000 $22,326.000 

EquiLy 31,640,000 $25,090.000 



(a) Calculate each company's return on equity (ROE) and return on assets 
(ROA). 

(b) Which company has performed better in terms of profitability? 
(c) If the two companies were combined (merged), what would be the impact 

on the results on ROE? Under what conditions would such a combination 
make sense? 

13.6 The following data were taken from the income statements of Metronix 
Corporation. 

Total revenue $4,658,125 $3,776,395 
Beginning inventory $231.313 $202,794. 

Purchases $510,711 $566,145' 
Ending inventory $366,106 $231,313 

Compute the inventory-turnover ratio for each year. What conclusions concern
ing the management of the inventory can be drawn from the data? 

13. 7 If Company A uses more debt than Company B and both companies have iden
tical operations in terms of sales, operating costs, etc., which of the following 
statements is true? 
(a) Company B will definitely have a higher current ratio. 
(b) Company B has a higher profit margin on sales than Company A. 
(c) The two companies have the identical profit margin on sales. 
(d) Company B's return on total assets would be higher. 

13.8 You are looking to buy stock in a high-growth company. Which of the following 
ratios best indicates the company's growth potential? 
(a) Debt ratio 
(b) Price/earnings ratio 
( c) Profit margin 
( d) Total-assets-turnover ratio 

13.9 Which of the following statements is false? 
(a) The quickest way to determine whether a firm has too much debt is to calcu

late the debt-to-equity ratio. 
(b) The best guideline to determine the firm's liquidity is to calculate the cur

rent ratio. 
(c) From the investor's point of view, the rate of return on common equity is a 

good indicator of whether the firm is generating an acceptable return to the 
investor. 

( d) We can determine the operating margin by expressing net income as a per
centage of total sales. 

13.10 The table that follows summarizes the financial performances of four compa
nies in the year 2012. From the given information, which company generated 
the highest return on equity? 
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A 12% 0.5 $12,510 

B 5.6% 1.6 $6,890 $3,250 

c 7% 1.3 $7,791 $4,900 

D 10% 0.8 $10,368 $7,200 

(a) Company A 
(b) Company B 
(c) Company C 
(d) Company D 

13.11 J.C. Olson & Co. had earnings per share of $8 in 2012, and it paid a $4 dividend. 
Book value per share at year-end was $80. During the same period, the total 
retained earnings increased by $24 million. Olson has no preferred stock, and no 
new common stock was issued during the year. If Olson's year-end debt (which 
equals its total liabilities) was $240 million, what was the company's year-end 
debt ratio? 

13.12 Consider the following financial statements for Dell Corporation: 

Income Statement (All numbers in thousands) 

Total Revenue 
Cost of Revenue 
Gross Profit 

Operating Expenses 

Research and Development 

Selling General and Administrative 

Operating Income or Loss 
Earnings before Interest and Tuxes 

Interest Expense 

Income before Tax 
Income Tax Expense 

Net Income 

Net Income Applicable to Common Shares 

Outstanding Shares 

61,494,000 

50,098,000 

11,396,000 

661,000 

7,302,000 

3,433,000 

3,350,000 

0 

3,350,000 

715,000 

2,635,000 

2,635,000 

Balance Sheet Statement (All numbers in thousands) 

Assets 
Current Assets 

Cash and Cash Equivalents 
Short-Term Investments 

13,913,000 

452,000 

52,902,000 

52,902,000 

43,641,000 

44,745 

743,142 

2,172,000 

2,024,000 

0 

2,024,000 

2,024,000 

1,433,000 

1,433,000 

10,635,000 

373,000 



iW:-'~_:;','-W~Lq&:t1't:bi#mrn@jcKt~!~5i~glJ~fu:;i'W-tt'~l),@:_%t@1P@':1~~1~t~'.OOt\tl'.01ill'fil\li@i~;~;t:\'.:m 
Net Receivables 

Inventory 

Other Current Assets 

Total Current Assets 

Long-Term Investments 

Property Plant and Equipment 

Goodwill 

Intangible Assets 

Other Assets 

Total Assets 

Liabilities 

Current Liabilities 

Accounts Payable 

Short/Current Long-Term Debt 

Other Current Liabilities 

Total Current Liabilities 

Long-Term Debt 

Other Liabilities 

Deferred Long-Term Liability Charges 

Total Liabilities 

Stockholders' Equity 

Preferred Stock 

Common Stock 

Retained Earnings 

'Ii'easury Stock Capi~al Surplus 

Other Stockholder Equity 

Total Stockholder Equity 

10,136,000 8,543,000 
1,301,000 1,051,000 
3,219,000 3,643,000 

29,021,000 24,245,000 
1,503,000 1,113,000 
1,953,000 2,181,000 
4,365,000 4,074,000 
1,495,000 1,694,000 

262,000 345,000 
38,599,000 33,652,000 

15,474,000 15,257,000 
851,000 663,000 

3,158,000 3,040,000 
19,483,000 18,960,000 
5,146,000 3,417,000 
2,686,000 2,605,000 
3,518,000 3,029,000 

30,833,000 28,011,000 

11,797,000 11,472,000 

24,744,000 22,110,000 
(28,704,000) (27,904,000) 

(71,000) (37,000) 
7,766,000 5,641,000 

The closing stock price for Dell was $13.47 on January 28, 2011. The numbers of 
outstanding shares were 1,944 million in 2011and1,944 million in 2010, respec
tively. The income tax rates were 21.3% in 2011 and 29.2% in 2010. From the 
financial data presented, compute the following financial ratios for 2011, and 
make an informed analysis of Dell's financial health: 
(a) Debt ratio 
(b) Times-interest-earned ratio 
(c) Current ratio 
(d) Quick (acid test) ratio 
(e) Inventory-turnover ratio 
(f) Days-sales-outstanding ratio 
(g) Total-assets-turnover ratio 
(h) Profit margin on sales 
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(i) Return on total assets 
(j) Return on common equity 
(k) Price/earnings ratio 
(l) Book value per share 

13.13 Incomplete financial statements for ABC Company arc as follows: 

Income Statement 

For the Year Ended December 31, 2012 

Sales............................................................................ $1,800,000 
Less cost of goods sold ............................................. !Al 
Gross margin.............................................................. $900,000 
Less operating expenses........................................... rn:J 
Net operating income............................................... IQ 
Less interest expense................................................ $45,000 
Net income before taxes........................................... [QI 
Less income taxes ( 40%) ......................................... !El 
Net income................................................................. !El 

Balance Sheet 

December 31,2012 

Current assets: 
Cash ......................................................... [Q] 
Accounts receivable, net........................ [I] 
Inventory ................................................. [l] 

Total current assets.................... (J] 
Plant and equipment, net ..................................... @J 
Total assets............................................................. [i] 
Current liabilities .................................................. $250,000 
Bonds payable, 1 Oo/o .............................................. ~ 

Total liabilities........................... III 
Stockholder's equity: ............................................ . 
Common stock, $2.50 par value ........................... [ID 
Retained earnings ................................................. [2] 
Total stockholders' equity.................................... ffiil 

Total liabilities and stockholders' equity [i) 

January 1, 2012 

$160,000 
$280,000 

$1,200,000 

The following additional information is available about the company: 

(a) Selected financial ratios computed from the preceding statements are given 
as follows: 

ii Current ratio 
D Quick (acid-test) ratio 
Ill Average collection period 
1111 Inventory turnover 

2.40 to 1 
1.12 to 1 
24.3333 days 
6.0 times 



Ii':! Debt-to-equity ratio 
~ Earnings per share 
ml Return on total assets 

0.875to1 
$4.05 
14% 

(b) All sales during the year were on account. 

(c) The interest expense on the income statement relates to the bonds pay
able; the amount of bonds outstanding did not change throughout the 
year. 

( d) There were no issues or retirements of common stock during the year. 

Required: Compute the missing amounts on the company's financial statements. 
Income Statement: 

Balance Sheet: 

Investment Strategies 
13.14 Which of the following statements is incorrect? 

(a) Holding on to cash is the most risk-free investment option. 
(b) To maximize your return on total assets (ignoring financial risk), you must 

put all your money into the same type of investment category. 
(c) Diversification among well-chosen investments can reduce market volatility. 
(d) Broader diversification among well-chosen assets always leads to a higher 

return without increasing additional risk. 

Short Case Study with Excel 
13.15 Consider the Coca-Cola Company and Pepsi-Cola Company. Both companies 

compete with each other in the soft-drink sector. Get the most recent annual 
report for each company, and answer the following questions. (Note: You can 
visit the firms' websites to download their annual reports. Look for "Investor' 
Relations.") 
(a) Review the most recent financial statements and comment on each com

pany's financial performance in the following areas: 
Iii! Asset management 
Iii Liquidity 
Ill Debt management 
IBI Profitability 
li!I Market value 

(b) Check the current stock prices for both companies. The stock ticker symbols 
are KO for Coca-Cola and PEP for Pepsi. Based on your analysis in part (a), 
in which company would you invest your money and why? 
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13.16 A chemical-processing firm is planning on adding a second polyethylene plant 
at another location. The financial information for the first project year is pro
vided as follows: 

Sales $1,500,000 

Manufacturing costs: 

Direct materials $150,000 

Direct labor $200,000 

Overhead $100,000 

Depreciation $200,000 

Operating expenses $150,000 

Equipment purchase $400,000 

Borrowing to finance equipment $200,000 

Increase in inventories $100,000 

Decrease in accounts receivable $20,000 

Increase in wages payable $30,000 

Decrease in notes payable $40,000 

Income taxes $272,000 

Interest payment on financing $20,000 

(a) Compute the working-capital requirement during this project period. 
(b) What is the taxable income during this project period? 
(c) What is the net income during this project period? 
(d) Compute the net cash flow from this project during the first year. 

13.17 Compare Google and Baidu, a Chinese search engine, using a thorough finan
cial ratios analysis. 
Part A: For each company, compute all the ratios listed in Figure 13.7 for the 
current year (or the most recent financial statements available) (i.e .. debt man
agement, liquidity, asset management, market trend, and profitability). 
Part B: Compare and contrast these companies using the ratios you calculated 
from part A. 
Part C: Carefully read and summarize the "Risk Management" or "hedging" 
practices described in the financial statements for each company. 
Parts D: If you were a mutual fund manager and could invest in only one of 
these companies, which one would you select and why? Be sure to justify your 
answer using your results from parts A, B, and C. 

I would recommend using the companies' websites to acquire the financial 
statements. This assignment should be typed, single spaced, with between two 
and five pages of discussion (not counting any tables or calculations). Include a 
table that summarizes all comparative ratio calculations. 
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Answers to the Self-Test 
Questions 
Chapter I 

Is. l (a) 
ls.2 (d) 

ls.3 (c) 

l s.4 (d) 

Chapter 2 
2s. l (cl) 

2s.2 (b) 

2s.3 (a) 

2s.4 (b) 

P = $20,000(P/F, 12%, 8) 

= $8,078 

F = P{ (F/ P, 8%, 9) + (F/ P. 8%. 7) + (FIP. 8%, 5) 

+ (F/P. 8%, 3) + (F/P. 8%. 1) I 
= 1,000 11.9990 + 1.7 138 + 1.4693 

+ l.2597 + 1.08) = $752 1.8 

= $7,521.8 

600(F/A, 10%, IO) = P(F/ P, IO'Yo, 7) 

600 x 15.9374 
p = 1.9487 

= $4,907 

f{JOO ( F/ P, 4%. 1) + XJ (F/ P, 6%, I) (F/ P. 8% . 1) 

+ 200) (F/ P, 10%, l ) = 800 
[(100 x 1.04 + X] ( l.06 x 1.08 + 200] x I. I = 800 

x = - $1.00.71 
621 
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2s.5 (d) 

2s.6 (b) 

A = P(A/ P, 12%, 5) => 

8,000 
p = 0.2774 = $28,839.2 

50(F/A, 12%, 4) + 50(F/A, 12%, 2) = C(F/A, 12%, 4) 

2s.7 (c) 

2s.8 (d) 

+ 2C (Ff A, 12%, 3) - 2C 

50 x 4.7793 + 50 x 2.12 = c (4.7793 + 2 x 3.3744 - 2} 

c = $33.598 

F = 3,000(F/A, 8%, 20)(1.08) 

= $148,268.8 

A = P (A/ P, i%, N) = 28,000(A/.P, 12%, 4) 

= 28,000 x 0.3292 = $9,217.6 

First year's interest = 28,000 x 0.12 = $3,360 

Principal paid in first year= 9,217.6 - 3,360 = $5,857.6 

Interest paid in second year= (28,000 - 5,857.6) x 0.12 = $2,657.08 

2s.9 (b) 

2s.10 (b) 

2s.11 (c) 

6DO(F/A,8%,6) = X((Ff P,8%,5) + 1.08} 

x = $1,726.56 

A [1 - (1 + i)-Nt(l + g)Nt] 
F=A(F/A,i%,N) =P=-1---.----

t - g 

( I 
0 ) - 2,000[1 - (1 + 0.07)-5 (1 + 0.05) 5

] 
A FA, 7Yo, 10 - 0.07 _ 0.05 

2,000[1 - (1 + 0.07)-5 (1 + 0.05) 5 ) A = ___ ___;._ __ _;____;_ __ ....;.._o.. 

(0.07 - 0.05) x 13.8164 

= $652.6 

5,000 x 1.1 = C(P/A, 10%, 5) => 

c = $1,407.44 



2s.12 (c) 

( {1,200(P/F, 6%, 1) + 1,200} (P/F, 8%, 1) 

2s.13 (c) 

2s.14 (a) 

2s.15 (d) 

+ 1,800] ( p IF, 6%, 1) + 1,200 = 4,935.178 

4,935.178(P/F, 4%, 1) = $4,745.136 

2,500 = 1,200(1 + i x N) 

= 1,200(1 + ix 12) 

=>i = 9.02% 

A { (P/A, 6%, 9) - (P/F, 6%, 5)} = 25,000 

A = $4,129.22 

1,200(F/A, 6%, 15) + 400(A/G, 6%, 15) (F/A, 6%, 15) = $83,104.63 

2s.16 (d) 

log3 
N = log 1.06 = 18.85 years 

2s.17 (a) 

20,000(F/P, 8%, 2) =A (P/A, 8%, 13) =>A = $2,951.49 

2s.18 (d) 

Chapter 3 
3s.1 (c) 

1,500(F/A, 8%, 20) (1.08) = $74,144.44 

( 
(1 + 0.005) 180 

- 1) 
F =A (F/A, 0.5%, 180) = 5,000 0.00

5 
= $1,454,053.62 

3s.2 (d) 

Bank A: APR = 8% 

. ( 0.08)
4 

8 0 APY = la = 1 + 4 - 1 = .24 *1 

Bank B: APR = 7.9% 

APY = ia = eo.o79 - 1 = 8.22% 
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3s.3 (b) 

i = e0·08f2 - 1 = 4.081 % 

3s.4 (b) 

( 
r )M ( 008)

1
2 ia = 1 + M - 1 = 1 + i2 - 1 = 0.0825 

( 
(1 + 0.0825)20 

- l) 
F = 4,000 0.

0825 
= $188,196.55 

3s.5 (d) 

Monthly interest rate = 15/12 = 1.25% 

36 - ( ( 1 + 0.0125 )
36 

- 1) 
15,000(1 + 0.0125) - A O.Ol

25 

A = $519.97 

{ 
( 1 + 0.0125 )22 

- 1 } 
Payoff balance at the end of 14th payment = 519.97 X ( ) 22 0.0125 1 + 0.0125 

= $9,947.31 

Interest paid in 15th payment = 9,947.31 x 0.0125 = $124.34 

3s.6 (d) 

Monthly interest rate = 12/12 = 1 % 

(
0.01(1 + 0.01)48

) 
A = 25,000 

48 
= $658.58 

( 1 + 0.01) - 1 

( 
(1 + 0.01 )

28 
- 1) 

Payoff balance after 20th payment = 658.58 28 0.01 ( 1 + 0.01) 

= $16,017.65 

3s.7 (a) 

A = P(A/P, 9%, 12) = 120,000 x 0.1397 = $16,764 
Payoff balance after 5th payment =A (P/A, 9%, 7) = 16,764 x 5.033 

3s.8 (c) 

= $84,373.21 

C{(l + 0.08) 3 + (1 + 0.08) 2
} = 300 + 300(1 + 0.08)2 

+ 400( 1 + 0.08) 1 

300 + 300(1 + 0.08)2 + 400(1 + 0.08) 1 

c = = $455.94 
{ (1 + 0.08) 3 + (1 + 0.08) 2 } 



3s.9 (a) 

3s.10 (d) 

3s.ll (a) 

3s.12 (c) 

P = $1,000(P/F, 8%, 2) 

+ $1,000 (P/F, 2.25%, 8)(P/F, 8%, 2) 

+ $1,000 (P/F, 1 %, 24) (P/F, 2.25%, 8)(P/F, 8%, 2) 

= $2,140 

P = $45(P/A, 3%, 10) + $1,000(P/F, 3%, 10) 

= $1,127.95 

Monthly interest rate = 8/12 = 0.667% 

A = P(A/ P, 0.667%, 18) 

(
0.0066(1 + 0.0066) 18

) 

= 180,000 ( 1 + 0.0066) 18 - 1 

= $10,532.78 

Payoff balance after 12th payment = A ( P /A, 0.66%, 8) 
(1 + 0.0066)8 - 1 

= 
10

'
532

"
78 x 0.0066 ( 1 + 0.0066 )8 

= $81,816.512 

Cost of buying: 

Peuy = -$2,000 - $6080/A, 
61~, 36) + s0/F, 

61~, 3~ 
= -$21,985.58 + 0.8356S 

Cost of leasing: 

PLease = -$400 - $420 - $420~/A, 61~, 3~ 
= -$14,274.86 

Let Peuy = PLease and solve for S: 

Chapter 4 
4s.1 (d) 

-$21,985.58 + 0.83565 = -$14,274.86 
s = $9,227.76 

Using the rule of 72: 
log3 

N = log 1.07 = 16.23 
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4s.2 (c) 

4s.3 {a) 

4s.4 (c) 

4s.5 (b) 

$80,000 = $50,000(F/P, f, 5) 

= $50,000{1 + !)5 

f = 5.42% 

., = i - I = o.0015 - o.0025 = o oo498 = 6 860' 
l 1 + f 1.0025 . . /O 

A = 60,000 x 0.00498 x 1.00498
60 = $l 159.29 

1.0049860 - 1 ' 

A = { 50,000 + 51,000 X 1.07 + 52,000 X 1.072 

+ 53 000 x 1.073 } { 
0

·
07 

} 
• 1.078 - 1 

= $22,323.2 

i = i' + 1 + i'f 
= 0.03 + 0.05 + 0.03 x 0.05 = 0.0815 = 8.15% 

PW of fifth payment = 80,000( 
1 

+ ~.0815 )5 = $54,070.12 

4s.6 (a) 
i = i' + 1 + i'f 
= 0.07 + 0.04 + 0.07 x 0.04 = 0.1128 = 11.28% 

{ 
(1 + 0.1128)5 

- 1 } 
PWoffuelcost =A(P/A,11.28%,5) = 1.8 5 0.1128(1 + 0.1128) 

4s.7 (c) 

4s.8 (b) 

= $6.606 million. 

i' = i - [ = 10.12 - 0.05 = 0.0666 
l + f 1 + 0.05 

_ {1 - (1 + g)"<1 + ;'r"} 
P-A ., 

l - g 
_ {l - (1 + 0.05) 5 (1 + 0.066)-s} 

-
8

•
000 

0.066 - 0.05 

= $36,413.62 

., = 0.07 - 0.05 = 190480' 
I 1 + 0.05 . to 

$100(P/A, 1.9048%, 3) = $288.92 

$108(P/A, 7%, 3) = $283.42 



4s.9 (d) 

Chapter 5 
5s.1 (b) 

5s.2 (c) 

20,000(1 + 0.05) 10 - 500(/'lA, 2%, 40) 

= $32,578 - $30,201 

= $2,377 

0 -$90,000 -$90,000 

1 $30,000 -$60,000 

2 $30,000 -$30,000 

3 $30,000 0 

4 $30,000 $30,000 

s $30,000 $30,000 

PW= -1,000 - 2,000(P/F,8%, 1) + 3,000(P/F,8%,2) 

+ 4,500(P/F,8%,3) + l,500(P/F,8%,4) 

5s.3 (b) 

Ss.4 (b) 

5s.5 (c) 

= -1,000 - 2,000 x 0.9259 + 3,000 x 0.8573 

+ 4,500 x 0.7938 + 1,500 x 0.7350 

= $4,394.70 

P = 40,000(P/A, 15%, 10) + 0.05P(P/F, 15%, 10) 

= 40,000 x 5.0188 + 0.05P x 0.2472 

0.9876P = 200,720~ 
p = $203,240.17 

FW(12%) = 5,000(J'lP, 12%, 10) + 10,000(F/P, 12%, 7) 
+ 8,000(F/P, 12%, 5) 

= $51,734.79 

FW(10%) = -100,000(F/P, 10%, 3}+40,000(F/P, 10%, 2) 
+40,000(F/P, 10%, 1) + 30,000 

= -$10,700 
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5s.6 (c) 

AE ( 10% ) First cycle = $500 - $100(A/G, 10%, 4) = $361.88 

CE(10%) = $3~~~8 = $3,618.80 

5s.7 (a) 

Statement 1: -$1,000(1 + 0.1) +Ai = -$1,500 => 

Ai = -$400, not true 

5s.8 (d) 
It will take 6-7 years before this machine becomes profitable. 

0 -$20,000 0 

1 $5,000 -$3,000 

2 $5,000 -$2,700 

3 $5,000 -$2,355 

4 $5,000 -$1,958 

5 $5,000 -$1,502 

6 $5,000 -$977 

7 $5,000 -$374 

5s.9 (c) 

PW(8%) = -$550,000 + $720,000(P/A, 8%, 10) 

+ $2,225,000(P/F, 8%, 10) 

= $5,311,865 

5s.10 (a) 

• Revenues from years 1 to 9: 

-$20,000 

-$18,000 

-$15,700 

-$13,055 

-10,013 

-$6,514 

-$2,491 

$2,135 

10,000(P/A, 10%, 9) + 5,000(P/G, 10%, 9) = $154,697.73 

• Revenues after year 10: 

s52
•
000 

(PlF. lOo/c 9) = $220 532 Ql ,., ~ ' 

• Machine overhaul fee: 

$40,000(P/F, 10%, lO)(A/P, 10%, 10) 
0.1 = $25,088.34 

• Find the maximum investment (/): 

$100,000 = -I+ $154,697.73 + $220,532 - $25,088.34 

I = $250,141.39 



5s.11 (b) 

PW(10%)A = -$2,000 - $600(P/F, 10%, 1) + (S- $700)(P/F, 10%, 2) 

= -$3,123.96 + 0.8264S 

PW(10%)n = -$1,000 - $900(P/F, 10%, l) - $800(P/F, 10%, 2) 

= -$2,479.33 

Let PW(10%)A = PW(10%)8 and solve for S. 

-$3,123.96 + 0.8264S = -$2,479.33 

s = $780 

Chapter 6 
6s.1 (d) 

• Capital cost: 

CR(12%) = $80,000(A/P, 12%, 5) 

= $22,192.78 

• Equivalent annual revenue: 

AE(12%)Rcvcnuc = $50,000 + $30,000(A/G, 12%, 5) 

= $103,237.83 

• Equivalent annual O&M cost: 

AE{l2%)o&M = $20,000 + $10,000(A/G, 12%, 5) 

= $37,745.94 

• Equivalent annual worth: 

6s.2 (a) 

AE(l2%) = $103,237.83 - $22,192.78 - $37,745.94 

= $43,299.11 

• Capital cost: 

CR(12%) = ($10,000 - $1,000)(A/P, 12%, 10) + 0.12($1,000) 

= $1,712.86 

• Energy cost: 

(
30HP x 0.7457 kW /HP) 

O&M{12%) = 0.
89 

(2,000 hrs/yr)(0.09/kWh) 

= $4,524.47/yr 

• Total equivalent cost in present worth: 

AEC{l2%) = $1,712.86 + $4,524.47 

= $6,237.33 

PW(12%) = $6,237.33(P/A, 12%, 10) 

= $35,242.30 
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6s.3 (b) 

6s.4 (a) 

9,740 = (/ - S)(A/ P, i %, N) + i.S 
= (50,000 - X)(A/ P, 12%, 8) + 0.12 x 4,000 

x = 4,000 

$SOM = (X - 15M)(P/A, 20%, 10) + (0.15)(50M}(P/F. 20%, 10) 

= 4.1925X - 62.89M + 1.21M 

4.1925X = $11 l.68M 

X = $26.64M 

6s.5 (b) 

Capital cost: 

CR(10%} = ($120,000 - $20,000)(A/P, 10%, 10) + 0.1($20,000) 

= $18,274.53 

• Equivalent annual energy savings: 

SJJ.4.791.40 0.16275 
--~~~~-~~~-,-----A----. 

AE(10%}EnergySavings = $45,000(P/A1o 5%, 10%, 10) (Af P, 10%, 10) 

= $54,485.75 

• Net annual savings: 

$54,485.75 - $18,274.53 = $36,211.22 

• Savings per operating hour: 

$3~·~~22 = $7.24/hr 

6s.6 (d) 

• Capital cost: 

CR(5%) = ($8,000,000 - $750,000}(A/P, 5%, 10) + 0.05($750,000) 

= $976,409 

• Equivalent annual O&M cost: $2,000,000 
• Total annual equivalent cost: 

AEC(5%) = $976,409 + $2,000,000 = $2,976,409 

• Cost per trip: 

6s.7 (c) 

$2,976,409 = $4 96' . 
600,000 · r tnp 

CR(l5%) = ($12,500,000- $14,000,000){A/P, 15%, 5) 
+ (0.15)($14,000,000) 

= $1,652,526 

AEC(15%)o&M = $250,000 + $50,000(A/G, 15%, 5) + $80,000 

= $416,141 



6s.8 (b) 

AEC(15%) = $1,652,526 + $416,141 

= $2,068,667 

$2,068,667 - $41 373 . 
50 

- , per umt 

• Option 1: 

$5,000(A/P, 10%, JO) = $813.72 

• Option 2: 

[$3,000 + $3,000(P/F, 10%, 5)](A/P, 10%, 10) = $791.39 

$791.39 - $813.72 = -$22.33, select(b) 

6s.9 (b) 
Let c be the price of a DELTA-4 shaving system 

0 = -$500 - $175(P/A, 25%, JO)+ $75(c)(P/A, 25%, 10) 

+$120(P/F, 25%, 10) 

c = $4.15 

Chapter 7 
7s.1 (c) 

$490.92 = $108(1+i)8 ~i = 20.84% 

7s.2 (b) 

PW ( i) = - l 600 OOO + 1,500,000 + 1,500,000 _ 700,000 = O 
' ' 1 + i (1 + i)2 (1 + i) 3 

By using Excel, i = 38% 

7s.3 (c) 

($2,000 + (X - $2,000)(F/A, 20%, 2)(A/F, 20%, 4)) 
$16,205 = 0.2 

x = $5,027.76 

7s.4 {d) 

0 = -$12,000 + $2,500(P/F, 23%, 1) + $5,500(P/F, 23%, 2) 

+ X(P/F, 23%, 3) + X(P/F, 23%, 4) 

= -$6,332.07 + 0.9742X 

x = $6,499.76 

7s.5 (b) 

0 = -$100,000+ (12X-$30,000)(P/A, 15%, 5) +$20,000(P/F, 15%, 5) 

= -$100,000 + 40.22586X - $100,564.65 + $9,943.53 

= -$190,621.12 + 40.22586X 

x = $4,738.77 
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7s.6 (c) 

0 = -$308,758 + $60,000(P/A, i, 10) + $30,875.8(P/F, i, 10) 

i = 15% 

7s.7 (c) 
Project C is a borrowing project whose rate of return is positive and unique. 

7s.8 {a) 
7s.9 (d) 

• Statement 1: $200 ( 1 + 0.15) + A 1 = $300=>A 1 = $70, not true 
• Statement 2: FW (i) = PB ( i h = $150, true 
• Statement 3: $650( 1 + i)-2 = $416 => i = 25%, true 
• Statement 4: Since PB(15%)i = 300 ~ PW(15%) > 0, i* > 15%, true 

7s.10 (a) 

7s.11 (c) 

Chapter 8 
8s.1 (b) 

8s.2 (c) 

0 -$800 

1 $900 

2 0 

900 o = -800 + -- +o 
1 + i 

i2-1 = 12.5% 

I = $2,000,000 

C' = $200,000(P/A, 10%, 8) = $1,066,985 

B = $500,000(P/A, 10%, 8) = $2,667,463 

B $2,667,463 
BC(6%) =I+ C' = $2,000,000 + $1,066,985 

= 0.87 < 1 (not profitable yet) 

I= $1,200,000 - $50,000(P/F, 6%, 25) = $1,188,350 

C' = $100,000(P/A, 6%, 25) = $1,278,336 

B = $250,000(P/A, 6%, 25) = $3,195,839 

B $3,195,839 
BC(

6
%) = I+ C' = $1,188,350 + $1,278,336 

= 1.30 



8s.3 (a) 

Al 

A2 

A2-Al 

$800,000 $985,056 

1,000,000 1,182,067 

$200,000 197,011 

$2,184,010 

2,521,744 

337,734 

1.22 

1.16 
0.85 

$398,954 

339,677 

-$59;1.77 

Clearly, Al is a better choice. Even the B/C ratio for Al happens to exceed 
that of A2; we should not select the project based on the magnitude of B/C 
ratio alone. We should apply the incremental analysis to select the correct 
alternative. Since BC(8% )A2-AI = 0.85 < 1, Al is a better alternative. The 
answer is (a) because Al is selected with a wrong reason. 

8s.4 (b) 
Both options are acceptable as their B/C ratios exceed 1. To find the cor
rect alternative, apply the incremental analysis. 

Option 1 

Option2 

2-1 

$9.3 million $28.1 million 

$14.7 million $38.9million 

$5.4 million $10.80 million 

With BC2•1> 1, Option 2 becomes the better choice. 

8s.5 (b) 

3.02 
2.65 
2.00 

$18.8 million 

$24.2 million 

$5.40 nu'llion 

If there were no budget constraint, all projects would be selected. However, 
with the budget constraint, we may eliminate any dominated projects from 
the list. For example, when we compare I-A with 11-B, both projects cost the 
same, but I-A brings in a larger benefit, so I-A dominates 11-B. So, we can 
drop 11-B from the list. When we compare 1-B with III-B, both projects gen
erate the same amount of benefit, but 1-B costs more than 111-B. So, we also 
drop 1-B from the list. The nondominated set is (I-A, II-A, III-A, and III-B). 

I 

II 

m 

I-A 

II-A 

III-A 

Ill-B 

$45 
35 

25 

30 

12 

6 

2 

7 

12.5 

4.29 

The best combination is (I-A, II-A, 111-B). It gives the total benefit in the 
amount of $110 million and costs just $25 million. 

8s.6 (c) 

$23,000 

2 $23,000 

API 1.09>1 

Select Al. 
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8s.7 (a) 

If IRRa-A>MARR, select B. In this case, IRRe-A = 15.73% Thus, if the 
airport's interest rate (MARR) is Jess than 15.73%, Vender B is preferred. 

Chapter 9 
9s.1 (c) 

9s.2 (b) 

( $50,000 - $4,500) 
D1 = D2 = 

5 
= $9,100 

B2 =Bo - D1 - D2 = $50,000 - 2($9,100) 

= $50,000 - $18,200 = $31,800 

Step 1: Find the declining balance rate (a) to be used. 

a= 2(~) = 40% 

Step 2: Find the depreciation amount each year as follows. 

Di = 0.4 ( $50,000) = $20,000 

D2 = 0.4($50,000 - Di) = $12,000 

9s.3 (a) 

a= 2(~) = 50% 

Di = 0.5($45,000) = $22,500 

D2 = 0.5 ( $45,000 - Di) = $11,250 

DJ = 0.5 ( $45,000 - Di - D2 ) = $5,625 

B3 = B2 - D3 = $11,250 - $5,625 = $5,652 < S 

Recalculated D3 and B3: 

9s.4 (b) 

D3 = $1,250 
B3 = $10,000 

$20,000 - $2,000 . 
Depreciation rate = 200,000 miles = $0.09 per mile 

9s.5 (a) 

Depreciation base = $170,000 + $30,000 
= $200,000 

9s.6 (d) 

B4 = $200,000 - (Di + D2 + D3 + D4) 
= $200,000 - $200,000(0.1429 + 0.2449 + 0.1749 

+ 0.1249) 
= $62,480 

D = $200,000(11.5) = $4 915 
I 39 12 ' 



9s.7 (b) 

Book value for the traded-in asset = $144,000 

Implied salvage value = $180,000 - $144,000 = $36,000 

Unrecognized loss = $36,000 - $21,000 = $15,000 

New cost basis for the new asset = $200,000 + $15,000 = $215,000 

9s.8 (c) 

9s.9 (a) 

Operating revenue 

Operating expenses 

Depreciation 

Taxable income 

Income taxes (30%) 

Net income 

$200,000 

84,000 

4,000 

112,000 

33,600 

$78,400 

Net cash flow from operation = Net income +Depreciation 

= $78,400 + $4,000 

= $82,400 

9s.10 (c) 
The depreciation expense for year 5 will be zero because the asset would 
be fully depreciated by then. Therefore, the book value at year 5 will be 
zero as well. The entire $20,000 is treated as an ordinary income. 

Revenue 

Salvage value 20,000 

Expenses: 

O&M x 
Depreciation 0 

Taxable income $130,000-X 

Income taxes $52,000 - 0.4X 

Net income $78,000 - 0.6X 

Net cash flow $30,000 

Note that the net cash flow is obtained by adding the noncash expenses ( depre
ciation) to net income, 

$30,000 = $78,000 - 0.6X + Depreciation ( $0) 

x = $80,000 

Chapter 9 635 



636 APPENDIX A Answers to the Self-Test Questions 

9s.ll (a) 

Total depreciation = $80,0oo( 0.20 + 0.32 + ~) = $49,280 

0.616 

Book value = $80,000 - $49,280 = $30,720 

Taxable gains = $42,000 - $30,720 = $11,280 

Chapter I 0 
lOs.1 (c) 

iJt,~ijtU!itlfi'Wi~W;tf·, 
ED'.1 !'

1
{( .. o;::j·L\.?.h ~r l{-(fi ~~1\1..) 

Tuxable income 
Income taxes 

Tax rate 

lOs.2 (a) 

Revenue 
Expenses 

Depreciation 

Tuxable income 

108,050 

33.77% 

Income Statement 
Revenue 
Expenses: 

O&Mcost 

Depreciation 

Tuxable income 
Income taxes ( 40%) 
Net income 
Cash Flow Statement 
Cash flow from operation: 

Net income 
Depreciation 

Cash now from investing: 
Investment 
Salvage value 
Gains taxes 

Net cash flow 

$100,000 
40,000 

6,000 

$54,000 

127,160 
34% 

$150,000 

$50,000 

0 
$100,000 

$40,000 
$60,000 

$60,0000 

0 

$15,000 
(6,000) 

$69,000 

19,110 

35.39% 



lOs.3 (d) 

lOs.4 (b) 

MACRS-7 

Income Statement 

Revenue 

Depreciation 

Taxable Income 

Income Truces ( 40%) 

Net Income 

Cash Flow Statement 

Operating Activities: 

Net Income 

Depreciation 

Chapter I 0 637 

Income Statement 

Revenue $150,000 

Expenses: 

O&Mcost $50,000 

Depreciation 0 

Debt interest 1,480 

Thxable income $98,520 

Income taxes ( 40%) $39,408 

Net income $59,112 

Cash Flow Statement 

Cash flow from operation: 

Net income $59,112 

Depreciation 0 

Cash flow from investing: 

Investment 

Salvage value $15,000 

Gains taxes (6,000) 

Cash flow from financing: 

Principal repayment ($14.795) 

Net cash flow $53,317 

14.29% 24.49% 17.49% U.49% 8.93% 8.92% 

$52,500 $52,500 $52,500 $52,500 $52,500 $52,500 $52,500 $52,500 

$51,444 $88,164 $62,964 $44,964 $32,148 $32,112 $0 $0 

$1,056 ($35,664) ($10,464) $7,536 $20,352 $20,388 $52,500 $52,500 

$422 ($14,266) ($4,186) $3,014 $8,141 $8,155 $21,000 $21,000 

$634 ($21,398) ($6,278) $4,522 $12,211 $12,233 $31,500 $31,500 

$634 ($21,398) ($6,278) $4,522 $12,211 $12,233 $31,500 $31,500 

$51,444 $88,164 $62,964 $44,964 $32,148 $32,112 $0 $0 

(continued) 
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(Continued) 

Investment 

Gain Tax 

Net Cash Flow 

PW(15%) 

Income Statement 

Savings 

Depreciation 

O&M 

Taxable Income 

Income Taxes ( 40%) 

Net Income 

Cash Flow Statement 

Net Income 

Depreciation 

Investment/Salvage 

Gains Tax 

Net Cash Flow 

Income Statement 

Operating Revenues 

Depreciation 

Operating Expenses 

($360,000) $20,000 

($8,000) 

($360,000) $52,078 $66,766 $56,686 $49,486 $44,359 $44,345 $31,500 $43,500 

($63,739) 

lOs.5 (b) 

lOs.6 (a) 

0 

($150,000) 

($150,000) 

PW(15%)= 

lOs.7 (a) 

PW(l4%) = -$120,000 + (X- 20,000}(P/A, 14%, 4) 

= -$120,000 + 2.9137X - $58,274 = O 

2.9137X = $178,274 

x = $61,184 

1 

$200,000 

$25,000 

$80,000 

$95,000 

$38,000 

$57,000 

$57,000 

$25,000 

$82,000 

$137,306 

2 

$200,000 

$25,000 

$80,000 

$95,000 

$38,000 

$57,000 

$57,000 

$25,000 

$82,000 

3 4 

$200,000 $200,000 

$25,000 $25,000 

$80,000 $80,000 

$95,000 $95,000 

$38,000 $38,000 

$57,000 $57,000 

$57,000 $57,000 

$25,000 $25,000 

$82,000 $82,000 

5 

$200,000 

$25,000 

$80,000 

$95,000 

$38,000 

$57,000 

$57,000 

$25,000 

$25,000 

$0 

$107,000 

The correct answer is (a). Under the inflationary economy, lenders will normal
ly charge a higher interest rate to protect them from loss in purchasing power. 

lOs.8 (c) 

0 1 

$15,000 

$4,000 

$4,000 

2 

$15,000 

$6,400 

$4,000 

3 

$15,000 

$3,840 

$4,000 

4 

$15,000 

$2,304 

$4,000 

s 

$15,000 

$2,304 

$4,000 

6 

$15,000 

$1,152 

$4,000 
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0 2 3 4 s 6 

Taxable Income $7,000 $4,600 $7,160 $8,696 $8,696 $9,848 

Income Taxes (40%) $2,800 $1,840 $2,864 $3,478 $3,478 $3,939 

Net Income $4,200 $2,760 $4,296 $5,218 $5,218 $5,909 

Cash Flow Statement 

Net Income $4,200 $2,760 $4,296 $5,218 $5,218 $5,909 

Depreciation $4,000 $6,400 $3,840 $2,304 $2,304 $1,152 

Investment/Salvage ($20,000) $5,000 

Gains Tax ($2,000) 

Net Cash Flow ($20,000) $8.200 $9,160 $8,136 $7,522 $7,522 $10,061 

PW (15%)= $11,796 

IRR= 35% 

lOs.9 (a) 

Income Statement 

Income Statement 

Saving 

Depreciation 

O&M 

Taxable Income 

Income Taxes (40%) 

Net Income 

Cash Flow Statement 

Net Income $4,560 $3,696 $5,309 $4,560 $3,696 $5,309 

Depreciation $2,400 $3,840 $1,152 $2,400 $3,840 $1,152 

Investment/Salvage ($12,000) $3,000 $3,000 

Gains Tax $643 $643 

($12,000) 

Net Cash Flow ($12,000) $6,960 $7,536 ($1,896) $6,960 $7,536 $10,104 

PW(l5%)= $10,598 for two cycles 

PW(15%)= $6,394 for the first cycle 
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lOs.10 (b) 
lOs.11 (d) 

Income Statement 

Savings 

Depreciation 

Taxable Income 

Income Taxes ( 40%) 

Net Income 

Cash Flow Statement 

Net Income 

Depreciation 

I nvcstment/Salvage 

Gains Tax 

Net Cash Flow 

lOs.12 (a) 

0 1 

$45,000 

20,000 

$25,000 

$10,000 

$15,000 

$15,000 

$20,000 

($100,000) 

($100,000) $35,000 

PW (15%)= $2,742 

2 

$45,000 

32,000 

$13,000 

$5,200 

$7,800 

$7,800 

$32,000 

$39,800 

3 

$45,000 

9,600 

$35,400 

$14,160 

$21,240 

$21.240 

$9,600 

$30,000 

$3,360 

$64,200 

Total depreciation: $6,666 + $4,445 = $11,111 

BV = $20,000 - $11,111 = $8,889 

Taxable gains (Gains) = $8,989 - $8,889 = $100 

Gain credit = $100 x 0.40 = ($40) 

Loan repayment schedule: A = $10,000 (A /P, 10%, 2) = $5, 761. 90 

Inflation Rate 0 1 2 

Income Statement 

Saving 6% $31,800 S33,708 

O&M 6% $5,300 $5,618 

Depreciation 6,666 4,445 

Debt Interest 1,000 524 

Taxable Income $18,834 $23,121 

Income Taxes (40%) $7,534 $9,248 

Net Income $11,300 $13,873 



Inflation Rate 0 

Cash Flow Statement 

Net Income 

Depreciation 

Investment/Salvage 6% ($20,000) 

Gains Tax 

Borrowed Fund/Principal $10,000 
Payment 

Net Cash Flow 

Chapter 11 
lls.l (d) 

($10,000) 

PW (20%)= 

x = $20 x~ $22(or a= $2) 

y = $10 

1 

$11,300 

$6,666 

($4,762) 

$13,204 

$16,301 

PWbasc = 10,450(2 X 20 - 10) - 7890 = $305,610 

PW -l=lllo/o = 10,450(2 x 22 - 10) - 7890 = $347,410 

a = 347.410 - 305,610 = 13 68cri 
305,610 . 

0 

lls.2 (b) 

2 

$13,873 

$4,445 

$8,989 

($40) 

($5,238) 

$22,028 

PW(15%) = -$1,000 + $100(1 - 0.30)(P/A, 15%, 7)(P/F, 15%, 3) 

+ [X - (X -1,000)0.2](P/F, 15%, 5) 

= -$1,000 + $191.49 + 0.0983X + $24.58 

=O 
0.0983X = $784.12 

x = $7,977 

lls.3 (d) 

• Option 1: Reimbursement plan 

PW(15%)opiion 1 = 0.25X(l - 0.40)(P/A, 15%, 5) = 0.5028X 

• Option 2: Plan for owning and operating a vehicle 

PW(15%)opiion 2 = $12,000 + (960 + 0.15X)(l - 0.4)(P/A, 15%, 5) 

- 0.4($12,000)(0.20(P/F, 15%, 1) + 0.32(P/F, 15%, 2) 

+ 0.1920(P/F, 15%, 3) + O.l152(P/F, 15%, 4) 

+ (0.5)(0.1152)(P/F, 15%, 5)] 

- ($3,500 - ($3,500 - $1,382)(0.4)]{P/F, 15%, 5) 

= $9,556 + 0.3017X 
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• Break-even value (X) 

lls.4 (b) 

lls.5 (d) 

0.5028X = $9,556 + 0.3017X 

X = 47,518 miles 

PW{l0%) = -$250,000 + (2X - 25,000)(P/A, 10%, 7) 

==> (2X- 25,000)(4.8648) = 0 

:. X = 38,194.8 parts 

N 

E(X) = ~x; ·Pi 
i=I 

lls.6 (c) 

V(X) = E[X - E(X)]2 

lls.7 (c) 

E(PW(10%)] = -$4 + $2(P/A, 10%, 5) + $1(P/F, 10%, 5) 

= $4.20 

lls.8 (d) 

Var [PW (10%)] = 0.42 + 0.42 + 0.42 + 0.42 
(1+0.10)2 (1 +0.10)4 (1 +0.10)6 (1+0.10)8 

0.42 + 0.32 
+----

(1+0.10) 10 

= 0.502856 

CT = V0.502856 
= $0.7091 

Note: Mean and variance calculation. For a random variable Y, which 
can be expressed as a linear function of another random variable X (say, 
Y = aX, where a is a constant), the variance of Y can be calculated as a 
function of variance of X, Var [ Y] = a2Var[ X]. 

lls.9 (c) 

PW(l5%) = -$4+$2(P/A,15%,5) + $1(P/F, 15%,5) 

= $3.2015 

lls.10 (d) 

• MeanofPW 

Var[Y] = Var[2X - 11] = 22Var[X] = 4(33) = 132 

E(PW] = E[40.28WY - 77,860] 

= 40.28E[W]E[Y] - 77,860 

= $6,830,160 



• Variance of PW 

Var[PW] = Var[40.28WY - 77,860] 

= 40.282Var[WY] 

= 40.282E{[WY- E(WY)]2} 

= 40.282E[(WY)2) - [E(WY)]2 

= 40.282{E(W2)E(Y2) - [E(W)E(Y)]2} 

Knowing that E(W2) = Var[W] + {E[W]}2 and E(Y2) 

tls.11 (c) 

= Var(Y) + {E(Y)} 2 

Var(PW) = 40.282 {[E(W))2Var(Y) + [E(Y)]2Var[W] 

+ Var[W)Var[Y)} 

= 40.282{(3500)2 (132) + (49)2(2,083,333) 

+ (2,083,333)(132)} 

= 40.282 
( 6,894,082,489) 

= 1.118549 x 1013 

u(PW) = $3,344,473 
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" ·· wl'~;~,~i:o;;o~'ik'*~i•U.'scs";'r 
ru,~,%_,_~~t\~%RWE!!'.~Lw!i.\llt.t:!'H!A'ffi!!8. ~-. 

1 
2 

3 

4 

(1000,20) 

(1000,40) 

(6000,20) 

(6000,40) 

(0.4)(0.7) = 0.28 

(0.4)(0.3) = 0.12 

(0.6)(0.7) = 0.42 

(0.6)(0.3) = 0.18 

$1,090.260 

$2,701,460 

$6,930,860 

$16,598,060 

l:=l.00 E(PW] = $6,528,060 

The probability that PW will exceed $6,000,000 is 0.60 (=0.42 + 0.18). In 
other words, only Events 3 and 4 will satisfy the statement. 

Chapter 12 
12s.1 (d) 

Gains tax = (Salvage value - Book value)(Tax rate) 

= ($3,000 - $0)(35%) = $1,050 

12s.2 (b) 

12s.3 (b) 

Sunk cost = (Initial cost - Current market value) 

= ($4,000 - $2,500) 

= $1,500 
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12s.4 (c) 

First cost for challenger= Depreciation base = $12,000 

12s.5 (d) 

I.&.~~mI:IJl!~'.!iUJli',J!!'.Jfili'!@J-_,:fa!ij.~p'.i!'f~OOl~j_m!:iilfa~\~~iJ!!l!~!l!'M.:::::.i\Y.cr:-' 
0 -15,000 + 3,000 

1 -2,500 + 1,200 1,500 -2,800 980 

2 

3 

-3,500+1,200 

-3,500+1,200 

2,600 

2,600 
-4,900 

-4,900 

AW of ATCF = 9BO(AIF, 12%, 1) + l,715(A/F, 12%,2) 

+ 1,715(A/F, 12%, 3) = $2,297.12 

1,715 

1,715 

12s.6 (c) 

)i'i: 16',,;:::':Mfo:.'WM'l!!l~!@'!i(~~·:·@mrn~1:';Q~~---fuii'.t@@:jl@:iMM-.':W' 
0 $15,000 

1 12,500 $3,000 $3,000 

2 10,000 4,800 3,000 

3 7,500 2,880 3,000 

4 2,500 1,728 3,000 

5 0 1,728 3,000 

6 0 864 3,000 

PW (15%),v=2 years = $15,000 

+ (1 - 0.40)($3,000)(P/A.15%, 2) 

- 0.40[$3,000 (P/F, 15%, 1) 

+ (0.5)($4,BOO)(P/F, 15%, 2)) 

- [$10,000- ($10,000- $9,600)(0.40))(P/F, 15%, 2) 

= $8,717 

AEC(l5%)N=2years = $8,717(A/P, 15%, 2) 

= $5,362 

Note that the book value of the asset at the end of year 2 is $9,600. There 
will be taxable gains in the amount of $400. 



12s.7 (b) 

Sample calculation: n = 3 

AEC(l2%)n=3 = ($14,000-$4,000)(A/P, 12%, 3) +0.12($4,000) 

+ ($3,400(P/F, 12%, 1) + $4,600(P/F, 12%, 2) 

+ $5,800(P/F, 12%, 3)](A/P, 12%, 3) 

= $9,153 

$14,000 0 

1 

2 

3 

4 

5 

$8,000 $3,400 $7,680 $3,400 $11,080 
$6,000 $4,600 $5,454 

$4,000 $5,800 $4,643 
$2,000 $7,200 $4,191 

$0 $8,300 $3,884 

12s.8 (c) 

( 
0 - $3,100 - $ PW 12 Yo )11 =0 - Q.U - 25,833 

PW(12%),,= 1 = [$3,000 + $25,833](P/F, 12%, 1) 

= $25,744 

$3,966 

$4,510 

$5,072 

$5,581 

PW(12%),,=2 = $2,500(P/A, 12%, 2) + $25,833(P/F, 12%, 2) 

= $24,819 

PW{l2%) 11 =3 = $3,200(P/A, 12%, 3) + $25,833(P/F, 12%, 3) 

= $26,073 

$9,420 

$9,153 

$9,263 
$9,464 

Keep the defender for two years and then replace it with the challenger. 

Chapter 13 
13s.1 (d) 

[F] (a) The balance sheet statement summarizes how much the firm owns 
as well as owes for a typical operating period. (Note: a specified reporting 
period) 
[F] (b) The income statement summarizes the net income produced by the 
corporation at a specified reporting date. (Note: a typical operating period) 

Chapter 13 645 
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[F] (c) The cash flow statement summarizes how the corporation 
generated cash during the operating period. Note: It summarizes how 
the company generates its cash and where it spent during the reporting 
period. 

13s.2 (d) 

13s.3 (c) 
[T] (c) A high quick ratio is NOT always a good indication of a well
managed liquidity position. Note: Excess cash resulting from poor man
agement could produce a high quick ratio. Similarly, if accounts receivable 
are not collected promptly, this could also lead to a high quick ratio. 

13s.4 (c) 
[F) (a) A decline in inventory turnover ratio suggests that the firm's li
quidity position is improving. Note: A decline in inventory turnover ratio 
indicates that it takes longer to liquidate inventory. 
[F] (b)The profit margin on sales is calculated by dividing net operating 
income by sales 

(Note: Net income rather than operating income) 

13s.5 (d) 
Statement (a) is just the reverse of what actually occurs. Firms with high 
profit margins have low turnover ratios and vice versa. Statement (b) is 
false, as excess cash resulting from poor management could produce a 
high quick ratio. Statement (c) is also false, as two firms with the same 
EBIT do not necessarily have the same total assets. Statement (d) is 
correct-whenever the same amount of reduction in the numerator and 
denominator, the ratio is increasing. 

13s.6 (a) 

. . A/R 
Average collection period = A 

1 1 1365 nnua sa es 

A/R 
=----

$1,200/365 

= 45 days 

A/R = 45(1200/365) = $147.95 

13s.7 (d) 

Current assets = Cash and marketable securities + A/R + Inventory 

= $100 + 148 + $180 = $428 

13s.8 (b) 

13s.9 

. Current assets $428 
Current ratio = C 1. b'l' . = C Ii b"l' . = 3.2 urrent ia 1 1t1es urrent a 1 1t1es 

Current liabilities = $428/3.2 = $134 

(d) 

Total assets = Current assets+ Fixed assets = $428 + $280 

= $708 



13s. l0 (c) 

Total assets = Current assets + Fixed assets = $428 + $280 

= $708 
Total assets= Common equity +Current liabilities +Long-term debt 

$708 = $500 + $134 + Long-term liabilities 

Long-term liabilities = $74 

13s.11 (b) 

. . _ Net income _ $358 _ 
0 

Profit margm - Net sales - $ l ,200 - 30 Yo 

13s.12 (a) 

. Current assets $1,750 
Current ratio = C 1. b'l. . = $ l 040 = J .68 urrent rn 1 1t1es , 

. . Current assets - Inventory = $1,750 - $790 = 
0 92 Quick ratio = C 1· b·1· . $1,040 . urrent rn 1 1t1es 

13s.13 (b) 

D b 
. Total debt $$1,620 

0 55 e t ratio = = = . 
Total assets $2,950 

T. . d . EBIT __ $64~:s $25 __ 26.60 1mes-mterest-earnc ratio = 
1 nterest expense 

13s.14 (a) 

. Sales 
Inventory-turnover ratio = A . = 

verage inventory 
$2,450 

($790 + $550)/2 

= 3.66 times 

. Sales $2,450 . 
Total-assets-turnover ratio = T 

1 
= $$

2 950 
= 0.83 times 

ota assets , 

. Accounts receivable 
Days sales outstanding = A 

1 
d 

vcrage sa es per ay 
$560 

=----
$2,450/365 

= 83.43days 

13s.15 (b) 

. _ Net income _ $369 _ 
0 Profit margm on sales - Sales - $2,450 - 15 Yo 

Net income + Interest expense (I - Tax rate) 
Return on total assets = A 

1 veragc tota assets 

$369 + $25(1 - 0.40) 
= ($2,510 + $2,950)/2 = l4% 

Chapter 13 647 



648 APPENDIX A Answers to the Selr-Test Questions 

. Net income 
Return on eqmty = . 

Average common eqmty 

$369 
= ($1,330 + $1,220)/2 = 

29
% 

13s.16 (c) 

Market price per share $35 
P/E ratio = = = 9 49 

Earning per share $369/100 · 

Total stockholders' equity - Preferred stock 
Book value = . 

Shares outstandmg 

= $1,3:0~ - 0 = $13.30 

$35 per share 
Market/BY= $l3 30 l = 2.63 . per stare 

13s.17 (b) 

Current ratio before action = 1.68 
. . $1,750 - $350 

Current ratm after action = $l,0
4
0 _ $

350 
= 2.03 

13s.18 (c) 

Current ratio before action = 1.68 
. . $1,750 - $350 

Current ratio after action = $l,
040 

= 1.35 
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0.25% 

1 1.0025 0.9975 1.0000 1.0000 0.9975 1.0025 0.0000 0.0000 1 
2 1.0050 0.9950 2.0025 0.4994 1.9925 0.5019 0.4994 0.9950 2 
3 1.11075 0.9925 3.11075 0.3325 2.9851 0.3350 0.9983 2.9801 3 
4 1.01110 0.9901 4.0150 0.2491 3.9751 0.2516 1.4969 5.9503 4 
5 1.0126 0.9876 5.0251 0.1990 4.9627 0.2015 1.9950 9.9007 5 

6 1.0151 0.9851 6.0376 0.1656 5.9478 0.1681 2.4927 14.8263 6 
7 1.0176 0.9827 7.0527 0.1418 6.9305 0.1443 2.9900 20.7223 7 
8 1.0202 0.9802 8.0704 0.1239 7.9107 0.1264 3.4869 27.5839 8 
9 l.0227 0.9778 9.0905 0.1100 8.8885 0.1125 3.9834 35.41161 9 

10 1.0253 0.9753 10.1133 0.0989 9.8639 0.1014 4.4794 44.1842 10 

11 1.0278 0.9729 11.1385 0.0898 10.8368 0.0923 4.9750 53.9133 II 
12 1.0304 0.9705 12.1664 0.0822 I 1.8073 0.0847 5.4702 64.5886 12 
13 1.0330 0.9681 13.1968 0.0758 12.7753 0.0783 5.9650 76.2053 13 
14 1.0356 0.9656 14.2298 0.0703 13.7410 0.0728 6.4594 88.7587 14 
15 1.11382 0.9632 15.2654 0.0655 14.7042 0.0680 6.9534 102.2441 15 

16 l.04tl8 0.9608 16.3035 0.0613 15.6650 0.0638 7.4469 116.6567 16 
17 1.().134 0.9584 17.3443 0.0577 16.6235 0.0602 7.9401 131.9917 17 
18 1.0460 0.9561 18.3876 O.O.'i44 17.5795 0.0569 8.4328 148.2446 18 
19 1.().186 0.9537 19.4336 0.0515 18.5332 0.0540 8.9251 165.4106 19 
20 1.0512 0.9513 20.4822 0.0488 19.4845 0.0513 9.4170 183.4851 20 

21 1.0538 0.9489 21.5334 0.0464 20.4334 0.0489 9.9085 202.4634 21 
22 t.0565 0.9466 22.5872 0.0443 21.3800 0.0468 10.3995 222.3410 22 
23 1.0591 0.9442 23.6437 0.6423 22.3241 0.0448 10.8901 243.IJ31 23 
24 1.0618 0.9418 24.7028 0.0405 23.2660 O.IMJO 11.3804 264.7753 24 
25 1.11644 0.9395 25.7646 0.0388 24.2055 0.0413 11.8702 28U230 25 

26 1.0671 0.9371 26.8290 0.0373 25.1426 0.0398 12.3596 310.7516 26 
27 1.0697 0.9348 27.8961 0.0358 26.0774 0.0383 12.8485 335.0566 27 
28 1.11724 0.9325 28.9658 0.0345 27.0099 0.0370 13.3371 360.2334 28 
29 1.0751 0.9301 30.0382 0.0333 27.9400 0.0358 13.8252 386.2776 29 
30 1.0778 0.9278 31.1133 0.0321 28.8679 0.0346 14.3130 413.1847 30 

31 1.0805 0.9255 32.1911 0.0311 29.7934 0.0336 14.8003 440.9502 31 
32 1.0832 0.9232 33.2716 0.0301 30.7166 0.0326 15.2872 469.5696 32 
33 1.0859 0.9209 34.3547 0.0291 31.6375 0.0316 15.7736 499.0386 33 
34 1.Cl886 0.9186 35.4406 0.0282 32.5561 0.0307 16.2597 529.3528 34 
35 1.11913 0.9163 36.5292 O.IJ274 33.4724 0.0299 16.7454 560.5076 35 

36 1.0941 0.9140 37.6206 0.0266 34.3865 0.0291 17.2306 592.4988 36 
40 1.1050 0.9050 42.0132 11.0238 38.0199 0.0263 19.1673 728.7399 40 
48 1.1273 0.8871 50.9312 0.0196 45.1787 0.0221 23.0209 1040.0552 48 
50 1.1330 0.8826 53.1887 0.0188 46.9462 0.0213 23.9802 1125.7767 50 
60 1.1616 0.86()1) 64.6467 0.0155 55.6524 0.0180 28.7514 1600.0845 60 

72 1.1969 0.8355 78.7794 0.0127 65.8169 O.OIS2 34.4221 226S.5569 72 
80 1.2211 0.8189 88.4392 0.0113 72.4260 0.0138 38.1694 2764.4568 80 
84 1.2334 0.8108 93.3419 0.0107 75.6813 0.0132 40.0331 30'29.7592 84 
90 1.2520 0.7987 100.7885 0.0099 80.5038 0.0124 42.8162 3446.8700 90 
% 1.2709 0.7869 108.3474 0.0092 85.2546 0.0117 45.5844 3886.2832 96 

100 1.2836 0.7790 113.4500 0.0088 88.3825 0.0113 47.4216 4191.2417 100 
108 1.3095 0.7636 123.8093 0.0081 94.5453 0.0106 51.0762 4829.0125 IOR 
120 1.3494 0.7411 139.7414 0.0072 103.5618 0.0097 56.5084 5852.1116 120 
240 1.8208 0.5492 328.30211 0.0030 180.3109 0.0055 107.5863 19398.9852 240 
360 2.4568 0.4070 582.7369 0.0017 237.1894 0.0042 152.8902 36263.9299 360 



I 
2 

3 
4 

6 
7 
8 
9 

10 

II 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
2·1 
25 

26 
27 
2ll 
29 
30 

31 
32 
33 
J4 
35 

36 
40 
48 
50 
60 

72 
80 
84 
90 
96 

100 
108 
120 
240 
360 

Si1111lc l'oymcnt 

Comp(lund 
Amount 
Factor 

(F/l',i,.\ ') 

l.0050 
1.0100 
1.0151 
1.0202 
J.0253 

LQ304 
1.0355 
l.0407 
t.6-159 
1.0511 

1.0564 
1.9611 
J.0670 
1.0723 

l.1777 

l.0831 
1.0885 
J.0939 
1.0994 
1.1049 

1.1104 
1.1160 
L.12 16 
1.1272 
Ll328 

1.1385 
1.1442 
1.1499 
1.1556 
1.1614 

1.1672 
1.1730 
1.1789 
1.1848 

1.19()7 

1-1967 
1.2208 
J.2705 
1.2832 
1.3489 

J.4320 
J.4903 
1.5204 
1.5666 
1.6141 

J.6-167 
J.7137 
1.8194 
3.3102 
6.0226 

l'rc~t·nt 

Worth 
t iu'tnr 

(PI F,i,.V) 

0.9950 
0.990 1 

0.9851 
0.9802 
0.9754 

0.9705 
0.'.1657 
0.9609 
0.9561 
0.9513 

0.9466 
0.94 19 
0.9372 
0.9326 
0.9279 

0.9233 
0.9187 
0.9141 
0.9096 
().9051 

0.9006 
0.8961 
0.8916 
0.8872 
0.882S 

0.8784 
0.8740 
0.8697 
ll.8653 
0.861() 

0.8567 
0.8525 
0.8482 
0.8440 
0.8398 

0.8356 
0.8 191 
0.787 1 
0.7793 
0.74 14 

0.6983 
0.6710 
0.6577 
0.6383 
0.6195 

0.6073 
0.5835 
0.!\496 
0.3021 
0. 1660 

C<•mpound 
Amount 

F11ctor 
(F/ A,i,N) 

l.0000 
2.0050 
3.0150 
4.030 1 
5.0503 

6.0755 
7.1059 
8. 1414 
9.1821 

10.2280 

I 1.2792 
12.3356 
13.3972 
14.4642 
15.5365 

16.6142 
17.6973 
18.7858 
19.8797 
20.9791 

22.0840 
23.19-1-1 
24.3104 
25.4320 
26.5591 

27.6919 
28.8304 
29.9745 
31.124-1 
32.2800 

33.4-1 14 
34.(i()86 
35.7817 
36.9606 
38. 1454 

39.3361 
44. 1588 
54.0978 
56.6452 
69.7700 

86.4089 
98.0677 

I0-1.0739 
113.3109 
122.8285 

129.3337 
142.7399 
163.8793 
462.0409 

1004.5150 

Equol Poymcnt Serles 

Sinking 
Fund 
Factor 

(A/1";1,N) 

l.0000 
0.'1988 
0.3317 
0.2481 
0.1980 

0.1646 
0.1407 
0.1228 
0.1089 
0.@78 

0.0887 
0.081 1 
0.0746 
0.0691 
0.()6.14 

0.0602 
0.0565 
0.0532 
Q,0503 
0.0477 

0.0453 
0.0431 
0.(}.1 11 
0.0393 
0.0377 

0.0361 
0.0347 
0.0334 
0.0321 
0.0310 

0.0299 
0.0289 
0.0279 
0.0271 
0.0262 

0.0254 
0.0226 
0.0185 
0.0177 
0.0 1.JJ 

0.0116 
0.0102 
0.0096 
0.0088 
O.OOSI 

0.0077 
0.0070 
0.0061 
0.0022 
0.0010 

l'rt•\cnt 
Wurth 
F11ctor 

(P/A ,l • .V) 

0.9950 
1.9851 
2.9702 
3.9505 
4.9259 

5.8964 
6.8621 
7.ll230 
8.7791 
9.7304 

10.6770 
I 1.6189 
12.5562 
13.4887 
14.4 166 

15.3399 
16.2586 
17. 1721! 
ltl.0824 
18.9874 

19.8880 
20.784 1 
21.6757 
22.5629 
23.4456 

24.3240 
25. 1980 
26.('1677 
26.9330 
27.794 1 

28.6Srn~ 

29.5033 
30.3515 
31.1955 
32.0354 

32.87 10 
36.1722 
42.5803 
44. 1428 
51.7256 

60.3395 
65.8023 
68.4530 
72.3313 
76.0952 

78.5426 
R3.2934 
90.0735 

DlJ.5808 
166.7916 

APPENDIX B Interes t Factors for Discrete Compounding 651 

Cu11ifal 
Rcc0>er) 

Factor 
(A/P,l,N) 

1.0050 
0.5038 
0.3367 
0.2531 
0.2030 

0.1696 
0.1457 
0.1278 
0.1139 
0.1028 

0.0937 
0.0861 
0.0796 
0.0741 
0.0694 

0.0652 
0.0615 
0.0582 
0.0553 
0.0527 

0.0503 
0.0481 
o.~61 

0.0443 
0.0427 

O.<l4 ll 
0.0397 
0.0384 
0.0371 
0.0360 

0.0349 
0.0339 
0.0329 
0.032 1 
0.0312 

0.0304 
0.0276 
0.0235 
0.0227 
0.0193 

0.0166 
0.0152 
0.0146 
0.0138 
0.0131 

0.0127 
O.OL20 
0.01 11 
Cl.0072 
0.0060 

Grodlcnt Serles 

Grudlcnt 
Uniform 
Serl~\ 

(AIG,l,.'I/) 

0.0000 
0.4988 
0.9<)67 
1..1938 
1.9900 

2.4855 
2.9801 
3..1738 
3.9668 
-1.4589 

4.9501 
5.4·106 
5.9302 
6..1 190 
6.9069 

7.3940 
7.8803 
8.3658 
8.85().l 
9.3342 

9.8172 
10.2993 
I0.7806 
11.2611 
11.7407 

12.2195 
12.6975 
13. 1747 
13.65 1() 
14.1265 

14.(>() 12 
15.0750 
15.541!0 
16.0202 
16.4915 

16.962 1 
18.8359 
22.5437 
23.4624 
28.006-1 

33.350-l 
36.8474 
38.5763 
41 .1451 
43.(1845 

45.36 13 
4S.675S 
53.5508 
96.1131 

128.3236 

Grudl~nt 

Prt\ent 
W"r1h 

(PIG, i,N) 

0.0000 
0.9901 
2.9604 
5.9011 
9.8026 

14.6552 
20.4493 
27.1755 

34.8244 
-13.3865 

52.11526 
63.2136 
74.4602 
86.5835 
99.5743 

113.4238 
128.123 1 
143.6634 
160.0360 
177.2322 

195.2434 
214.0611 
233.6768 
254.0820 
275.2686 

297.2281 
319.9523 
343.4332 
367.6625 
392.6324 

418.3348 
444.7618 
471.9055 
499.7583 
528.3123 

557.5598 
68'1.3347 
959.9188 

1035.6966 
1-148.6458 

2012.3478 
2424.6455 
2640.6641 
2976.0769 
3324. 1846 

N 

1 
2 
3 
4 

5 

6 
7 

8 
9 

JO 

I I 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
40 
48 
50 
60 

72 
80 
84 
90 
96 

3562.7934 LOO 
·!054.3747 I 08 
4823.505 1 120 

134 15.5395 240 
21403.3();1 I 360 

0.50% 
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0.75% 
Com111111nd 

Amuunl 
Fn1•111r 

N (Fll~l,N) 

1.0075 
2 1.015 1 
3 1.0227 
4 1.0303 
5 1.0381 

6 1.().159 
7 1.05:n 
8 1.0616 
9 1.0696 

10 1.0776 

11 1.0857 
12 1.0938 
13 1.1020 
14 l.1 103 
15 1.1186 

16 1.1270 
17 1.135.l 
IS 1.1·140 
19 1.1525 
20 1.1612 

21 1.1699 
22 1.1787 
23 1.11\75 
24 1.196·1 
25 1.205.J 

26 1.2 1.J.J 
27 1.2235 
28 1.2327 
29 1.2420 
30 12513 

31 1.2607 
32 1.2701 
33 1.2796 
34 1.2892 
35 1.2989 

36 1.3086 
40 1.3483 
48 1.431•1 
50 1.4530 
60 1.5657 

72 1.7126 
80 1.8180 
84 1.8732 
90 1.9591 
96 2.0489 

100 
IO!l 
120 
240 
360 

2.1111 
2.241 1 
2.451·1 
6.00<n 

1·1.7306 

Present 
Wor1h 
Factor 

(P/F.l,N) 

0.9926 
0.9852 
0.9778 
0.9706 
0.9633 

0.9562 
0.9490 
0.9420 
0.9350 
0.9280 

ll.9211 
0.9 1·12 
0.9074 
0.9007 
0.8940 

0.8873 
0.8807 
0.8742 
0.8676 
0.8612 

0.8548 
0.8484 
0.8421 
0.8358 
0.8296 

0.8234 
o.8173 
0.8112 
0.8052 
0.7992 

0.7932 
0.7873 
0.7815 
0.7757 
0.7699 

0.7641 
0.7416 
0.6986 
0.6883 
0.6387 

0.5839 
0.5500 
0.533& 
0.5104 
0.4881 

0.4737 
0..1462 
0.4079 
0.1664 
0.0679 

Compound 
Amo11111 
Fnclor 

(FIA,l,N) 

l.0000 
2.CXl75 
3.0226 
4.0-l52 
5.0756 

6.1136 
7.1595 
8.2132 
9.27-IB 

10.3443 

11..1219 
12.5076 
13.6014 
14.7034 
15.8137 

16.9323 
18.0593 
19.1947 
20.3387 
21.4912 

22.6524 
23.822.1 
25.0010 
26. 11\85 
27.3849 

28.5903 
29.8().17 
3 1.0282 
32.2009 
33.5029 

34.7542 
36.0148 
37.2849 
38.5646 
39.8538 

41.1 527 
-16.4465 
57.5207 
60.3943 
75.4241 

95.0070 
109.0725 
116.4269 
127.8790 
139.8562 

148.1445 
165.4832 
193.5 143 
667.8869 

1830.7435 

Slnld n11 
fin ml 
Fu~111r 

(Ml·;l,N) 

1.0000 
0..1981 
0.3308 
0.2472 
0.1970 

0. 1636 
0.1397 
0. 1218 
0.1078 
0.0967 

0.(l/t71i 
0.0800 
0.0735 
0.(1680 
0.0632 

0.ClS91 
00554 
0.0521 
(),(}.192 
0.(}.165 

0.(14•11 
0.0420 
omoo 
0.0382 
0.0365 

0.0350 
0.(J'.l36 
0.()322 
0.ll3IO 
0.0298 

0.0288 
0.02711 
0.0268 
0.0259 
0.0251 

0.0243 
0.0215 
0.0 174 
O.O lli6 
O.l1133 

0.(llOS 
O.l)(l'J2 
0.0086 
0.0078 
0.0072 

0.0(J68 
0.0060 
0.0052 
0.00 15 
0.0005 

Preh~nl 

Worth 
F11elor 

(f' IA,l,N) 

0.9926 
1.9777 
2.9556 
3.9261 
4.8894 

5.8456 
6.7946 
7.7366 
8.67 16 
9.5996 

10.5207 
11.43-19 
12.3423 
13.2430 
14.1370 

15.0243 
15.9050 
16.7792 
17.6468 
18.5080 

19.3628 
20.2112 
21.0533 
21.8891 
22.7188 

23.5-122 
24.3595 
25.1707 
25.9759 
26.7751 

27.5683 
28.3557 
29.1371 
29.9128 
30.6827 

31.4468 
34.4469 
40. 1848 
-1 1.5664 
48.1734 

55.4768 
59.9944 
62.1540 
65.2746 
68.258-1 

70.1746 
73.8394 
78.9417 

11 1.1450 
124.2819 

Capl1al 
ltecmery 

Fuctur 
(AIP,i,N) 

1.0075 
0.5056 
0.3383 
0.2547 
0.20-lS 

0.1711 
0.1472 
0.1293 
0.1153 
0.1042 

0.095 1 
0.0875 
0.0810 
0.0755 
0.0707 

0.0666 
0.062" 
0.0596 
0.0567 
0.0540 

0.0516 
0.0495 
0.0475 
0.0457 
0.(l440 

0.0425 
Q.()411 

0.0397 
0.0385 
0.0373 

0.0363 
0.0353 
0.03-13 
0.0334 
0.0326 

0.0318 
0.0290 
0.0249 
0.0241 
0.0208 

0.0180 
0.0167 
0.0161 
0.0153 
0.0147 

0.01-13 
0.0135 
0.0127 
0.0090 
0.0080 

Grudil·nl Serie• 

Grnlllc111 
Uniform 
Srtl<'~ 

(A!{i1 /,NJ 

0.01)00 
0.4981 
0.9950 
1.4907 
1.9851 

2.4782 
2.9701 
3.4608 
3.9502 
4.4384 

·l.9253 
5.4 1 IO 
5.895·1 
6.3786 
6.8606 

7.3413 
7.8207 
S.2989 
8.7759 
9.2516 

9.7261 
10.1994 
10.6714 
11.1422 
11.6 117 

12.0800 
12.5470 
13.01211 
13..1774 
13.9407 

14.4028 
1-1.8636 
15.3232 
15.7816 
16.2387 

16.6946 
IR.505R 
22.069 1 
22.9-176 
27.2665 

32.2882 
35.5391 
37.1357 
39.4946 
41.8107 

43.3311 
46.3 154 
50.6521 
85..121(1 

1 07.1 1 4~ 

Grndh•nl 
Prc,\cn l 
Worth 

(l'!Ci,l,N) 

0.0000 
0.9852 
2.9408 
5.8525 
9.7058 

14.4866 
20. 1808 
26.7747 
34.2544 
42.6064 

51.81?4 
61.8740 
72.7632 
84.4720 
96.9:!76 

110.2'173 
124.3887 
139.249-1 
154.8671 
171.2:?97 

188.3253 
206.1420 
224.(il\82 
243.8'123 
263.8029 

2S.l.3888 
305.6387 
327.5·11 6 
350.0867 
373.21>31 

397.0602 
421.4675 
446.47-16 
472.0712 
498.2471 

52·1.9924 
637.4h93 
886.8404 
953.8486 

1313.5189 

1791.2463 
21.>i.1.:n 
2308.12.83 
2sn.9%1 
2853.93-52 

N 

2 
3 
.j 

5 

6 
7 
8 
9 

10 

II 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
40 
48 
50 
60 

72 
80 
84 
90 
96 

3040.7453 100 
J.11 9. 904 I !08 
39\18.5621 120 
9494. 1162 240 

13312.387 I 360 



N 

2 
3 
4 

6 
7 
8 
9 

10 

II 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
40 
48 
50 
60 

72 
80 
84 
90 
96 

100 
108 
120 
240 
360 

Single l'a)mcnt 

Compound 
Amount 
1-'uctor 

(PI P,l,N) 

1.0100 
1.0201 
1.0303 
1.().1()6 

1.051() 

1.0615 
1.Q721 

l.f,29 I. 37 
I. 046 

1.1157 
1. 1268 
1.138 1 
1.1495 
1.16!0 

1.1726 
l.IS-l3 
1.1961 
L20SI 
1.2202 

1.2324 
1.2447 
1.2572 
1.2697 
1.2824 

1.2953 

::flm 
I. 478 

1.3613 
1.3749 
1.3887 
1.4026 
1.4166 

l.430S 
1.4889 
1.6122 
1.p.1-16 
1.k167 

2.~71 
2r67 
2.f.067 
2..1486 
2.[ 993 

2.7048 
2.\1289 
3.3004 

10.8926 
35.9496 

Present 
Worth 
Factor 

(PIF,i,N) 

0.9901 
0.9803 
0.9706 
0.9610 
0.9515 

0.9420 
0.9327 
0.9235 
0.91-13 
0.9053 

0.8963 
0.8874 
0.8787 
0.8700 
0.8613 

0.8528 
0.8444 
0.8360 
0.8277 
0.8195 

0.8114 
0.8034 
0.7954 
0.7876 
0.7798 

0.7720 
0.7644 
0.7568 
0.7493 
0.7419 

0.7346 
0.7273 
0.7201 
0.7130 
0.7059 

0.6989 
0.6717 
0.6203 
0.6080 
0.550.J 

0.4885 
0.451 1 
0.4335 
0.4084 
0.3847 

0.3697 
0.3414 
0.3030 
0.0918 
0.0278 

Compound 
Amount 
Factor 

(F/;\ ,l,N) 

1.0000 
2.0100 
3.0301 
4.0604 
5.IOIO 

6.1520 
7.2 135 
8.2857 
9.3685 

10.4622 

11.5668 
12.6825 
13.8093 
1·1.9474 
16.0969 

17.2579 
18..1304 
19.6147 
20.!!I()<) 
22.0190 

23.2392 
24.4716 
25.7 163 
26.9735 
28.2432 

29.5256 
30.8209 
32. 1291 
33.4504 
34.7849 

36.1327 
37..194 1 
38.8690 
40.2577 
4 l.6CJ03 

43.0769 
48.8864 
61.2226 
64.4632 
8 1.6697 

104.7()<)9 
12 1.6715 
130.6723 
144.8633 
159.9273 

170.4814 
192.8926 
230.0387 
989.2554 

3494.9641 

Equal Pu~m.,nt S~rll!lo 

Slnldn11 
Fund 

Factor 
(AJP,l,N) 

1.0000 
0.4975 
0.3300 
02463 
0.1960 

0.1625 
0.1386 
0.1207 
0.1067 
0.0956 

0.0865 
0.0788 
0.0724 
0.0669 
0.0621 

0.0579 
0.0543 
0.0510 
0.0481 
0.0454 

0.0430 
0.1)409 
0.0389 
0.0371 
0.0354 

0.0339 
0.0324 
0.031 1 
0.0299 
0.0287 

0.0277 
0.0267 
0.0257 
0.0248 
0.0240 

0.0232 
0.0205 
0.0163 
0.0155 
0.0122 

0.0096 
0.0082 
0.0077 
0.0069 
0.0063 

0.0059 
0.0052 
0.00-13 
0.0010 
0.0003 

Prc, cnt 
Wnrth 
Factor 

(l'IA.l,N) 

0.9901 
1.970-I 
2.9410 
3.9020 
4.853-1 

5.7955 
6.7282 
7.6517 
8.5660 
9.4713 

10.3676 
11.2551 
12.1337 
13.11037 
13.865 1 

1·1.7179 
15.5623 
16.3983 
17.2260 
1!!.0-156 

18.8570 
19.6604 
20.4558 
21.2434 
22.0232 

22.7952 
23.5596 
24.3164 
25.0658 
25.8077 

26.5423 
27.2696 
27.9897 
28.7027 
29.4086 

30. 1075 
32.8347 
37.9740 
39.1961 
>14.9550 

51.1504 
54.8882 
56.6485 
59. 1609 
61.5277 

63.0289 
65.8578 
69.7005 
90.8194 
97.2183 
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Capilol 
Recn~er) 

factor 
(AIP;l,N) 

LOIOO 
O.S075 
0.3400 
0.2563 
0.2060 

0.1725 
0.1486 
0. 1307 
0.1 167 
0.1056 

0.0965 
0.0888 
0.0824 
0.0769 
0.0721 

0.0679 
0.0643 
0.0610 
0.0581 
0.0554 

0.0530 
0.()509 
0.0489 
0.0471 
0.0454 

0.0439 
0.0-124 
0.04 11 
0.0399 
0.0387 

0.0377 
0.0367 
0.0357 
0.0348 
0.0340 

0.0332 
0.0305 
0.0263 
0.0255 
0.0222 

0.0 196 
0.0182 
0.0177 
0.0169 
0.0163 

0.0159 
0.0152 
0.0143 
0.0110 
0.0103 

Grudienr Series 

Grudicnl 
Uniform 
Serie\ 

(,\/G,l,NJ 

0.0000 
0.4975 
0.993-1 
1.4876 
1.9801 

2.4710 
2.9602 
3.447!! 
3.9337 
4.4179 

·l.9005 
5.3815 
5.8607 
li.3384 
6.8 143 

7.2886 
7.7613 
8.2323 
8.7017 
9.1694 

9.6354 
10.0998 
I0.5626 
11.0237 
11.4831 

11.9409 
12.3971 
12.8516 
13.3044 
13.7557 

1-1.2052 
14.6532 
15.0995 
15.5441 
15.9871 

16..1285 
llU776 
21.5976 
22.4363 
26.5333 

31.2.186 
34.2492 
35.7170 
37.8724 
39.9727 

41.3426 
44.0103 
47.8349 
75.7393 
89.6995 

Gradient 
Prei.cnt 
Worth 

(PIG,i,N) N 

0.0000 l 
0.9803 2 
2.9215 3 
5.8044 4 
9.6103 5 

14.3205 6 
19.9168 7 
26.38 12 8 
33.6959 9 
41.8435 IC) 

50.8067 11 
6Q_'i687 12 
71.1126 13 
82.4221 14 
94.48l0 15 

107.27'.!4 16 
120.7834 17 
l:H.9957 18 
149.8950 19 
165.4664 20 

!8l.6950 21 
198.5663 22 
216.0660 23 
234.1800 24 
252.8945 25 

272.1957 26 
292.0702 27 
312.5047 28 
333.4863 29 
355.002 1 30 

377.0394 31 
399.5858 32 
422.6291 33 
4-16.1572 34 
470.1583 35 

494.6207 36 
596.8561 40 
820.1460 48 
879.4176 50 

1192.8061 60 

1597.8673 72 
1879.877 1 80 
2023.3 153 84 
2240.5675 90 
2459.4298 96 

2.605.7758 100 
2898.4203 108 
3334.1148 120 
6878.6016 240 
8720..1323 360 

1.0% 
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1.25% 

1 1.0125 0.9877 1.0000 10000 0.9877 10125 0.0000 0.0000 1 
2 1.0252 0.9755 2.0125 0.4969 1.9631 o.5094 0.4969 0.9755 2 
3 1.0380 0.9634 3.0377 D.3292 2.9265 0.3417 0.9917 2.9023 3 
4 1.0509 0.9515 4.0756 D.2454 3.8781 02579 1.4845 5.7.569 4 

5 1.0641 0.9398 5.1266 0.1951 4.8178 0.2076 1.9752 9.5160 5 

6 1.0774 0.9282 6.1907 0.1615 5.7460 0.1740 2.4638 14.1569 6 
7 1.0909 0.9167 7.2680 0.1376 6.6627 0.1501 2.9503 19.6571 7 
8 1.1045 0.9054 8.3589 0.1196 7.5681 0.1321 3.4348 25.9949 8 
9 1.1183 0.8942 9.4634 0.1057 8.4623 0.1182 3.9172 33.1487 9 

10 1.1323 0.8832 10.5817 D.0945 9.3455 0.1070 4.3975 41.0973 10 

11 1.1464 0.8723 11.7139 0.0854 10.2178 O.ll979 4.8758 49.8201 11 
12 1.1608 o.8615 12.8li04 0.0778 11.0793 0.0903 5.3520 592967 12 
13 1.1753 0.8509 14.0211 0.0713 11.9302 0.0838 5.8262 69.5072 13 
14 1.1900 0.8404 15.1964 0.0658 12.7706 0.0783 6.2982 80.4320 14 
15 1.2048 0.8300 16.3863 0.0610 13.6005 0.0735 6.7682 92.0519 15 

16 1.2199 0.8197 17.5912 0.0568 14.4203 0.0693 7.2362 104.3481 16 
17 1.2351 0.8096 18.8111 0.0532 15.2299 0.0657 7.7021 117.3021 17 
18 1.2506 0.7996 20.0462 0.0499 16.0295 0.0624 8.1659 130.8958 18 
19 1.2662 0.7898 21.2968 0.0470 16.8193 0.0595 8.6277 145.1115 19 
20 1.2820 0.7800 22.5630 0.0443 17.5993 o.0568 9.0874 159.9316 211 

21 1.2981 0.7704 23.8450 D.0419 18.3697 0.0544 9.5450 175.3392 21 
22 1.3143 0.7609 25.1431 0.0398 19.1306 0.0523 10.0006 191.3174 22 
23 1.3307 0.7515 26.4574 0.0378 19.8820 0.0503 10.4542 207.8499 23 
24 1.3474 0.7422 27.7881 0.0360 20.6242 0.0485 10.9056 224.9204 24 
25 1.3642 0.7330 29.1354 0.0343 21.3573 0.0468 11.3551 242.5132 25 

26 1.3812 0.7240 30.4996 0.0328 22.0813 0.0453 11.8024 260.6128 26 
27 1.3985 0.7150 31.8809 0.0314 22.7963 0.0439 122478 2792040 27 
28 1.4160 0.7062 33.2794 0.0300 23.5025 0.0425 12.6911 2982719 28 
29 1.4337 0.6975 34.6954 0.0288 24.2000 0.0413 13.1323 317.8019 29 
30 1.4516 0.6889 36.1291 0.0277 24.8889 0.0402 13.5715 337.7797 30 

31 1.4698 0.6804 37.5807 0.0266 25.5693 0.0391 14.0086 358.1912 31 
32 1.4881 0.6720 39.0504 0.0256 26.2413 0.0381 14.4438 379.0227 32 
33 1.5067 0.6637 40.5386 0.0247 26.9050 o.0372 14.8768 400.2607 33 
34 1.5256 0.6555 42.0453 0,0238 27.5605 0.0363 15.3079 421.8920 34 
35 1.5446 0.6474 43.5709 0.0230 28.2079 0.0355 15.7369 443.9037 35 

36 1.5639 0.6394 45.1155 0.0222 28.8473 0.0347 16.1639 466.2830 36 
40 1.6436 0.6084 51.4896 0.0194 31.3269 0.0319 17.8515 5592320 40 
48 1.8154 0.5509 65.2284 0.0153 35.9315 0.0278 21.1299 759.2296 48 
50 1.8610 0.5373 68.8818 0.0145 37.0129 0.0270 21.9295 811.6738 50 
60 2.1072 0.4746 88.5745 0.0113 42.0346 0.0238 25.8083 1084.8429 60 

72 2.4459 0.4088 llS.6736 0.{1086 47.2925 0.0211 30.2047 1428.4561 72 
80 2.7015 o.3702 136.1188 0.0073 50.3867 0.0198 32.9822 1661.8651 80 
84 2.8391 D.3522 147.1290 0.0068 51.8222 0.0193 34.3258 1778.8384 84 
90 3.0588 03269 164.7050 0.{1061 53.8461 0.0186 36.2855 1953.8303 90 
96 3.2955 0.3034 183.6411 0.0054 55.7246 0.0179 38.1793 212'Z.5244 96 

100 3.4634 0.2887 197.0723 0.0051 56.9013 0.0176 39.4058 2242.2411 100 
108 3.8253 0.2614 226.0226 0.0044 59.0865 0.0169 41.7737 2468.2636 108 
120 4.4402 0.2252 275.2171 0.{1036 61.9828 0.0161 45.1184 2796.5694 120 
240 19.7155 0.0507 14972395 0.0007 75.9423 0.0132 67.1764 5101.5288 240 
360 815410 0.0114 6923.2796 0.0001 79.0861 0.0126 75.8401 5997 .CJIJ1:1 360 



APPENDIX B Interest Factors for Discrete Compounding 655 

1.5% 

1 1.0150 0.9852 1.0000 10000 0.9852 1.0150 0.0000 0.0000 1 
2 1.0302 0.9707 2.111511 0.4963 1.9559 0.5113 0.4963 0.9707 2 
3 1.0457 0.9563 3.0452 0.3284 2.9122 0.3434 0.99111 2.8833 3 
4 1.0614 0.9422 4.0909 0.2444 3.85-1-1 0.2594 1.4814 5.7098 4 
5 1.0773 0.9283 5.1523 0.1941 4.7826 0.2091 1.9702 9.4229 5 

6 1.0934 0.9145 6.2296 0.1605 5.6972 0.1755 2.4566 13.9956 6 
7 l.Hl98 0.9010 7.3230 0.1366 6.5982 0.1516 2.9405 19.4018 7 
8 1.1265 0.8877 8.-1328 0.1186 7.4859 0.1336 3.4219 25.6157 8 
9 1.1434 0.8746 9.5593 0.1046 8.3605 0.1196 3.9008 32.6125 9 

10 1.1605 0.8617 10.7027 0.0934 9.2222 0.1084 4.3772 40.3675 10 

11 1.1779 0.8489 11.8633 0.0843 10.0711 0.0993 4.8512 48.8568 11 
12 1.1956 0.8364 13.11412 0.0767 10.9075 0.0917 5.3227 58.0571 12 
13 1.2136 0.8240 14.2368 0.0702 11.7315 0.0852 5.7917 67.9454 13 
14 1.2318 0.8118 15.4504 O.D647 12.5434 0.0797 6.2582 78.4994 14 
15 1.2502 0.7999 16.6821 D.11599 13.3432 0.0749 6.7223 89.6974 15 

16 1.26911 0.7880 17.9324 0.0558 14.1313 0.0708 7.1839 101.5178 16 
17 1.28811 0.7764 19.21114 O.OS2J 14.91176 0.0671 7.6431 113.9400 17 
18 1.3073 0.7649 20.4894 0.0488 15.6726 0.0638 8.0997 126.9435 18 
19 1.32711 0.7536 21.7967 0.0459 16.4262 0.0609 8.5539 140.5084 19 
20 1.3469 0.7425 23.1237 0.0432 17.1686 0.0582 9.0057 154.6154 20 

21 1.3671 0.7315 24..1705 0.0409 17.9001 0.0559 9.4550 169.2453 21 
22 1.3876 0.7207 25.8376 0.0387 18.62118 O.OS37 9.9018 184.3798 22 
23 1.41184 0.7100 27.2251 0.0367 19.331)9 0.0517 10.3462 200.0006 23 
24 1.4295 0.6995 28.6335 0.0349 20.0304 0.0499 10.7881 216.0901 24 
25 1.4509 0.6892 30.06311 0.0333 20.7196 0.0483 11.2276 232.6310 25 

26 1.4727 0.6790 31.51411 0.0317 21.3986 0.0467 11.6646 249.6065 26 
27 1.4948 0.6690 32.9867 0.0303 22.0676 0.0453 12.0992 267.0002 27 
28 1.5172 0.6591 34.4815 0.0290 22.7267 0.0440 12.5313 284.7958 28 
29 1.54110 0.6494 35.9987 0.0278 23.3761 0.0428 12.9610 302.9779 29 
30 1.5631 0.6398 37.5387 0.0266 24.11158 0.0416 13.3883 321.5310 30 

31 1.5865 0.6303 39.11118 0.0256 24.6461 0.0406 13.8131 340.4402 31 
32 1.61113 0.6210 40.6883 0.0246 25.2671 0.0396 14.2355 359.6910 32 
33 1.6345 0.6118 42.2986 0.0236 25.8790 0.0386 14.6555 379.2691 33 
34 1.6590 0.6028 43.9331 0.0228 26.4817 0.0378 15.0731 399.1607 34 
35 1.6839 0.5939 45.5921 0.0219 27.0756 0.0369 15.4882 419.3521 35 

36 1.71)91 0.5851 47.2760 0.0212 27.6607 0.0362 15.9009 439.8303 36 
411 1.81-10 0.5513 54.2679 0.0184 29.9158 0.0334 17.5277 524.3568 40 
48 2.11-135 0.4894 69.5652 0.0144 34.0426 0.0294 20.6667 703.5462 48 
50 2.11152 0.4750 73.6828 0.0136 34.9997 0.0286 21.42TI 749.9636 so 
(JO 2.4432 0.4093 96.2147 0.0104 39.3803 0.0254 25.0930 988.1674 60 

72 2.9212 0.3423 128.0772 0.0078 43.8447 0.0228 29.1893 1279.7938 72 
80 3.29117 0.3039 152.7109 0.0065 46.4073 0.0215 31.7423 1473.0741 80 
84 3.4926 0.2863 166.1726 0.0060 47.5786 0.0210 32.9668 1568.5140 84 
911 3.8189 0.2619 187.9299 0.0053 49.2099 0.0203 34.7399 1709.5439 90 
96 4.1758 0.2395 211.7202 0.0047 50.7017 0.0197 36.4381 1847.4725 96 

100 4.43211 o.2256 228.8030 0.0044 51.6247 0.0194 37.5295 1937.4506 100 
108 4.9927 0.2003 266.ITI8 0.0038 53.3137 0.0188 39.6171 :m2.1348 108 
120 5.9693 0.1675 331.2882 0.0030 55.4985 0.0180 42.5185 2359.7114 120 
2411 35.6328 0.0281 2308.85-1-1 0.0004 64.7957 0.0154 59.7368 3870.6912 2411 
360 212.71138 0.0047 14113.5854 0.0001 66.3532 0.0151 64.9662 4310.7165 360 



656 APPENDIX B Interest Factors for Discrete Compounding 

1.75% 

I 1.0175 0.9828 1.0000 10000 0.9828 10175 0.0000 0.0000 1 
2 1.0353 0.96S9 2.0175 0.4957 1.9487 0.5132 0.4957 0.9659 2 
3 1.0534 0.9493 3.0528 o.3276 2.8980 0.3451 0.9884 2.8645 3 
4 1.0719 0.9330 -1.1062 o.2435 3.8309 0.2610 1.4783 5.6633 4 
5 J.()9()6 0.9169 5.1781 0.1931 4.7479 0.2106 1.9653 9.3310 5 

6 1.1097 0.9011 6.2687 0.1595 5.6490 0.1770 2.4494 13.8367 6 
7 1.1291 0.8856 7.3784 0.1355 6.5346 0.1530 2.9306 19.1506 7 
8 1.1489 0.8704 8.5075 0.1175 7.4051 0.1350 3.4089 25.2435 8 
9 1.1690 0.8554 9.6564 0.1036 8.2605 0.1211 3.8844 32.0870 9 

Ill 1.1894 0.8407 10.8254 0.0924 9.1012 0.1099 4.3569 39.6535 10 

11 J.2103 0.8263 12.0148 0.0832 9.9275 0.1007 4.8266 47.9162 11 
12 1.2314 0.8121 13.2251 0.0756 10.7395 0.0931 5.2934 56.8489 12 
13 J.2530 0.7981 14.4565 0.0692 11.5376 0.0867 5.7573 66.4260 13 
14 1.2749 0.7844 15.7095 0.0637 12.3220 0.0812 6.2184 76.6'227 14 
15 J.2972 0.7709 16.9844 0.0589 13.0929 0.0764 6.6765 87.4149 15 

16 1.3199 0.7576 18.2817 0.0547 13.8505 0.0722 7.1318 98.7792 16 
17 1.3430 0.7446 19.6016 0.0510 14.5951 0.0685 7.5842 110.6926 17 
18 1.3665 0.7318 20.9446 0.0477 15.3269 0.0652 8.0338 123.1328 18 
19 1.3904 0.7192 22.3112 0.0448 16.0461 0.0623 8.4805 136.0783 19 
20 1.4148 0.7068 23.7016 0.0422 16.7529 0.0597 8.9243 149.5080 20 

21 1.4395 0.6947 25.1164 0.0398 17.4475 0.0573 9.3653 163.4013 21 
22 1.4647 0.6827 26.5559 0.0377 18.1303 0.0552 9.8034 177.7385 22 
23 1.4904 0.6710 28.0207 0.0357 18.8012 0.0532 10.2387 192.5000 23 
24 1.5164 0.6594 29.5110 0.0339 19.4607 0.0514 10.6711 207.6671 24 
25 1.5430 0.6481 31.0275 0.0322 20.1088 0.0497 11.1007 223.2214 25 

26 1.5700 0.6369 32.5704 0.0307 20.7457 0.0482 11.5274 239.1451 26 
27 1.5975 0.6260 34.1404 0.0293 21.3717 0.0468 11.9513 255.4210 27 
28 1.6254 0.6152 35.7379 0.0280 21.9870 o.0455 12.3724 272.0321 28 
29 1.6539 0.6046 37.3633 0.0268 22.5916 0.0443 12.7907 288.9623 29 
30 1.6828 0.5942 39.0172 0.0256 23.1858 0.0431 13.2061 306.1954 30 

31 1.7122 0.5840 40.7000 0.0246 23.7699 0.0421 13.6188 323.716.' 31 
32 1.7422 0.5740 42.4122 0.0236 24.3439 0.0411 14.0286 3415097 32 
33 1.7727 0.5641 44.1544 0.0226 24.9080 0.0401 14.4356 359.5613 33 
34 1.8037 0.5544 45.9271 0.0218 25.4624 0.0393 14.8398 377.8567 34 
35 1.8353 0.5449 47.7308 0.0210 26.0073 0.0385 15.2412 396.3824 35 

36 1.8674 0.5355 49.5661 0.0202 26.5428 0.0377 15.6399 415.1250 36 
40 2.0016 0.4996 57.2341 0.0175 28.5942 0.0350 17.2066 492.0109 40 
48 2.2996 0.4349 74.2628 0.0135 32.2938 0.0310 20.2084 652.6054 48 
50 2.3808 0.4200 78.9022 0.0127 33.1412 0.0302 20.9317 693.7010 50 
60 2.8318 0.3531 104.6752 0.0096 36.9640 0.0271 24.3885 901.4954 60 

72 3.4872 0.2868 142.1263 0.0070 40.7564 0.0245 28.1948 1149.1181 72 
80 4.0064 0.2496 171.7938 0.0058 42.8799 0.0233 30.5329 13()1).2482 80 
84 4.2943 0.2329 188.2450 0.0053 43.8361 0.0228 31.6442 1387.1584 84 
90 4.7654 0.2098 215.1646 0.0046 45.1516 0.0221 33.2409 1500.8798 90 
96 5.2882 0.1891 245.0374 0.0041 46.3370 0.0216 34.7556 1610.4716 96 

100 5.6682 0.1764 266.7518 0.0037 47.0615 0.0212 35.7211 1681.0886 100 
108 6.5120 0.1536 314.9738 0.0032 48.3679 0.0207 37.5494 1816.1852 108 
120 8.0192 0.1247 401.0962 0.002.5 50.0171 0.0200 40.0469 2003.0269 120 
240 64.3073 0.0156 3617.5602 0.0003 56.2543 0.0178 53.3518 3001.2678 240 
360 SIS.6921 0.0019 29410.9747 0.0000 57.0320 0.0175 56.4434 3219.0833 360 



APPENDIX B Interest Factors for Discrete Compounding 657 

2.0% 

1 1.0200 0.9804 1.0200 0.0000 0.0000 1 
2 J.()404 0.9612 1.9416 0.5150 0.4950 0.9612 2 
3 1.0612 0.9423 2.8839 0.3468 0.9868 2.8458 3 
4 Ul824 0.9238 4.1216 3.8077 0.2626 1.4752 5.6173 4 
5 1.1041 0.9057 5.2040 4.7135 0.2122 1.9604 9.2403 5 

6 1.1262 0.8880 6.3081 0.1585 5.6014 0.1785 2.4423 13.6801 6 
7 1.1487 0.8706 7.4343 0.1345 6.4720 0.1545 2.9208 18.9035 7 
8 1.1717 0.8535 8.5830 0.1165 7.3255 0.1365 3.3961 24.8779 8 
9 1.1951 0.8368 9.7546 0.1025 8.1622 0.1225 3.8681 31.5720 9 

10 1.2190 0.8203 10.9497 0.0913 8.9826 0.1113 4.3367 38.9551 10 

11 1.2434 0.8043 12.1687 0.0822 9.7868 0.1022 4.8021 46.9977 11 
12 1.2682 0.7885 13.4121 0.0746 10.5753 0.0946 5.2642 55.6712 12 
13 1.2936 0.7730 14.6803 0.0681 11.3484 0.0881 5.7231 64.9475 13 
14 1.3195 0.7579 15.9739 0.0626 12.1062 0.0826 6.1786 74.7999 14 
15 1.3459 0.7430 17.2934 0.0578 12.8493 0.0778 6.6309 85.2021 15 

16 1.3728 0.7284 18.6393 0.0537 13.5777 0.0737 7.0799 96.1288 16 
17 1.411112 0.7142 20.0121 0.0500 14.2919 0.0700 7.5256 107.5554 17 
18 1.4282 0.7002 21.4123 0.0467 14.9920 0.0667 7.9681 119.4581 18 
19 1.4568 0.6864 22.8406 0.0438 15.6785 0.0638 8.4073 131.8139 19 
211 1.4859 0.6730 24.2974 0.0412 16.3514 0.0612 8.8433 144.6003 20 

21 1.5157 0.6598 25.7833 0.0388 17.0112 0.0588 9.2760 157.1959 21 
22 1.5460 0.6468 27.2990 0.0366 17.65811 0.0566 9.7055 171.3795 22 
23 1.5769 0.6342 28.8450 0.0347 18.2922 0.0547 10.1317 185.3309 23 
24 1.6084 0.6217 30.4219 0.0329 18.9139 0.0529 10.5547 199.6305 24 
25 1.6406 0.6095 32.113113 0.0312 19.5235 0.0512 10.9745 214.2592 25 

26 1.6734 0.5976 33.6709 0.0297 20.12111 0.0497 11.3910 229.1987 26 
27 1.7069 0.5859 35.3443 0.0283 20.7069 0.0483 11.8043 244.4311 27 
28 1.74111 0.5744 37.0512 0.0270 21.2813 0.0470 12.2145 259.9392 28 
29 1.7758 0.5631 38.7922 0.0258 21.8444 0.0458 12.6214 275.7064 29 
30 1.8114 0.5521 40.5681 0.0246 22.3965 0.0446 13.0251 291.7164 30 

31 1.8476 0.5412 42.3794 0.0236 22.9377 0.0436 13.4257 307.9538 31 
32 1.8845 0.5306 44.2270 0.0226 23.4683 0.0426 13.8230 324.4035 32 
33 1.9222 0.5202 46.1116 0.0217 23.9886 0.0417 14.2172 341.05()8 33 
34 1.9607 0.5100 48.0338 0.0208 24.4986 0.0408 14.6083 357.8817 34 
35 1.9999 0.5000 49.9945 0.0200 24.9986 0.0400 14.9961 374.8826 35 

36 2.0399 0.4902 51.9944 0.0192 25.4888 0.0392 15.3809 392.0405 36 
40 2.2080 0.4529 60.4020 0.0166 27.3555 0.0366 16.8885 461.9931 40 
48 2.5871 0.3865 79.3535 0.0126 30.6731 0.0326 19.7556 605.9657 48 
50 2.6916 0.3715 84.5794 0.0118 31.4236 0.0318 20.4420 642.3606 50 
60 3.28111 0.3048 114.0515 0.0088 34.7609 0.0288 23.6961 823.6975 60 

72 4.1611 0.2403 158.0570 0.0063 37.98-il 0.0263 27.2234 1034.0557 72 

80 4.8754 0.2051 193.7720 0.0052 39.7445 0.0252 29.3572 1166.7868 80 

84 5.2773 0.1895 213.8666 0.0047 40.5255 0.0247 30.3616 1230.4191 84 
90 5.9431 0.1683 247.1567 0.0040 41.5869 0.0240 31.7929 1322.1701 90 
96 6.6929 0.1494 284.6467 0.0035 42.5294 0.0235 33.1370 1409.2973 96 

JOO 7.2446 0.1380 312.2323 0.0032 43.0984 0.0232 33.9863 1464.7527 11111 
108 8.4883 0.1178 374.4129 0.0027 44.1095 0.0227 35.5774 1569.3025 108 
120 10.7652 0.0929 488.2582 0.0020 45.3554 0.0220 37.7114 1710.4160 120 
240 115.8887 0.0086 5744.4368 0.0002 49.5686 0.0202 47.9110 2374.8800 240 
360 1247.5611 0.0008 62328.0564 0.0000 49.9599 0.0200 49.7112 2483.5679 360 



658 APPENDIX B Interest Factors for Discrete Compounding 

3.0% 

l 1.0300 0.9709 1.0000 LOOOO 0.9709 1.0300 0.0000 0.0000 I 
2 1.0609 0.9426 2.0300 0.4926 1.9135 0.5226 0.4926 0.9426 2 
3 1.0927 0.9151 3.0909 0.3235 2.821!6 0.3535 0.9803 2.7729 3 
4 1.1255 0.8885 4.1836 0.2390 3.7171 0.2690 1.4631 5.4383 4 
5 1.1593 0.8626 5.3091 0.1884 4.5797 0.2184 1.9409 8.8888 5 

6 1.1941 0.8375 6.4684 0.1546 5.4172 0.1846 2.4138 13.0762 6 
7 1.2299 0.8131 7.6625 0.1305 6.2303 0.1605 2.8819 17.9547 7 
8 1.2668 0.7894 8.8923 0.1125 7.0197 0.1425 3.3450 23.4806 8 
9 1.3048 0.7664 10.1591 0.0984 7.7861 0.1284 3.8032 29.6119 9 

10 1.3439 0.7441 11.4639 0.0872 8.5302 0.1172 4.2565 36.3088 110 

11 1.3842 0.7224 12.8078 0.0781 9.2526 0.1081 4.7049 43.5330 11 
12 1.4258 0.7014 14.1920 0.0705 9.9540 0.1005 5.1485 51.2482 12 
13 1.4685 0.6810 15.6178 0.0640 10.6350 0.0940 5.5872 59.4196 13 
14 1.5126 0.6611 17.0863 0.0585 11.2961 0.0885 6.0210 68.0141 14 
15 1.5580 0.6419 18.5989 0.0538 11.9379 0.0838 6.4500 n.0002 15 

16 1.6047 0.6232 20.1569 0.0496 12.5611 0.0796 6.8742 86.3477 16 
17 1.6528 0.6050 21.7616 0.0460 13.1661 0.0760 7.2936 96.0280 17 
18 1.7024 0.5874 23.4144 0.0427 13.7535 0.0727 7.7081 106.0137 18 
19 1.7535 0.5703 25.1169 0.0398 14.3238 0.0698 8.1179 116.2788 19 
20 1.8061 0.5537 26.8704 0.0372 14.8775 0.0672 8.5229 126.7987 20 

21 1.8603 0.5375 28.6765 0.0349 15.4150 0.0649 8.9231 137.5496 21 
22 1.9161 0.5219 30.5368 0.0327 15.9396 0.0627 9.3186 148.5094 22 
23 1.9736 0.5067 32.4529 0.0308 16.4436 0.0608 9.7093 159.6566 23 
24 2.0328 D.4919 34.4265 0.0290 16.9355 0.0590 10.0954 170.9711 24 
25 2.0938 0.4776 36.4593 0.()274 17.4131 0.0574 10.4768 182.4336 25 

26 2.1566 0.4637 38.5530 0.0259 17.8768 0.0559 10.8535 194.0260 26 
27 2.2213 0.4502 40.70% 0.0246 18.3270 0.0546 11.2255 205.7309 27 
28 2.2879 0.4371 42.9309 0.0233 18.7641 0.0533 11.5930 217.5320 28 
29 2.3566 0.4243 45.2189 0.0221 19.1885 0.0521 11.9558 229.4137 29 
30 2.4273 0.4120 47.5754 0.0210 19.6004 0.0510 12.3141 241.3613 30 

31 2.5001 0.4000 50.0027 0.0200 20.0004 0.0500 12.6678 253.3609 31 
32 2.5751 0.3883 52.50211 0.0190 20.38118 0.0490 13.0169 265.3993 32 
33 2.6523 0.3770 55.07711 0.0182 20.7658 0.0482 13.3616 277.4642 33 
34 2.7319 0.3660 57.7302 0.0173 21.1318 0.0473 13.7018 289.5437 34 
35 2.8139 03554 60.4621 0.0165 21.4872 0.()465 14.0375 301.6267 35 

40 3.2620 0.3066 75.4013 0.0133 23.1148 0.0433 15.6502 361.7499 40 
45 3.7816 0.2644 92.7199 0.0108 24.5187 0.0408 17.1556 420.6325 45 
50 4.3839 0.2281 112.7969 0.0089 25.7298 0.0389 18.5575 477.4803 50 
55 5.0821 0.1968 136.0716 0.0073 26.7744 0.0373 19.8600 531.7411 55 
60 5.8916 0.1697 163.0534 0.0061 27.6756 0.0361 21.0674 583.0526 60 

65 6.8300 0.1464 194.3328 0.0051 28.4529 0.0351 22.1841 631.2010 65 
70 7.9178 0.1263 230.5941 0.0043 29.1234 0.0343 23.2145 676.0869 70 
75 9.1789 0.1089 272.6309 0.0037 29.7018 0.0337 24.1634 717.6978 75 
80 10.6409 0.0940 321.3630 0.0031 30.2008 0.0331 25.0353 756.0865 80 
85 12.3357 0.0811 377.8570 no026 30.6.112 0.0326 25.8349 79L3529 85 

90 14.3005 0.0699 443.3489 0.0023 31.0024 0.0323 26.5667 823.6302 90 
95 16.5782 0.0603 519.2720 0.0019 31.3227 0.0319 27.2351 853.0742 95 

100 19.2186 0.0520 fl.l7.2877 0.0016 31.5989 0.0316 27.8444 879.8540 100 



APPENDIX B Interest Factors for Discrete Compounding 659 

4.0% 

1.0400 0.9615 1.0000 l.0000 0.9615 10400 0.0000 0.0000 I 
2 1.0816 0.9246 2.0400 0.4902 1.8861 0.5302 0.4902 0.9246 2 
3 1.1249 0.8890 3.1216 0.3203 2.n51 o.3603 0.9739 2.7025 3 
4 1.1699 0.8548 4.2465 0.2355 3.6299 0.2755 1.4510 5.2670 4 
5 1.2167 0.8219 5.4163 0.1846 4.4518 0.2246 1.9216 8.5547 5 

6 1.2653 0.7903 6.6330 O.IS08 5.2421 0.1908 2.3857 12.5062 6 
7 1.3159 0.7599 7.8983 0.1266 6.0021 0.1666 2.8433 17.06S7 7 
8 1.3686 0.73'11 9.2142 0.1085 6.7327 0.1485 3.2944 22.1806 8 
9 1.4233 0.7026 10.5828 0.0945 7.4353 0.1345 3.7391 27.8013 9 

to 1.4802 0.6756 12.0061 0.0833 8.1109 0.1233 4.tn3 33.8814 10 

II 1.5395 0.6496 13.4864 0.0741 8.7605 0.1141 4.6090 40.3m II 
12 1.6010 0.6246 15.0258 0.0666 9.3851 0.1066 S.0343 47:24n 12 
13 1.6651 0.6006 16.6268 0.0601 9.9856 0.1001 S.4533 54.4546 13 
14 1.7317 o.sn5 18.2919 0.0547 10.5631 0.0947 S.8659 61.9618 14 
15 1.8009 0.5553 20.0236 0.0499 11.1184 0.0899 6.2721 69.7355 IS 

16 1.8730 0.5339 21.8245 0.0458 11.6523 0.0858 6.6720 77.7441 16 
17 1.9479 0.5134 23.6975 0.0422 12.1657 0.11822 7.0656 85.9581 17 
18 2.0258 0.4936 25.6454 0.0390 12.6593 0.0790 7.4530 94.3498 18 
19 2.1068 0.4746 27.6712 0.0361 13.1339 0.0761 7.8342 102..8933 19 
20 2.1911 0.4564 29.7781 0.0336 13.5903 0.0736 8.2091 1115647 20 

21 2.2788 0.4388 31.9692 0.0313 14.0292 0.0713 8.5779 120.3414 21 
22 2.3699 0.4220 34.2480 0.0292 14.4511 0.0692 8.9407 129.2024 22 
23 2.4647 0.4057 36.6179 0.0273 14.8568 0.0673 9.2973 138.1284 23 
24 2.5633 0.3901 39.0826 0.0256 15.2470 0.0656 9.6479 147.1012 24 
25 2.6658 0.3751 41.6459 0.0240 15.6221 0.0640 9.9925 156.1040 25 

26 2.7725 0.3607 44.3117 0.0226 15.9828 0.0626 10.3312 165.1212 26 
27 2.8834 0.3468 47.0842 0.0212 16.3296 0.0612 10.6640 174.1385 27 
28 2.9987 0.3335 49.9676 0.0200 16.6631 0.0600 10.9909 183.1424 28 
29 3.1187 0.3207 52.9663 0.0189 16.9837 0.0589 11.3120 192.1206 29 
30 3.2434 0.3083 56.0849 0.0178 17.2920 0.0578 11.6274 2010618 30 

31 3.3731 0.2965 59.3283 0.0169 17.5885 0.0569 11.9371 209.9556 31 
32 3.5081 0.2851 62.7015 0.0159 17.8736 0.0559 12.2411 218.7924 32 
33 3.6484 0.2741 66.2095 O.OlSJ 18.1476 o.om 12.5396 227.5634 33 
34 3.7943 0.2636 69.8579 0.0143 18.4112 0.0543 12.8324 236.2607 34 
35 3.9461 0.2534 73.6522 0.0136 18.6646 0.0536 13.1198 244.8768 35 

40 4.8010 0.2083 95.0255 0.0105 19.7928 o.osos 14.4765 286.5303 40 
45 5.8412 0.1712 121.0294 0.0083 20.7200 0.0483 15.7047 325.4028 45 
50 7.1067 0.1407 152.6671 0.0066 21.4822 0.0466 16.8122 36Ll638 50 
55 8.6464 0.1157 191.1592 0.0052 22.1086 0.0452 17.8070 393.6890 55 
60 10.5196 0.0951 237.9907 0.0042 22.6235 0.0442 18.6972 422.9966 60 

65 12.7987 0.0781 294.9684 0.0034 23.0467 0.0434 19.4909 449.2014 65 
70 15.5716 O.D642 364.2905 0.0027 23.3945 0.0427 20.1961 472.4789 70 
75 18.9453 0.0528 448.6314 0.0022 23.6804 0.0422 20.8206 493.0408 75 
80 23.0498 0.0434 551.2450 0.0018 23.9154 0.0418 21.3718 511.1161 80 
85 28.0436 0.0357 676.0901 0.0015 24.1085 0.0415 21.8569 526.9384 85 

90 34.1193 0.0293 827.9833 0.0012 24.2673 0.0412 22.2826 540.7369 90 
95 41.5114 0.0241 1012.7846 0.0010 24.3978 0.0410 22.6550 552.73'11 95 

100 50.5049 0.0198 123'26237 0.0008 24.5050 0.0408 22.9800 563.1249 100 
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S.0% 

l 1.0500 0.9524 1.0000 1.0000 0.9524 1.0500 0.0000 0.0000 
2 1.1025 0.9070 2.0500 0.4878 1.8594 0.5378 0.4878 0.9070 2 
3 1.1576 0.8638 3.1525 03172 2.7232 03672 0.9675 2.6347 3 
4 1.2155 0.8227 4.3101 02320 3.5460 0.2820 1.4391 5.1028 4 
5 1.2763 0.7835 5.5256 0.1810 4.3295 0.2310 1.9025 8.2369 s 

6 1.3401 0.7462 6.8019 0.1470 5.0757 0.1970 2.3579 1L9680 6 
7 1.4071 0.7107 8.1420 0.1228 5.7864 0.1728 2.8052 16.2321 7 
8 1.4775 0.6768 9.5491 0.1047 6.4632 0.1547 3.2445 20.9700 8 
9 1.5513 0.6446 11.0266 0.0907 7.1078 0.1407 3.6758 26.1268 9 

to 1.6289 0.6139 12.5779 0.0795 7.7217 0.1295 4.0991 31.6520 Ill 

11 1.7103 0.5847 14.2068 0.0704 8.3064 0.1204 4.5144 37.4988 II 
12 1.7959 0.5568 15.9171 OJl62B 8.8633 0.1128 4.9219 43.6241 12 
13 1.8856 0.5303 17.7130 0.0565 9.3936 D.1065 5.3215 49.9879 13 
14 1.9799 0.5051 19.5986 0.0510 9.8986 0.1010 5.7133 56.5538 14 
15 2.0789 0.4810 21.5786 0.0463 10.3797 0.0963 6.0973 63.2880 IS 

16 2.1829 0.4581 23.6575 0.0423 10.8378 0.0923 6.4736 70.1597 16 
17 2.2920 0.4363 25.8404 0.0387 11.2741 0.0887 6.8423 77.1405 17 
18 2.4066 0.4155 28.1324 0.0355 11.6896 0.0855 7.2034 84.2043 18 
19 2.5270 0.3957 30.5390 0.0327 12.0853 0.0827 7.5569 91.3275 19 
20 2.6533 o.3769 33.0660 0.0302 12.4622 0.0802 7.9030 98.4884 20 

21 2.7860 0.3589 35.7193 0.0280 12.8212 0.0780 8.2416 105.6673 21 
22 2.9253 0.3418. 38.5052 O.mtiO 13.1630 0.0760 8.5730 112.8461 22 
23 3.0715 0.3256 41.4305 0.0241 13.4886 0.0741 8.8971 120.0087 23 
24 3.2251 03101 44.5020 0.0225 13.7986 0.0725 9.2140 127.1402 24 
25 3.3864 0.2953 47.7271 0.0210 14.0939 0.0710 9.5238 134.2275 25 

26 3.5557 02812 51.1135 0.0196 14.3752 0.0696 9.8266 14L2585 26 
27 3.7335 0.2678 54.6691 0.0183 14.6430 0.0683 10.1224 148.2226 27 
28 3.9201 D.2551 58.4026 0.0171 14.8981 0.0671 10.4114 lSS.1101 211 
29 4.1161 0.2429 62.3227 0.0160 15.1411 0.0660 10.6936 161.9126 29 
30 4.3219 0.2314 66.4388 0.0151 15.3725 0.0651 10.9691 168.6226 30 

31 4.5380 0.2204 70.7608 0.0141 15.5928 0.0641 11.2381 175.2333 31 
32 4.7649 0.2099 75.2988 0.0133 15.8027 0.0633 11.5005 181.7392 32 
33 5.0032 0.1999 80.0638 0.0125 16.0025 0.0625 11.7566 188.1351 33 
34 5.2533 0.1904 85.0670 0.0118 16.1929 0.0618 12.0063 194.4168 34 
35 5.5160 0.1813 90.3203 0.0111 16.3742 0.0611 12.2498 20o.5807 35 

40 7.0400 0.1420 120.7998 0.0083 17.1591 O.os83 13.3775 229.5452 40 
4S 8.9850 0.1113 IS9.7002 0.0063 17.7741 0.0563 14.3644 255.3145 45 
so 11.4674 0.0872 209.3480 0.0048 18.2559 0.0548 15.2233 2n.9148 50 
SS 14.63S6 0.0683 272.7126 0.0037 18.6335 0.0537 15.9664 297.5104 55 
60 18.6792 0.053S 353.5837 0.0028 18.9293 0.0528 16.6062 314.3432 60 

65 23.8399 0.0419 456.7980 0.0022 19.1611 0.0522 17.1541 328.6910 65 
70 30.4264 0.6329 588.5285 0.0017 19.3427 0.0517 17.6212 340.8409 70 
75 38.8327 0.0258 756.6537 0.0013 19.4850 0.0513 18.0176 3510721 75 
80 49.5614 0.0202 971.2288 0.0010 19.5965 0.0510 18.3526 359.6460 80 
85 63.2544 0.0158 1245.0871 0.0008 19.6838 0.0508 18.6346 366.8007 85 

90 80.7304 0.0124 1594.6073 0.0006 19.7S23 0.0506 18.8712 372.7488 90 
95 103.0347 0.0097 2040.6935 0.0005 19.8059 0.0505 19.0689 3n.6774 95 

100 131.5013 0.0076 2610.0252 0.0004 19.8479 0.0504 19.2337 381.7492 100 



N 

6 
7 
II 
9 

IO 

II 
12 
13 
14 
15 

16 
17 
II\ 
19 
:lO 

21 
22 

23 
24 
25 

26 
27 
2l! 
29 
30 

31 
32 
33 

-~ 
35 

40 
45 
50 
55 
60 

65 
70 
75 
80 
85 

90 
95 

100 

( 'um11u11nd 
.\011111111 

l'11r111r 
(f'll:l,N) 

U)600 
1.1236 
1.1910 
1.2625 
I US2 

1.-11115 
1.5036 
q•m 
l.M\95 
1.7'.X~~ 

ll\983 
2.0121 
2.1329 
2.2609 
2.W66 

2.54(}.I 
2.6928 
2.li543 
10256 
3.2071 

3.~996 

3.~0J5 
3.!l t97 
4.11489 
4 2919 

.j 5494 
4 ~223 

5.1117 
5.411!4 
5.7-1:\5 

6.0SKI 
6.4534 
6.ll.\06 
7.2510 
7.6Wil 

I0.2857 
13.1646 
11>J202 
24 6503 
32.%77 

44.1450 
59.0759 
79.0569 

105.7960 
14 1.5789 

l!i9.i645 
253.54<1:1 
339.3021 

rre. r nl 
Worth 
F11cttn 

(PIF,i,N) 

0.94J.l 
0.8900 
0.8396 
0.7921 
0.7473 

0.7050 
0.6651 
0.6274 
0.5919 
05584 

0.5268 
0.4970 
0.-1688 
0.4423 
0..1173 

0.3936 
03714 
0.3503 
0.3305 
0.3118 

0.2942 
0.2775 
0.2618 
0.2.170 
0.2330 

0.2198 
0.2074 
0.1956 
0.1846 
0.1741 

0.1643 
0.1550 
0.1462 
0.1379 
0.1301 

0.0972 
0.0727 
0.0543 
0.0406 
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0.0039 
0.0029 

Cu111pt111nc1 
Amount 

1'11rtur 
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F.qu11l Pa) mcnl Scrir• 

Slnkln11 
Fund 

Foc1or 
(MF,l,N) 

1.0000 
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11.7(1-11 
12.04 16 
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13.9291 
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16.57!\7 
16.61)()9 
16.6175 
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t'aph:tl 
Rcrm cr) 
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7.0% Slnall' l'll)ment 

N 

Compound 
Am1111n1 
httur 

(1'11!1,,\') 

I 1.0700 
2 l.l·W! 
3 1.2250 
J 1.3108 
5 1.4026 

6 1.5007 
7 l.605l! 

8 l.71l!2 
9 U!385 

10 l.%72 

11 2. 11)49 
12 2.2.522 
13 2411')8 
JJ 2 511'5 
15 2 7590 

16 2.9522 
17 3.ISRK 
18 3.J7\lCJ 
19 3.6165 
20 3.1\697 

21 4 1406 
22 44304 
23 -1.7405 
2.l 5.072-1 
25 5A27·1 

26 5.807·1 
27 6.2139 
28 (1(>-l!!S 
29 7 1143 
30 7.6123 

31 !!.145 1 

32 8.7153 
33 9.3253 
34 11.978 1 
35 10.6766 

40 14.97-15 
45 21.002$ 
50 29.-1570 
55 41.3150 
60 57.9464 

65 81.2729 
70 113.989·1 
75 159.l\760 
80 224 2.~ 
85 314.SOlll 

90 441.1030 
95 61K.66CJ7 

100 tl67.7163 

Pre.en I 
\\ortb 
Fittor 

(P/f ;i,,\J 

0.9346 
U.8734 
0.8163 
0.7629 
O.il30 

0.6663 
0.6227 
0.5820 
0.5439 
0.5083 

0.4751 
0.4-14() 

0.-1150 
0.3878 
0.3624 

0.3387 
03166 
0.2959 
0.2765 
0.258-1 

02415 
0.2257 
0.2109 
0.1971 
0.1842 

0. 1722 
0.tli09 
0.15().1 
O.l-l06 
0.1314 

0.1228 
0.1147 

0.1072 
0.1002 
0.0937 

0.0668 
o.~76 

0.0339 
0.0242 
0.0173 

0.012:\ 
0.0088 
0.0063 
0.00t5 
0.003'.! 

O.oo>..3 
0.0016 
0.00 12 

Compound 
..\muunt 
hctur 

(/ '/,\,/,.\) 

1.0000 
2.0700 
3.21•19 
4..1399 
5.7507 

71533 
8.(1540 

10.2.598 
11.9780 
13.8164 

15.7836 
17.1®15 
2014(1(, 
22.5505 
25.1290 

27.AAX I 
30.8402 
33.•J•l'JO 
37.371XI 
409'155 

44.!i652 
49.0057 
53.4361 
58.1767 
113.2490 

6!!.6765 
74..18'.\8 
Ml6977 
117.JJM 
CJ.l 461.l'i 

102.0730 
110.21!!2 
118.9334 
128.2588 
tJK.2369 

l'Jll.6351 
2li.SWJJ 
4(1(,.521>9 
575.92!!6 
!! 13.520 1 

1146.7552 
1614.1342 
226'J.6574 
Jll\<l.(Jn27 
.U71\5761 

62!!7.11\54 
8l!'2J.11535 

12381.Mt lll 

Equal Pa) me n I Serie\ 

Sln1Ja11 Prt'4"DI 
hnd \\unh 
httor h.1c10r 

(,\/F,i,,\ 'J (/'IA ,/,.\') 

t.0000 
0.4831 
0.311 1 
02252 
0.1739 

0.139S 
0.1156 
0.0975 
0.0835 
0.0724 

0.0634 
0.0559 
O.M97 
o.~3 

0.0398 

0.0359 
0.0324 
0.0294 
0.0268 
0.1124-1 

OJP..23 
0.020-t 
0.0187 
0.0172 
0.0 158 

0.0 146 
O.ot 3-1 
0.0124 
0.011-1 
0.0106 

0.0098 
0.00CJI 
0.0084 
0.0078 
0.0072 

0.005-0 
0.0035 
0.0025 
0.0017 
0.0012 

0.0009 
0.0006 
O.OOOl 
0.0003 
0.0002 

0.0002 

0.0001 
0.000 1 

0.93-16 
l.N080 
2.6243 
J.3872 
J.1002 

J . 71>65 
5.JS93 
5.971;1 
6.5152 
7.0236 

7.49!!7 
7.'1-127 
S.3!\77 
1\.74~5 

'l.HJ7'1 

l),JJ6C1 
1).71132 

10.05111 
I0.33% 
10.51JJ() 

10.1\JS!\ 
11.0612 
I 1.2722 
11.4693 
I l.653(1 

I l.8258 
I l.<)8(17 
12.m1 
12 2T'7 
12.4()'}() 

12.5318 
12.<1-IM 
12.753!! 
12.!!54() 
12.9 177 

IJ .. Hl7 
11.1>115!\ 
13.1\1)07 
13.9.W9 
14.0392 

l ·l.IO'N 
1·1.1(~~ 
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IJ.2403 
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1·1.2(193 
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Re~cne11 
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(AIP;l,N) 

1.0700 
0.553 1 
0.3811 
02952 
0.2439 

0.2098 
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0. 1535 
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0.1143 
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0. 1059 
0.1024 
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7.0242 
7.3 163 

7 5'./90 
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23.14-04 t) 
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113.226-i 2h 
117.1622 29 
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12.1.6550 31 
128.2120 32 
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t72.9t•St 50 
180.1243 55 
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199Sl7 1-5 

200.7042 90 
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202.200 I JOO 
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8.0% 

1 1.0800 0.9259 1.0000 1.0000 0.9259 J.0800 0.0000 0.0000 I 
2 1.1664 0.8573 2.0800 0.4808 1.7833 0.5608 0.4808 0.8573 2 
3 1.2597 0.7938 3.2464 0.3080 2.5771 0.3880 0.9487 2.4450 3 
4 t.3605 0.7350 4.5061 0.2219 3.3121 0.3019 1.4040 4.6501 4 
5 1.4693 0.6806 5.8666 0.1705 3.9927 0.2505 1.8465 7.3724 5 

6 1.5869 0.6302 7.3359 0.1363 4.6229 0.2163 2.2763 lo.5233 6 
7 1.7138 0.5835 8.9228 0.1121 5.2064 0.1921 2.6937 14.D242 7 
8 1.8509 0.5403 10.6366 0.0940 5.7466 0.1740 3.0985 17.8061 8 
9 1.9990 0.5002 12.4876 0.0801 6.2469 0.1601 3.4910 21.8081 9 

10 2.1589 OA632 14.4866 0.0690 6.7101 0.1490 3.8713 25.9768 10 

11 2.3316 0.4289 16.6455 0.0601 7.1390 0.1401 4.2395 30.2657 ti 
12 2.5182 0.3971 18.9771 0.0527 7.5361 0.1327 4.5957 34.6339 12 
13 2.7196 0.3677 21.4953 0.0465 7.9038 0.126.'i 4.9402 39.()463 13 
14 2.9372 0.3405 24.2149 0.0413 8.2442 0.1213 5.2731 43.4723 14 
15 3.1722 0.3152 27.1521 0.0368 8.5595 0.1168 5.5945 47.8857 15 

16 3.4259 0.2919 30.3243 0.0330 8.8514 0.1130 5.9046 S2.2640 16 
17 3.7000 0.2703 33.7502 0.0296 9.1216 0.1096 6.2037 S6.S883 17 
18 3.9960 0.2502 37.4502 0.0267 9.3719 0.1067 6.4920 60.8426 18 
19 4.3157 0.2317 41.4463 0.0241 9.6036 0.1041 6.7697 65.0134 19 
20 4.6610 0.2145 45.7620 0.0219 9.8181 0.1019 7.0369 69.0898 20 

21 5.0338 0.1987 50.4229 0.0198 10.0168 0.0998 7.2940 73.0629 21 
22 5.4365 0.1839 55.4568 0.0180 10.2007 0.0980 7.5412 76.9257 22 
23 5.8715 0.1703 60.8933 0.0164 10.3711 0.0964 7.7786 80.6126 23 
24 6.3412 0.1577 66.7648 0.0150 10.5288 0.0950 8.0066 84.2997 24 
25 6.8485 0.1460 73.1059 0.0137 10.6748 O.D937 8.2254 87.8041 25 

26 7.396-J 0.1352 79.9544 0.0125 10.8100 o.o•ns 8.4352 91.1842 26 
27 7.9881 0.1252 87.3508 0.0114 10.9352 0.0914 8.6363 94A390 27 
78 8.6271 0.11S9 95.3388 0.0105 11.0511 0.0905 8.8289 97.5687 28 
29 9.3173 0.1073 103.9659 0.0096 11.1584 0.0896 9.0133 100.5738 29 
30 10.0627 0.0994 113.28.12 0.0088 11.2578 0.0888 9.1897 103.4558 30 

31 10.8677 0.0920 123.3459 0.0081 11.3498 0.0881 9.3584 106.2163 31 
32 11.7371 0.0852 134.2135 0.007.'i 11.4350 0.0875 9.5197 108.8575 32 
33 12.6760 0.0789 145.9506 0.0069 11.5139 0.0869 9.6737 llJ.3819 33 
34 13.6901 0.0730 158.6267 0.0063 11.5869 0.0863 9.8208 113.7924 34 
35 14.7853 0.0676 172.3168 0.0058 11.6546 0.0858 9.9611 116.0920 35 

40 21.7245 0.0460 259.0565 0.0039 11.9246 0.1!839 10.5699 126.D422 40 
45 31.9204 0.0313 386.5056 0.0026 12.1084 0.0826 11.0447 133.7331 45 
50 46.9016 0.0213 573.77Cll 0.0017 12.2335 0.0817 11.4107 139.5928 so 
55 68.9139 0.0145 848.9232 0.0012 12.3186 0.0812 11.6902 144.0065 55 
60 101.2571 0.0099 1253.2133 0.0008 12.3766 0.0808 11.9015 147.3000 60 

65 148.7798 0.0067 1847.2481 0.0005 12.4160 0.0805 12.0602 149.7387 65 
70 218.606-J 0.0046 2720.0801 0.0004 12.4428 0.08{M 12.1783 151.5326 70 
75 321.2045 0.0031 4002.5566 0.0002 12.4611 0.0802 12.2658 152.8448 75 
80 471.9548 0.0021 5886.9354 0.0002 12.4735 0.0802 12.3301 153.8001 80 
85 693.4565 0.0014 8655.7061 0.0001 12.4820 0.0801 12.3772 154.4925 85 

90 1018.9151 0.0010 12723.9386 0.0001 12.4877 0.0801 12.4116 154.9925 90 
95 1497.1205 0.0007 18701.5069 0.0001 12.4917 0.0801 12.4365 155.3524 95 

100 2199.7613 0.0005 27484.5157 0.0000 12.4943 0.0800 12.4545 155.6107 100 
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0.1 113 
0.1102 

0.1092 
0.1083 
0. 1075 
0.1067 
0.1061 

0.1055 
0.1050 
0.1045 
0. 10-ll 
0.1037 

0.1()'>..3 
0.101-1 
O.lOM 
().1005 
0.1003 

0.1002 
0.1001 
0.1001 
0.1000 
0.1000 

0.1000 
0.1000 
0.1000 

GnidJHI Serltt 

Gradlnt 
Ualfarm 
MriH 

<MG,l,N) 

0.0000 
0.4762 
0.9366 
1.3812 
1.8101 

2.2236 
2.6216 
3.0().15 
3.3724 
3.7255 

4.IJ6.l l 
-1.JSl!.I 
4.69l>l! 
4.9955 
5.2789 

5.5493 
5.8071 
6.0526 
6.2861 
6.5081 

6.7189 
6.9189 
7.11185 
7.2881 
7..1580 

7.6186 
1.n04 
7.9137 
8.0489 
8.1762 

8.2962 
8..1091 
8.5 152 
8.6149 
S.70S6 

9.0962 
9.37·10 
9.5704 
9.7075 
9.8023 

9.11672 
9.9113 
9.94111 
9.9609 
9.9742 

9.9831 
9.9889 
9.9927 

G~nt 

Praml 
Worth 

(P/G,l,N) 

0.0000 
0.826-1 
2.3291 
4.3781 
6.8618 

9.6Sl2 
12.7631 
16.0287 
19.4215 
22.8913 

26.3963 
29.9012 
33.3772 
36.8005 
-10.1520 

43..1164 
46.5819 
49.639.5 
52.5827 
SS.4-069 

58.1095 
60.6893 
63. 1462 
65.4813 
67.696-l 

69.7940 
71.7773 
73.6495 
75.4146 
77.0766 

78.6395 
80.1078 
81.4856 
ll2.m3 
!!3.9872 

118.9525 
92.4544 
94.8889 
96.5619 
97.7010 

911.4705 
98.9870 
99.3317 
99.5606 
99.7120 

99.8118 
99.8773 
99.9202 

N 

2 
3 
-I 

5 

6 
7 
8 
9 

10 

II 
12 
1J 
1-l 
15 

16 
17 
18 
19 
20 

21 
22 
23 
2-1 
25 

26 
27 
28 
29 
30 

3 1 
32 
33 
34 
35 

40 
45 
so 
55 
60 

65 
70 
75 
80 
85 

90 
95 

100 

10.0% 
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11.0% 

1 1.llOO 0.9009 1.0000 1.0000 0.9009 1.1100 0.0000 0.0000 
2 1.2321 0.8116 2.1100 0.4739 1.7125 0.5839 0.4739 0.8116 2 
3 1.3676 0.7312 3.3421 o.2992 2.4437 0.4092 0.9306 2.2740 3 
4 1.5181 0.6587 4.7097 0.2123 3.1024 0.3223 1.3700 4.2502 4 
5 1.6851 05935 6.22711 0.16{)6 3.6959 0.2706 1.7923 6.6240 5 

6 1.8704 05346 7.9129 0.1264 4.2305 0.2364 2.1976 9.2972 6 
7 2.0762 0.4817 9.7833 0.1022 4.7122 0.2122 2.5863 121872 7 
8 2.3045 0.4339 lt.!1594 0.0843 5.1461 0.1943 2.9585 15.2246 II 
9 2.5580 0.3909 14.1640 0.0706 5.5370 0.1806 3.3144 18.3520 9 

10 2.8394 0.3522 16.7220 0.0598 5.8892 0.1698 3.6544 215217 Ill 

11 3.1518 0.3173 19.5614 0.0511 6.2065 0.1611 3.9788 24.6945 11 
12 3.4985 02858 22.7132 0.0440 6.4924 0.1540 4.2879 27.8388 12 
13 3.81133 0.2575 26.2116 0.0082 6.7499 0.1482 4.51122 30.9290 13 
14 4.3104 0.2320 30.0949 0.0332 6.91119 0.1432 4.8619 33.9449 14 
15 4.71146 0.2090 34.4054 0.0291 7.1909 0.1391 5.1275 36.8709 15 

16 5.3J(l') 0.1883 39.1899 0.0255 7.3792 0.1355 5.3794 39.6953 16 
17 5.8951 0.1696 44.5008 0.0225 7.5488 0.1325 5.6180 42.4095 17 
18 6.5436 0.1528 50.3959 0.0198 7.7016 0.1298 5.11439 45.0074 111 
19 7.2633 O.lm 56.9395 0.0176 7.11393 0.1276 6.0574 47.4856 19 
20 11.0623 0.1240 64.2028 0.0156 7.9633 0.1256 6.2590 49.8423 20 

21 8.9492 0.1117 72.2651 0.0138 8.11751 0.1238 6.4491 52.0771 21 
22 9.9336 0.1007 81.2143 0.0123 8.1757 0.1223 6.6283 54.1912 22 
23 11.0263 0.0907 91.1479 0.0110 8.2664 0.1210 6.7969 56.1864 23 
24 12.2392 0.0817 102.1742 0.0098 8.3481 0.1198 6.9555 58.0656 24 
25 13.5855 0.0736 114.4133 0.0087 8.4217 0.1187 7.1045 59.8322 25 

26 15.0799 0.0663 127.9988 0.0078 11.48111 0.1178 7.2443 61.4900 26 
27 16.73116 0.0597 143.0786 0.0070 8.54711 0.1170 7.3754 63.0433 27 
28 111.5799 D.0538 159.8173 0.0063 8.6016 0.1163 7.4982 64.4965 28 
29 211.6237 0.0485 178.3972 0.0056 11.6501 0.1156 7.6131 65.8542 29 
30 22.8923 0.0437 199.0209 0.0050 11.6938 0.1150 7.7206 67.1210 30 

31 25.4104 0.()394 221.9132 0.0045 8.7331 0.1145 7.112!0 68.3016 31 
32 211.2056 0.0355 247.3236 0.0040 11.76116 0.1140 7.9147 69.4007 32 
33 31.3082 0.0319 275.5292 0.0036 11.llOCl~ 0.1136 11.()(121 70.4228 33 
34 34.7521 0.0288 306.8374 0.0033 8.8293 0.1133 8.11836 71.3724 34 
35 38.5749 0.0259 341.51196 0.0029 8.8552 0.1129 8.1594 n.2538 35 

40 65.01)(19 0.0154 581.8261 0.0017 8.9511 O.lll7 8.4659 75.7789 40 
45 109.5302 0.0091 9116.63116 0.0010 9.0079 0.1110 8.6763 78.1551 45 
50 1114.5648 0.0054 1668.7712 0.0006 9.0417 0.1106 8.8185 79.7341 50 
55 311.0025 0.0032 21118.2042 0.0004 9.0617 0.1104 11.9135 80.7712 55 
60 524.0572 0.0019 4755.0658 0.0002 9.0736 0.1102 8.9762 81.4461 60 
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12.0% 

I 1.1200 0.8929 1.0000 1.0000 0.8929 1.1200 0.0000 0.0000 1 
2 1.2544 0.7972 2.1200 OA717 t.6901 0.5917 0.4717 0.7972 2 
3 1.4049 0.7118 3.3744 0.2963 2.4018 OA163 0.9246 2.2208 3 
4 1.5735 o.6355 4.7793 0.2092 3.0373 0.3292 1.3589 4.1273 4 
5 1.7623 0.5674 6.3528 0.1574 3.6048 D.2774 1.7746 6.3970 5 

6 1.9738 0..5066 8.1152 0.1232 4.1114 0.2432 2.1720 8.9302 6 
7 2.2107 0.4523 10.0890 0.0991 4.5638 0.2191 2.5515 lt.6443 7 
8 2.4760 0.4039 12.2997 0.0813 4.9676 0.2013 2.9131 14.4714 8 
9 2.7731 0.3606 14.7757 0.0677 5.3282 o.1877 3.2574 17.3563 9 

10 3.1058 0.3220 17.5487 0.0570 5.6502 0.1770 3.5847 20.2541 10 

11 3.4785 0.2875 20.6546 0.0484 5.9377 0.1684 3.8953 23.1288 11 
12 3.8960 0.2567 24.1331 0.6414 6.1944 0.1614 4.1897 25.9523 12 
13 4.3635 0.2292 28.0291 0.0357 6.4235 0.1557 4.4683 28.7024 13 
14 4.8871 0.2046 32.3926 0.0309 6.6282 0.1509 4.7317 313624 14 
15 5.4736 0.1827 37.2797 0.0268 6.8109 0.1468 4.9803 33.9202 15 

16 6.1304 0.1631 42.7533 0.0234 6.9740 0.1434 5.2147 36.3670 16 
17 6.8660 0.1456 48.8837 0.0205 7.1196 0.1405 5.4353 38.6973 17 
18 7.6900 0.1300 55.7497 0.0179 7.2497 0.1379 5.6427 40.9080 81 
19 8.6128 0.1161 63.4397 0.0158 7.3658 0.1358 5.8375 42.9979 19 
20 9.6463 0.1037 72.0524 0.0139 7.4694 0.1339 6.0202 44.9676 20 

21 10.8038 0.1)926 81.6987 0.0122 7.5620 0.1322 6.1913 46.8188 21 
22 12.1003 0.0826 92.5026 0.0108 7.6446 0.1308 6.3514 48.5543 22 
23 13.5523 0.0738 104.6029 0.0096 7.7184 0.1296 6.5010 50.1776 23 
24 15.1786 0.0659 118.1552 0.0085 7.7843 0.1285 6.6406 51.6929 24 
25 17.0001 0.0588 133.3339 0.0075 7.8431 0.1275 6.7708 53.1046 25 

26 19.0401 0.0525 150.3339 0.0067 7.8957 0.1267 6.8921 S4Al77 26 
27 21.3249 0.0469 169.3740 0.0059 7.9426 0.1259 7.0049 55.6369 27 
28 23.8839 0.0419 190.6989 0.0052 7.9844 0.1252 7.1098 56.7674 28 
29 26.7499 0,0374 214.5828 0.0047 8.0218 o.1247 7.2071 57.8141 29 
30 29.9599 D.0334 241.3327 0.0041 8.0552 0.1241 7.2974 58.7821 30 

31 33.5551 0.0298 271.2926 0.0037 8.0850 0.1237 7.3811 59.6761 31 
32 37.5817 0.0266 304.8477 0.0033 8.1116 0.1233 7.4586 60.5010 32 
33 42.0915 0.0238 342.4294 0.0029 8.1354 0.1229 7.5302 612612 33 
34 47.1425 0.0212 384.5210 0.0026 8.1566 0.1226 7.5965 61.9612 34 
35 52.7996 0.0189 431.6635 0.0023 8.1755 0.1223 7.6577 62.6052 35 

40 93.0510 0.0107 767.0914 0.0013 8.2438 0.1213 7.8988 65.1159 40 
45 163.9876 0.0061 1358.2300 0.0007 8.2825 0.1207 8.0572 66.7342 45 
50 289.0022 0.0035 2400.0182 0.0004 8.3045 0.1204 8.1597 67.7624 50 
55 509.3206 0.0020 4236.0050 0.0002 8.3170 0.1202 8.2251 68.4082 55 
60 897.5969 0.0011 7471.6411 0.0001 8.3240 0.1201 8.2664 68.8100 60 
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13.0% 

I 
2 
3 
-I 
5 

6 
7 
8 
9 

JO 

II 
12 
13 
1-1 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
n 
28 
29 
30 

31 
32 
33 
34 
35 

.io 
-15 
50 
55 
60 

Compo1md 
.\mount 
f 1tttOr 

(F/ P,/, \ J 

1.1300 
J.2769 
1.-1429 
1.6305 
l.8·12-1 

2.(l'i211 

2.3526 
2.65!W 
3.0().11) 
D941> 

3.1\359 
4.3345 
4.8980 
5.53411 
6.25·tl 

7.0673 
7.9K61 
9.0243 

10.1974 
I 1.52..11 

13.0211 
14.71311 
16.6266 
18.7K!ll 
21.2305 

23.CJ<.105 
27.I09J 
30.6335 
34.6158 
39.1159 

44.2010 
49.9-171 
56.4-102 
63.777-1 
72Jl6S5 

132.7Xlli 
2-l-l.641-1 
-150.7359 
830.4517 

1530.0535 

Pre,ent 
Wonb 
h C'lur 

(/'/ f ; /,,\ ) 

0.8850 
0.7831 
0.693 1 
0.6 133 
0.5-128 

0.-IWJ 
0.4251 
0.3762 
0.3329 
0.29-16 

0.2(i07 

0.2.107 
0.2().12 
0.1807 
0.1599 

0.1-115 
ll.1252 
ll.1108 
ll.11981 
O.Otl68 

ll.0768 
0.06811 
ll.0601 
0.0532 
O.tl-171 

0.11-117 
ll.0369 
0.11326 
0.0289 
0.0256 

ll.0226 
0.020() 
0.0177 
0.0157 
0.0139 

ll.0075 
0.00-ll 
0.00"..2 
0.0012 
(J.0007 

Cnmpnund 
.\ mount 
hnur 

(F/. \ ,l,.\ J 

1.0000 
2.1300 
3.4069 
4.l\498 
6..1803 

l>.3227 
10.-1047 
12.7573 
15.4157 
18.4197 

21.!!143 
25.6502 
29.9847 
J.l.l\S27 
-10.-1175 

-l(i.(i717 
53.7391 
61.7251 
10.1.19.1 
IS0.9-16S 

92.4699 
105.4910 
120.20-111 
136.8315 
155.61'}6 

176.8501 
200.8-106 
227.9-199 
258.51\.11 
293.1992 

332.3 151 
376.5 161 
-126.4632 
-182.903·1 
5-16.6.~(~~ 

!013.i().12 
187·1.l 6-lli 

3-159.5071 
6380.3979 
1176 1.9498 

SlnldnJ! 
•und 

h1'1or 

r VM. ' ' 

1.0000 
0.4(11)5 
0.2935 
0.2062 
O.l:'i43 

0.1202 
0.11961 
0.07114 
O.Ob49 
ll.0543 

(l.0458 
0.0.190 
0.033-1 
0.11287 
ll.0247 

ll.0214 
0.0186 
U.0162 
ll.0141 
tl.0124 

0.0108 
O.Ull'J5 
O.llOlO 
ll.0073 
(),()()6.1 

0.0057 
0.00:.0 
O.flO.i.I 
0.0039 
0.003-1 

0.0030 
ll.0027 
0.0023 
0.0021 
0.1!018 

0.0010 
00005 
0.0003 
0.0002 
0.000 1 

Prc~nt 

\\onh 
fll l10f 

(/'l.·\ , i,.\ ) 

0.8!!50 
1.668 1 
2.3612 
2.9745 
3.5172 

3.9'J75 
-1.-1226 
-1.79~ 

5.1317 
5.-1262 

5.6869 
5.9176 
6.1218 
6.3025 
6.462-1 

6.6039 
6.7291 
6.83\)9 
6.93W 
7.0248 

7.1016 
7.1695 
7.2297 
7.2829 
7.3300 

7.3717 
7.-1086 
7.-1412 
7.-1701 
7.-1957 

7.5183 
7.5383 
7.5560 
7.57 17 
7.5856 

7.63-1-1 
1.6fh) 
7.6752 
7.6830 
7.6873 

Capital 
Recu•rl") 

Factor 
<VP.I,.\) 

1.1300 
0.5995 
0.423.S 
0.3362 
0.21\.l3 

0.2502 
0.2261 
0.2084 
0.19-19 
U.l!!-13 

ll.1758 
0. 1690 
0. 163-1 
0.1587 
0.15-17 

0.1514 
0.1-186 
0.1462 
0.1441 
0.142-1 

0.1-IOK 
ll.1395 
0.1383 
0.1373 
0. 136-1 

0.1357 
0.1350 
0.13-14 
0.1339 
0.1334 

0. 1330 
0. 1327 
0. 132.'l 
0.1321 
0.1318 

0.1310 
0.1305 
0.1303 
0. 1302 
0. 1301 

Grudlent Serie.• 

Gr11dlent 
Uniform 
Sc:rlt~ 

(MG,/,.\ ) 

0.0000 
0.4695 
0.9187 
1.3 179 
1.757 1 

2 l-16S 
2.5171 
2.lWIS 
3.201-1 
3.51o2 

3.813-1 
·l .(~)36 

4.3573 
-1.6050 
-1.8375 

5.0552 
5.2589 
5.-1491 
5.6265 
.S.7917 

5.9-15-1 
6.n.'\81 
6.2205 
(1.J.13 1 
6.-1566 

6.5614 
6.6582 
(i.7474 
6.!>296 
6.9052 

6.9747 
7.0385 
7.0')71 
7.1507 
7.t99S 

7.31'S8 
7.5076 
7.5!!1 I 
7.6260 
7.653 1 

Gradirol 
Pre•ent 
Wonh 

(PIG.I,.\ ) 

0.0000 
0.7831 
2. 1692 
·l.0092 
6.1802 

8.5$18 
11.13:2 
13.76S3 
16.-1'.ZM 
19.0797 

2 1.6867 
24.2244 
26.674-1 
29.0232 
31.26 7 

33.38-1 
35.3876 
37.2714 
39.0366 
-10.685-1 

-12.2214 
43.64..'!6 
.t-1.9718 
46.1%0 
47.321>4 

48.3685 
-19.Jr6 
50.2090 
51.01-9 
5 1.75'12 

52.4380 
53.()586 
53.62.~6 

54.1430 
54.61-18 

56.-I0.'<1 
57.51-18 
58.1810 
58.5909 
58.8313 

·' 
2 
J 

" 7 
h 
•) 

JO 

I I 
12 
IJ 
J.I 
15 

16 
17 
18 
19 
:w 

21 
22 
23 
2-1 
25 

26 
27 
'.!Ii 
21) 
JO 

3 1 
32 
:B 
3 1 
35 



,. 
I 
2 
3 
4 

5 

6 
7 
8 
9 

10 

II 
12 
13 
1-1 
15 

16 
17 
18 
19 
20 

21 
22 
23 
2-1 
25 

26 
27 
28 
29 
30 

31 
32 
33 
3-l 
JS 

.io 
-15 
50 

Compound 
Amount 
hctur 

(FI P,I, .\ ') 

I.I.JOO 
1.2996 
l.4815 
1.6890 
L.!>25-1 

2.1950 
2.5023 
2.8526 
3.2519 
3.7072 

4.2262 
-1 .8 179 
5.-191.J 
6.2613 
7.1379 

8.137::! 
9.2765 

I0.5752 
12.0557 
13.7435 

15.6676 
17.8610 
20.3616 
23.2122 
26.-1619 

30.1666 
3.J.3ll91J 
39.20.15 
+l.6931 
50.9502 

58.0832 
66.21-18 
75..1849 
86.0528 
98.1002 

188.8835 
363.6791 
700.2330 

Ptt\C'nl 
\\orth 
hctor 

(l'/f;I,,\') 

0.11772 
0.7695 
0.6750 
0.5921 
0.519-1 

0.-1556 
0.3996 
0.3506 
0.3075 
0.2697 

().236<1 
0.2076 
0.1821 
0.1597 
0.1"01 

0.1229 
O.I078 
0.0946 
0.(l829 
0.0728 

0.0638 
0.0560 
O.O-i91 
0.0.J31 
0.0378 

0.0331 
00291 
0.0255 
0.0224 
0.0196 

0.0172 
0.0151 
ll.0132 
0.0116 
0.0102 

0.0053 
0.0027 
().(){)l-1 

Compound 
Amount 
Factor 

(FIA,/,,\') 

1.0000 
2.1-100 
3.4396 
-1.92 II 
6.6101 

8.5355 
10.T.>05 
13.2328 
16.0853 
19.3373 

23.0-1-15 
27.2707 
32.0887 
37.5811 
-13.&.12.J 

50.980-I 
59.1176 
68.39-11 
78.9692 
91.0249 

I 0-1. 7 68-1 
120.-1360 
138.2970 
158.6586 
181.8708 

208.3327 
238.4993 
272.8892 
312.0937 
356.7861! 

407.7370 
-165.8202 
532.0350 
607.5199 
693.5727 

13-12.02.51 
2590.56-18 
-199-1.5213 

t-:qu1d l'll)'tnenl Serie~ 

Slnldna 
t'und 
hctor 

(,\/f; l,N) 

1.0000 
o .. 1n1J 
().2907 
0.2032 
ll.1513 

01172 
00932 
ll.0756 
0.0622 
0.0517 

(),()-IJ.j 

00367 
0.0312 
0.11266 
0.0228 

0.0196 
0.0169 
0.0146 
0.0127 
0.0 110 

0.1>095 
110083 
0.0072 
0.0()(,J 
0.0055 

().()048 
0.0()-12 
00037 
0.0032 
U.OIJ2R 

0.0025 
ll.0021 
0.0019 
0.0016 
0.()()14 

0.0007 
0.()()().1 

0.0002 

Preffnl 
Worth 
Fae1or 

(PIA,i,.'I,) 

0.8772 
1.6467 
2.3216 
2.9137 
3.4331 

3.8887 
.t.2883 
-1.6389 
4.9-16.J 
5.2161 

5..1527 
5.6603 
5.S-12-1 
6.0021 
6.1-122 

6.2651 
6.3729 
6..1674 
6.550-I 
6.6231 

6.6870 
6.7.129 
6.7921 
6.8351 
6.8729 

6.9061 
6.9352 
6.9607 
6.9830 
7.0027 

7.0199 
7.0350 
7.().182 
7.0599 
7.0700 

7.1050 
7.1232 
7.1327 
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Capllal 
RttOH' I) 

.. at1or 
(All!/,.\') 

1.1400 
0.6073 
0.4307 
0.3432 
0.2913 

0.2572 
ll.2.332 
02156 
0.2022 
0.1<)17 

0.11!34 
0.1767 
0.1712 
0.1666 
U.U128 

0.15% 
0. 1569 
0. 1546 
0. 1527 
11.1510 

0.1-195 
0.1-183 
0.1472 
0.1463 
(J.1455 

0.1448 
o. 1.u2 
0.1437 
0.1-132 
0.1428 

11.14'.!S 
0.1421 
11.141'.I 
0.1416 
0.1-114 

0.1407 
0.14().1 

0.1402 

Gr11dient Strlr• 

Gradient 
Uniform 
Serih 

(,VG,4NJ 

0.0000 
0.4673 
0.9 129 
1.3370 
l.7399 

2.1218 
2.-1832 
2.82-16 
3.1463 
3..1490 

3.7333 
3.9998 
-12491 
-1.-1819 
-1.6990 

-1.9011 
5.0888 
5.2630 
5.4243 
5.573-1 

5.7111 
5.8381 
5.9549 
6.062-1 
6.1610 

6.251-1 
6.3342 
6.4100 
6.4791 
6.5.123 

6.5998 
6.6522 
6.6998 
6.7431 
6.782-1 

6.9300 
7.0188 
7.0714 

Gnidltnt 
P~al 
\\urth 

(l'/G,l,.Y) 

0.00110 
0.7695 
2. 1194 
J.8957 
5.9731 

8.2511 
10.l>lli'.I 
13.111211 
15.562'.I 
17.1)9()(1 

20.3567 
22.639<) 
24.8247 
2(1.9009 
28.!1623 

:I0.7057 
:t2.430S 
34.0380 
35.5311 
36.9135 

31UIJOI 
39.3658 
40.+163 
41.4371 
42.3441 

43.1728 
43.1128'.I 
44.<117(1 
45.2441 
-15.8132 

-16.3297 
-16.7979 
47.2218 
47.6053 
47.9519 

49.2376 
-19.99(1;1 
50.4375 

N 

2 
3 .. 
5 

6 
1 
8 
9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 

31 
32 
33 
J.I 

35 

40 
45 
50 

14.0% 
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15.0% Sina:lr Pa)mtnl lo.:qu11I I'll) men I Scrie<0 Gradknl Snit\ 

Compound Pre.en I Cumpnund Sina.Ing Prewnl ( '1pillll Gradicnl Gn111ltnl 
Amnunl W..1r1h Amounl fund Worth Rct•n• t t ) Unirunn Prcwnl 
ht1nr FaC1or hctnr httor h l1or h ctor Seril'\ Worth 

N (F/P,1,NJ (P/F,i,N) (F/. \,I, \J <Ml;J,.V) (PIA.I.NJ ( \/P.l,1\ ) (AIG./, ,\~ (P/G,I, \ ) N 

1.1500 0.8696 1.0000 1.0000 0.8696 1.1500 0.0000 0.0000 
2 1.3225 0.7561 2.1500 0..1651 1.6257 Cll>151 0..l651 0.7561 2 
3 1.520<) 0.6575 3.4725 0.2!Ul0 2.2832 0.4380 0.9071 2.0712 3 

·• l.WJO 0.57 18 4.<)<):14 0.2003 2.8550 ()J503 1.3263 3.786-1 4 

5 2.011.J 0.4972 6.7424 0.1483 3.3522 02983 1.7228 S.7751 5 

6 23131 0.-13"...3 1\7537 0.11-12 3.7845 0.:?6-l2 2.0972 7.9368 (1 

7 2."61)0 03159 I 1.1166.\ 0.()90.t -1.16().l 0.2-104 2..l49ll I0.192-1 7 
8 3.0590 0.3269 13.726.'l 0.0729 -l.4873 0.2229 2.7813 12.-l&J7 8 
9 3.5179 0.2843 16.7858 0.0596 4.7716 0.20% 3.ll922 1-1.75-18 9 

10 -1.()456 0.2472 20JOJ7 ().()493 5.0188 0,1993 3.3832 16.9795 10 

11 -1.<>SN U.21-19 2.J.3493 0.(J.ll l 5.2337 (1.1911 3.6549 19.1289 11 
12 5.350.1 0.1869 29.011 17 0.0.1-15 5.4206 0.1845 3.9082 21.1849 12 
13 6.1528 0.1625 3-1-3519 0.0291 5.5831 0.1791 -1.1-138 23.1352 13 
14 7.0757 0.1-113 -111.51)47 0.02-17 5.72-15 0.17·17 -1.362-1 2-1.9725 1-1 
15 !!.1371 0.1229 -17.511().l 0.0210 5.8-17-1 0.1710 -1.5650 26.6930 15 

16 9.3576 0.1069 55.7175 0.0179 5.9542 0.1679 -1.7522 28.2960 16 
17 10.7613 0.0929 65.0751 O.Dl54 6.0472 0.1654 -1.9251 29.7828 17 
18 12.3755 0.0808 75.ll:l().l U.0132 6.1280 0.1632 5.CJS.13 31.1565 18 
19 l-1.2311! 0.0703 1111.2118 0.11113 6.1982 o.1<113 5.2307 32.4213 19 
20 16.3665 0.0611 102.4436 0.0098 6.2593 0.1598 5.3651 33.5822 20 

21 18.8215 0.0531 118.!llO I O.OCJS.I 6.3125 0. 151!4 5.4883 .1-1.6448 21 
22 21.6-147 0.0462 137.63 16 0.0073 6.3587 0.1573 5.(i()IU 35.6150 22 
23 2-1.!o.915 0.0402 159.276-1 00063 6.3988 0. 15Ci3 5.7040 36.-1988 23 
2-1 28.6252 0.03-!9 11\.1.11178 0.()(15-1 6..1338 II. 155-1 5.7979 37.3023 '.!4 
25 32.91911 0.0.JO.I :?12.79JO 0.0017 6..l6-ll 0.1547 5.8834 31!1131-1 25 

26 37.85(i.~ 0,026-1 245.7120 0.0().jl 6.4906 0.1541 5.9612 38.6918 26 
27 ·13.5353 0.02.10 2113.56118 0.0035 6.5rn 0.1535 (1.03 19 39.2890 27 
28 50.()(156 0.0200 327. IO-ll 0.0031 6.5335 0.153 1 6.0<J60 39.8283 28 
29 57.5155 0.017-1 377.1697 0.0027 6.550') 0.1527 6.15-11 40.3146 29 
30 66.2111! 0.0151 -13-17-151 0.(>023 6.5660 0.1523 6.2066 40.75:6 30 

31 76.1-135 0.0131 500.«)SffJ 0.00'.!0 6.5791 0.1520 6.2541 41.1-166 31 
32 87.5651 0.0114 577.11105 0.0017 6.5905 () 1517 6.2970 -11.5006 ., ,,_ 
33 100.6<)<.)8 0.0099 6M.6655 0.0015 6.6005 ll.1515 6.3357 -ll.811W 33 
34 115.8(118 0.0086 765.3654 0.0013 6.6091 0.1513 6.3705 -12.1033 3-1 
35 133.1755 0.0075 Rill.17ll2 0.0011 6.6166 0.1511 6.4019 .t2.351i6 35 

-10 267.8<>35 0.0037 ln9.0'X13 0.00()6 6.6-118 0.1506 6.5168 -13.28.10 40 
45 53!!.76'JJ 0.0019 3585.1285 0.0003 6.6543 ().1503 6.5830 43.8051 .is 
50 1083.657·1 0.0009 7217.7163 0.0001 6.6<i05 0.1501 6.6205 .i.1.0958 50 
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16.0% 

1.1600 0.8621 1.0000 1.0000 0.8621 1.1600 0.0000 0.0000 1 
2 1.3456 0.7432 2.1600 0.4630 1.6052 0.6230 0.4630 0.7432 2 
3 1.5609 0.6407 3.5056 0.2853 2.2459 0.4453 0.9014 2.0245 3 
4 1.8106 0.5523 5.0665 0.1974 2.7982 0.3574 1.3156 3.6814 4 
5 2.1003 0.4761 6.8771 0.1454 3.2743 0.3054 1.7060 5.5858 5 

6 2.4364 0.4104 8.9775 0.1114 3.6847 0.2714 2.0729 7.6380 6 
7 2.8262 0.3538 11.4139 0.0876 4.0386 0.2476 2.4169 9.7610 7 
8 3.2784 0.3050 14.2401 0.0702 4.3436 0.2302 2.7388 11.8962 8 
9 3.8030 0.2630 17.5185 0.0571 4.6065 0.2171 3.0391 13.9998 9 

10 4.4114 0.2267 21.3215 0.0469 4.8332 0.2069 3.3187 16.0399 to 

11 5.1173 0.1954 25.7329 0.0389 5.0286 0.1989 3.5783 17.9941 II 
12 5.9360 0.1685 30.8502 0.0324 5.1971 0.1924 3.8189 19.8472 12 
13 6.8858 0.1452 36.7862 0.0272 5.3423 0.1872 4.0413 21.5899 13 
14 7.9875 0.1252 43.6720 O.IJ229 5.4675 0.1829 4.2464 23.2175 14 
15 9.2655 0.1079 51.6595 0.0194 5.5755 0.1794 4.4352 24.7284 15 

16 10.7480 0.0930 60.9650 0.0164 5.6685 0.1764 4.6086 26.1241 16 
17 12.4677 0.0802 71.6730 0.0140 5.7487 0.1740 4.7676 27.4074 17 
18 14.4625 0.0691 84.1407 0.0119 5.8178 0.1719 4.9130 28.5828 18 
19 16.7765 0.0596 98.6032 0.0101 5.8775 0.1701 5.0457 29.6557 19 
20 19.4608 0.0514 115.3797 0.0087 5.9288 0.1687 5.1666 30.6321 20 

21 225745 0.0443 134.8405 0.0074 5.9731 0.1674 5.2766 31.5180 21 
22 26.1864 0.0382 157.4150 0.0064 6.0113 0.1664 5.3765 32.3200 22 
23 30.3762 0.0329 183.6014 0.0054 6.0442 0.1654 5.4671 33.0442 23 
24 35.2364 0.0284 213.9776 0.0047 6.0726 0.1647 5.5490 33.6970 24 
25 40.8742 0.0245 249.2140 0.0040 6.0971 0.1640 5.6230 34.2841 25 

26 47.4141 0.0211 290.0883 0.0034 6.1182 0.1634 5.6898 34.8114 26 
27 55.0004 0.0182 337.5024 0.0030 6.1364 0.1630 5.7500 35.2841 27 
28 63.8004 0.0157 392.5028 0.0025 6.1520 0.1625 5.8041 35.7073 28 
29 74.0085 0.0135 456.3032 0.0022 6.1656 0.1622 5.8528 36.0856 29 
30 85.8499 0.0116 530.3117 0.0019 6.1772 0.1619 5.8964 36.4234 30 

31 99.5859 0.0100 616.1616 0.0016 6.1872 0.1616 5.9356 36.7247 31 
32 115.5196 0.0087 715.7475 0.0014 6.1959 0.1614 5.9706 36.9930 32 
33 134.0027 0.0075 831.2671 0.0012 6.2034 0.1612 6.0019 27.2318 33 
34 155.4432 0.0064 965.2698 0.0010 6.2098 0.1610 6.0299 37.4441 34 
35 180.3141 0.0055 1120.7130 0.0009 6.2153 0.1609 6.0548 37.6327 35 

40 378.7212 0.0026 2360.7572 0.0004 6.2335 0.1604 6.1441 38.2992 40 
45 795.4438 0.0013 4965.2739 0.0002 6.2421 0.1602 6.1934 38.6598 45 
50 1670.7038 0.0006 10435.6488 0.0001 6.2463 0.1601 6.2201 38.8521 50 
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18.0% 

2 
J 
4 

5 

" 7 
8 
I) 

1(1 

II 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
:n 
24 
25 

26 
27 
28 
29 
30 

31 
32 
:n 
34 
35 

40 
-15 
50 

Compound 
A1111111111 

Fuel or 
(Fil'. I, .VJ 

l.l&ltl 
1.3924 
1.6-130 
1.9388 
2.2878 

2.69'.)6 
3.1855 
3.7589 
4.-1355 
5.233S 

n.1759 
7.287(1 
S.5994 

10.1472 
11.9737 

14.1290 
16.6722 
19.6733 
23.214 1 
27.3930 

32.3238 
38.1421 
45.01176 
53. lll<JO 
1>2.M>l!6 

73.94')(1 
87.2598 

Hl2.%M 
1215005 
1-13-\7111> 

169.177-1 
19'.1.62\13 
235.5625 
277.9638 
J27.'l<J7J 

750.37!\J 
1716.68:\CI 
31127.356'1 

P""eni 
\\or1h 
factor 

WIF,4.\ ') 

0.8-175 
0.7182 
0.6086 
0.5158 
0.4371 

0.3i().1 
0.3139 
0.2660 
0.2255 
0.19 11 

0.1619 
O.IT2 
0.1163 
0.0%5 
0.0835 

0.0708 
0.0600 
0.0508 
0.lJ..131 
0.0365 

0.0309 
0.0262 
0.0222 
0.0188 
0.0160 

0.0135 
0.0115 
0.()()CJ7 
0.0082 
O.OOiO 

0.0059 
0.0050 
0.0042 
0.0036 
0.()(lJ-0 

0.0013 
0.0006 
0.0003 

C1111111ound 
\1111111111 

1 Ut'l llf 

(N 1,1,N) 

10(1(10 
2.11\00 
3.5724 
5.2 154 
7 15-12 

9 . .W20 
12 1-115 
15.3:?70 
1'1.0859 
23.5213 

28.7551 
J I 9311 
42.21b7 
;c;o.1m.o 
1~1.%53 

72.'J390 
117.()680 

103.7-103 
12J.1135 
l41162l!O 

174.021() 
2063.W8 
24-1.-1868 
289.49-15 
3-12.<1035 

·IOS.272 1 
.J7'J.22 I I 
566JM19 
(>11'1 . .t-175 
7•lU94SO 

93-1.3186 
1103.4%0 
1301 1253 
1538.6878 
18111.6516 

llbJ.2130 
•)5.ll 5771 

21!!13.(1937 

Sinl<ini: 
Jund 
Fuetor 

(r\/F,I, \') 

1.0000 
0.45b7 
0.279') 
0.1917 
0. 139!1 

0.105\1 
0.082-1 
0.0652 
0.0524 
0.(}.125 

0.0348 
O.O?..ii6 
0.0237 
0.0197 
().() 104 

0.0137 
0.0 115 
0.0096 
0.0081 
0.006l! 

0.0057 
0.0(}.ll! 
0.00-11 
0.0035 
0.002') 

0.0025 
0.0021 
0.0018 
O.OOl5 
O.OOIJ 

0.0011 
0.0009 
O.OOOK 
0.0006 
0.0()()(J 

0.0002 
0.0001 
0.0000 

Pr"'"'cnl 
\\urth 
h1ctur 

(I'/. \ ,l,N) 

0.8-175 
1.5656 
2.17-13 
2.<>901 
3.1272 

3..1\176 
3.SI 15 
4.077(1 
J.3030 
4.-1941 

-1.(\560 
-1.7932 
-19095 
5.0G.'>I 
5.(1916 

5. 1(124 
5.2223 
5.2732 
5.3162 
5.3527 

5.3837 
5.4099 
5.4'.'21 
5.45()<) 
5.4(,(1') 

5.-1804 
5.4919 
5.5016 
5.5(19S 
5.516S 

5.5227 
5.5277 
5.5320 
5.5356 
5.5386 

5 . .5-11>'2 
5.552.'l 
5.55-11 

Cuphul 
Rcco•c r) 

F11r1or 
(,\11',i,N) 

1.1800 
0.6387 
0.4599 
0.3717 
0.3198 

0.2859 
0.262-1 
0.2-152 
0.2.32•1 
0.2225 

0.2148 
0.208(> 
0.2037 
0.1997 
0.196-l 

0. 1937 
0.1915 
0.1896 
0.1&>1 
0.1868 

0.1857 
0.18-18 
0.184 1 
0.1835 
0.1829 

0.1825 
0.1821 
0.1818 
0.1815 
0.1813 

0.1811 
0.1809 
0.1808 
0.1806 
0.180<1 

U.lb02 
U lliOI 
0.1800 

Cinidicnl Scriel> 

Gnidicnl 
Unifonn 
Serie• 

(A/{i.l,NJ 

0.0000 
O.J587 
O.!i902 
1.2947 
1.6728 

2.0252 
2.35211 
2.6558 
2.')358 
3. 1936 

3.4303 
3.CH70 
3.8449 
-1.()250 
·1.1887 

-1 .3369 
-1.4708 
-1.5916 
-1.700.l 
-1.79711 

4.Kl\51 
·1.%32 
5.0329 
5.0950 
5.1502 

5.1991 
5.2425 
5.2810 
5.31-l'J 
5.:i+IS 

5.3712 
5.3945 
5..1 1·1'> 
5.4328 
5.·1-185 

S.5<122 
5.52'13 
5.5·128 

Gradient 
l'rl"'enl 
Wonh 

(l'/G, i,/\) 

0.0000 
0.7182 
1.9-'54 
3.4828 
5.2312 

7.0834 
8.9670 

10.8292 
12.6329 
1-1.3525 

15.9716 
17.-lf>l 1 
18.8"765 
20.!~76 

2L3269 

22.%85 
23.3482 
2-1.212.1 
24.9S77 
25.6.'>13 

26.3000 
26.8506 
27.3394 
27.7725 
28.1555 

28.4935 
28.7915 
29.0537 
29.2h-12 
29.-IM-I 

29.6"3!1 
29.8191 
29.9549 
30.0736 
30.1773 

30.5269 
30.7006 
30.7856 

·' 

h 

7 
Ii 
') 

10 

II 
12 
l.l 
1-1 
15 

1(1 

17 
IK 
l<J 
20 

11 
32 
JJ 
J~ 

JS 

.in 
.1~ 

50 



3 

5 

6 
7 
I\ 
9 

IO 

11 
12 
13 
1-1 
15 

16 
17 
18 
19 
w 
21 
22 
23 
2-1 
25 

26 
27 
28 
29 
30 

31 
32 
33 
3-1 
35 

.io 
-15 

( "umpuund 
.\mount 
f11\'lor 

(Fll:l,N) 

1.200() 
1.4-100 
1.7:!1\0 
20731> 
2.-IS.'\3 

:?.%(~) 

3.61\32 
·l.'.!'><J8 
5.1598 
6.19 17 

1430 1 
li.'11(>1 

I0.61J9J 
1 :uon 
15.-1070 

18.-llil\.I 
22.1861 
:!l>.(12.'3 
Jl.IJ-IMI 

l!if 376 

46.~051 
55.~06 1 
Mi.-·174 
7'J.4968 
95.3962 

11-1-1755 
137.3706 
I M 8-1-17 
1971\136 
237.3763 

21\.l.85 1(1 
.W .8211J 
-110.1863 
-192.2z35 
590.hl>S2 

1-169.7716 
3657.21120 

Prewnt 
Worth 

F11c1or 
(l'IF,l,N) 

0.8333 
0.694-1 
0.S71r7 
0.-18?...3 
0 • .;()19 

0.33-19 
0.2791 
0.2326 
0.1938 
0.1615 

0.13-16 
0.1122 
0.0935 
0.0779 
0.06-!9 

0.0541 
O.IJ.!51 
0.0376 
0.0313 
0.0261 

0.0217 
0.0181 
0.0151 
0.0126 
0.0!05 

O.O<ID 
0.0073 
0.0061 
0.0051 
0.0(}.12 

0.0035 
0.0029 
0.002-1 
0.0020 
0.0017 

0.0007 
0.0003 

C'nmpuuntl 
Amount 
l'a1ctur 

(fl/,\ ,/,N) 

1.0()()() 
2.2000 
3.t>llKI 
5_lt>.'il) 
7.JJlt1 

•).'J2C)<) 

12.9159 
16..11)')1 
20.798'.I 
25.95117 

32 150-1 
311.51'05 
018.-l'X>ll 
59.11)51) 
72.0351 

87.<1421 
I05.'IJ0(1 
121Ulh7 
15-1.740() 
l8C1.MliO 

225.0251> 
271.0307 
326.2369 
392.48·12 
471.981 1 

5b!377J 
h.'\l.XS:?S 
lll•).22.'\J 
l)84,(J6M) 

I IKl.llll l<1 

l·ll<J.2579 
1 7(~1. 1095 

2045.IJJl-I 
2.156.1176 
29-18.3 111 

7J.13.X578 
1821\1.J()I)() 

Sinllilna 
Fund 

Fuctur 
(t\/f ; l,N) 

1.0000 
OA.545 
0.27-17 
0.1663 
0.134-1 

0.1007 
0.077-1 
0.0606 
0.0481 
0.0385 

0.0311 
0.0253 
0.0206 
0.0169 
0.0139 

0.011.; 
0.009-1 
0.0078 
0.0065 
0.0054 

0.00-l-I 
0.0037 
0.003 1 
0.0025 
0.0021 

0.0018 
0.0015 
0.0012 
0.0010 
o.ooos 

0.0007 
0.0006 
0.0005 
O.OOIJ.I 
0.0003 

0.0001 
0.0001 

Pre\cnt 
Wurth 
f'uctnr 

(P/;\ ,l,N) 

0.1\33'.l 
1.5278 
2.1065 
2.5&7 
29906 

3.3255 
3.6().16 
J.8372 
-1.oJIO 
4.1925 

4.3271 
4.4392 
-15327 
4.610() 
4.6755 

4.7296 
4.7746 
4.8122 
4.8-135 
-1.86% 

-1.8913 
4.9094 
-1.1)245 
4.9371 
4.9476 

-1.9563 
-1.9636 
-1.9697 
-1.9747 
-1.97!\9 

-1.9824 
-1.1)854 
-1.9878 
-1.9898 
4.9'Jl5 

4.9966 
4.9986 
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C11pil11I 
Rcc1ncr) 

f«11ct11r 
(Ml!l,N> 

1.2000 
0.6545 
0.4747 
0.3863 
0.3J.l.l 

0.3007 
0.277-1 
0.2606 
0.248 1 
0.2385 

0.2311 
0.2253 
0.2206 
0.2169 
0.2139 

0.211-1 
0.209-I 
0.2078 
0.2065 
0.2054 

0.204-1 
0.2037 
0.2031 
0.2025 
0.2021 

0.2018 
0.2015 
0.2012 
0.2010 
0.2008 

0.2007 
0.2006 
0.2005 
0.200-I 
0.:!003 

0.:?001 
0.2001 

Gr11dlt•n1 Serie!> 

G111dlt•nt 
l nlform 
Srrl~' 

(t\/li,/,N) 

0.0000 
0.4545 
0.!091 
1.27-12 
1.6405 

1.971'11 
2.2902 
2.5756 
2.83(~1 

3.073•) 

3.2893 
J..111-ll 
3.h5l)7 
.3.8175 
3.958!1 

4.0851 
-11976 
4.2975 
I.JM! 

4.46-13 

4.5334 
4.5')·11 
-1.(1-175 
H>IJ-13 
4.7352 

-177('1} 
4Ml10 
-I S291 
4.8527 
·l.S731 

-1 .S'XIK 
4.<X)(il 
4.9194 
-l.')308 
4 9406 

-1.9721; 
-1.%77 

Gradient 
Pre\cnl 
Worth 

(PIG.I,,..') 

0.0000 
0.694-1 
L8519 

3.2986 
-l.9061 

6.5806 
8.2551 
9.8831 

I L4335 
12.8871 

14.2330 
15.-1667 
16.5883 
126008 
18.5095 

193208 
20.0-119 
20.6805 
2.1.2-139 
21.7395 

22.1742 
22.5546 
22.8867 
23.1760 
23.4276 

23.6Ui0 
23.8353 
23.9991 
24.1406 
24.2628 

24.3681 
24.4588 
24.5368 
24.6038 
24.6614 

2-l.8-169 
2-1.9316 

2 
3 
.; 

5 

" 7 
8 
I) 

10 

II 
12 
13 
14 
15 

1(1 

17 
Iii 
1•1 
20 

21 
22 
23 
24 
:?..~ 

26 
27 
:?Ii 
2') 
30 

.j() 

.15 

20.0% 
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25.0% 

I 1.2500 0.8000 1.0000 LOOOO 0.8000 12500 0.0000 0.0000 I 
2 1.5625 0.6400 2.2500 0.4444 1.4400 0.6944 0.4444 0.6400 2 
3 1.9531 o.5120 3.8125 02623 1.9520 0.5123 0.8525 16640 3 
4 2.4414 0.40% 5.7656 0.1734 2.3616 0.4234 1.2249 2.8928 4 
5 3.0518 0.3277 8.2070 0.1218 2.6893 0.3718 1.5631 4.2035 5 

6 3.8147 0.2621 11.2588 0.0888 2.9514 0.3388 1.1!683 S.5142 6 
7 4.7684 0.2097 15.0735 0.0663 3.1611 0.3163 2.1424 6.772S 7 
8 5.9605 0.1678 19.8419 0.11504 3.3289 0.3004 2.3872 7.9469 8 
9 7.4506 0.1342 25.8023 0.0388 3.4631 0.2888 2.6048 9.0207 9 

10 9.3132 0.1074 33.2529 0.0301 3.5705 0.2801 2.7971 9.9870 10 

II 11.6415 0.11859 42.5661 0.0235 3.6564 0.2735 2.9663 10.8460 11 
12 14.5519 0.0687 54.2077 0.0184 3.7251 0.2684 3.1145 116020 12 
13 18.1899 0.0550 68.7596 0.0145 3.7801 02645 3.2437 12.2617 13 
14 22.7374 0.0440 86.9495 O.Olts 3.8241 02615 3.3559 12.8334 14 
15 28.4217 0.0352 109.6868 0.0091 3.8593 0.2591 3.4530 13.32W 15 

16 35.5271 0.0281 138.1085 0.0072 3.8874 0.2572 3.5366 13.7482 16 
17 44.4089 0.0225 173.6357 0.0058 3.9099 0.2558 3.6084 14.1085 17 
18 55.5112 0.0180 218.0446 0.0046 3.9279 0.2546 3.6698 14.4147 18 
19 69.3889 0.0144 273.5558 0.0037 3.9424 0.2537 3.7222 14.6741 19 
20 86.7362 0.0115 342.9447 0.0029 3.9539 o.2529 3.7667 14.8932 20 

21 108.4202 0.0092 429.6809 0.0023 3.%31 0.2523 3.8045 lS.0777 21 
22 135.5253 0.0074 538.1011 0.0019 3.9705 o.2519 3.8365 lS.2326 22 
23 169.4066 0.0059 673.6264 0.0015 3.9764 o.2Sts 3.8634 15.3625 23 
24 211.7582 0.0047 843.0329 0.0012 3.9811 0.2512 3.8861 15.4711 24 
25 264.6978 0.0038 1054.7912 0.0009 3.9849 0.2509 3.9052 15.5618 25 

26 330.8722 0.0030 1319.4890 0.0008 3.9879 0.2508 3.9212 15.6373 26 
27 413.5903 0.0024 1650.3612 0.0006 3.9903 o.2506 3.9346 15.7002 27 
28 516.9879 0.0019 2063.9515 0.0005 3.9923 o.2505 3.9457 15.7524 28 
29 646.2349 0.0015 2580.9394 0.0004 3.9938 0.2504 3.9551 15.7957 29 
30 807.7936 0.0012 3227.1743 0.0003 3.9950 0.2503 3.9628 lS.8316 30 

31 I009.7420 0.0010 4034.9678 0.0002 3.9960 0.2502 3.9693 ts.8614 31 
32 1262.1774 0.0008 5044.7098 0.0002 3.9968 0.2502 3.9746 15.8859 32 
33 1577.7218 0.0006 6306.8872 0.0002 3.9975 0.2502 3.9791 15.9062 33 
34 1972.1523 0.0005 7884.6091 0.0001 3.9980 0.2501 3.9828 15.9229 34 
35 2465.1903 0.0004 9856.7613 0.0001 3.9984 0.2501 3.9858 ts.9367 35 

40 7523.1638 0.0001 30088.6554 0.0000 3.9995 0.2500 3.9947 15.9766 40 
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30.0% 

1 1.3000 0.7692 1.0000 LOOOO 0.7692 l.JCOO 0.0000 0.0000 1 
2 1.6900 O.S917 2.3000 0.4348 1.3609 0.7348 0.4348 o.5917 2 
3 2.1970 0.4552 3.9900 0.2506 1.8161 0.5506 0.8271 t.5020 3 
4 2.8561 0.3501 6.1870 0.1616 2.1662 0.4616 1.1783 2.5524 4 
5 3.7129 0.2693 9.0431 0.1106 2.4356 0.4106 1.4903 3.6297 5 

6 4.82611 0.2072 12.7560 D.0784 2.6427 D.3784 1.7654 4.6656 6 
7 6.2749 0.1594 17.5828 O.OS69 2.8021 D.3569 2.0063 S.6218 7 
8 8.1573 0.1226 23.8577 0.0419 2.9247 0.3419 2.2156 6A800 8 
9 10.6045 0.0943 32.0150 D.0312 3.0190 D.3312 2.3963 7.2343 9 

10 13.7858 0.0725 42.6195 G.0235 3.()1)15 D.3235 2.5512 7.8872 10 

11 17.9216 o.osss 56.4053 0.0177 3.1473 D.3177 2.61133 8.4452 11 
12 23.2981 0.0429 74.3270 0.0135 3.1903 0.3135 2.7952 8.9173 12 
13 30.2875 0.0330 97.6250 0.0102 3.2233 0.3102 2.8895 9.3135 13 
14 39.3738 0.0254 127.9125 0.0078 3.2487 D.3078 2.9685 9.6437 14 
15 51.1859 0.0195 167.2863 0.0060 3.2682 0.3060 3.0344 9.9172 15 

16 66.5417 0.0150 218.4722 0.0046 3.2832 0.3046 3.0892 10.1426 16 
17 86.5042 0.0116 285.0139 0.0035 3.2948 D.301S 3.1345 lD.3276 17 
18 112.4554 0.0089 371.5180 0.0027 3.3037 D.3027 3.1718 lD.4788 18 
19 146.1920 0.0068 483.9734 0.0021 3.3105 0.3021 3.2025 lo.ti019 19 
20 190.0496 0.0053 630.1655 0.0016 3.3158 0.3016 3.2275 10.7019 20 

21 247.0645 0.0040 820.2151 0.0012 3.3198 0.3012 3.2480 10.7828 21 
22 321.1839 0.0031 1067.2796 0.0009 3.3230 0.3009 3.2646 10.8482 22 
23 417.5391 0.0024 1388.4635 0.0007 3.3254 0.3007 3.2781 10.9009 23 
24 542.8008 0.0018 1806.0026 0.0006 3.3272 ·D.3006 3.2890 10.943.1 24 
25 705.6410 0.0014 2348.8033 0.0004 3.3286 0.3004 3.2979 10.9773 25 

26 917.3333 0.0011 3054.4443 0.0003 3.3297 D.3003 3.3050 1L0045 26 
27 1192.5333 0.0008 397t.m6 0.0003 3.3305 0.3003 3.3107 110263 27 
28 1550.2933 0.0006 5164.31()1) 0.0002 3.3312 0.3002 3.3153 1L0437 28 
29 2015.3813 0.0005 6714.6042 0.0001 3.3317 0.3001 3.3189 11.0576 29 
30 2619.9956 0.0004 8729.9855 0.0001 3.3321 0.3001 3.3219 lL0687 30 

31 3405.9943 0.0003 11349.9811 0.0001 3.3324 0.3001 3.3242 11.0775 31 
32 4427.7926 0.0002 14755.9755 0.0001 3.3326 0.3001 3.3261 11.0845 32 
33 5756.1304 0.0002 19183.7681 0.0001 3.3328 0.3001 3.3276 1L0901 33 
34 7482.9696 0.0001 24939.8985 0.0000 3.3329 0.3000 3.3288 11.0945 34 
35 9727.8604 0.0001 32422.8681 0.0000 3.3330 0.3000 3.3297 11.0980 35 
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35.0% 

I 1.3500 0.7407 1.0000 LOO OD 0.7407 1.3500 0.0000 0.0000 I 
2 1.8225 0.5487 2.3500 0.42SS 1.2894 0.7755 0.4255 0.5487 2 
3 2.4604 0.4064 4.1725 0.2397 1.6959 0.5897 0.8029 1.3616 3 
4 3.3215 0.3011 6.6329 0.1508 1.9969 0.5008 1.1341 2.2648 4 
5 4.4840 0.2230 9.9544 0.1005 2.2200 0.4505 1.4220 3.1568 5 

6 6.0534 0.1652 14.4384 0.0693 2.3852 0.4193 1.6698 3.9828 6 
7 8.1722 0.1224 20.4919 O.IJ.188 2.5075 0.3988 1.8811 4.7170 7 
8 11.0324 0.0906 28.6640 6.0349 2.5982 0.3849 2.0597 S.3515 8 
9 14.8937 0.11671 39.6964 ll.0252 2.6653 0.3752 2.2094 S.8886 9 

10 20.1066 0.0497 54.5902 0.0183 2.7150 0.3683 2.3338 6.3363 10 

11 27.1439 0.0368 74.6967 0.0134 2.7519 0.3634 2.4364 6.7047 11 
12 36.6442 0.0273 101.8406 0.0098 2.7792 0.3598 2.5205 7.0049 12 
13 49.4697 0.0202 138.4848 0.0072 2.7994 0.3572 2.5889 7.2474 13 
14 66.7841 0.0150 187.9544 0.00$3 2.8144 0.3553 2.6443 7.4421 14 
IS 90.1585 0.0111 254.7385 0.0039 2.8255 0.3539 2.6889 7.5974 15 

16 121.7139 0.0082 344.8970 0.0029 2.8337 0.3529 2.7246 7.7206 16 
17 164.3138 0.0061 466.6109 0.0021 2.8398 0.3521 2.7530 7.8180 17 
18 221.8236 0.0045 630.9247 0.0016 2.8443 0.3516 2.7756 7.8946 18 
19 299.4619 0.0033 852.7483 0.0012 2.8476 0.3512 2.7935 2.9547 19 
20 404.2736 0.0025 1152.2103 0.0009 2.8501 0.3509 2.8075 8.0017 20 

21 545.7693 0.0018 1556.4838 0.0006 2.8519 0.3506 2.8186 8.0384 21 
22 736.7886 0.0014 2102.2532 0.0005 2.8533 0.3505 2.8272 8.0669 22 
23 994.6646 0.0010 2839.0418 0.0004 2.8543 0.3504 2.8340 8.0890 23 
24 1342.7973 0.0007 3833.7064 0.0003 2.8550 0.3503 2.8393 8..1061 24 
25 1812.7763 0.0006 5176.5037 0.0002 2.8556 0.3502 2.8433 8.1194 25 

26 2447.2480 0.0004 6989.2800 0.0001 2.8560 0.3501 2.8465 8.1296 26 
27 3303.7848 0.0003 9436.5280 0.0001 2.8563 o.3501 28490 8.1374 27 
28 4460.1095 0.0002 12740.3128 0.0001 2.8565 0.3501 2.8509 8.1435 28 
29 6021.1478 0,0002 17200.4222 0.0001 2.8567 0.3501 2.8523 8.1481 29 
30 8128.5495 0.0001 23221.5700 0.0000 2.8568 0.3500 2.8535 8.1517 30 
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40.0% 

1 1.4000 0.7143 1.0000 1.0000 0.7143 J.4000 0.0000 0.0000 I 
2 1.9600 0.5102 2.4000 0.4167 1.2245 0.8167 0.4167 O.S102 2 
3 2.7440 0.3644 4.3600 0.2294 1.5889 0.6294 0.7798 1.2391 3 
4 3.8416 0.2603 7.1040 0.1408 t.8492 O.S408 1.0923 2.0200 4 
5 5.3782 0.1859 10.9456 0.0914 2.0352 0.4914 1.3580 2.7637 5 

6 7.5295 0.1328 16.3238 0.0613 2.1680 0.4613 1.5811 3.4278 6 
7 10.5414 0.0949 23.8534 0.0419 2.2628 0.4419 1.7664 3.9970 7 
8 14.7579 0.0678 34.3947 0.0291 2.3306 OA291 1.9185 4.4713 8 
9 20.66111 0.0484 49.1526 0.0203 2.3790 0.4203 2.0422 4.llSSS 9 

10 28.9255 0.0346 69.8137 0.0143 2.4136 0.4143 2.1419 S.1696 10 

11 40.4957 0.0247 98.7391 0.0101 2.4383 0.4101 2.2215 5.4166 11 
12 56.6939 0.0176 139.2348 0.0072 2.4559 0.4072 2.2845 5.6106 12 
13 79.3715 0.0126 195.9287 0.0051 2.4685 0.4051 2.3341 5.7618 13 
14 111.1201 0.0090 275.3002 0.0036 2.4775 0.4036 2.3729 5.8788 14 
15 155.5681 0.0064 386.4202 0.0026 2.4839 0.4026 2.4030 S.96118 15 

16 217.7953 0.0046 541.9883 0.0018 2.4885 0.4018 2.4262 6.0376 16 
17 304.9135 0.0033 759.7837 0.0013 2.4918 0.4013 2.4441 6.0901 17 
18 426.8789 0.0023 1064.6971 0.0009 2.4941 0.4009 2.4577 6.1299 18 
19 597.6304 0.0017 1491.5760 0.0007 2.4958 0.4007 2.4682 6.1601 19 
20 836.6826 0.0012 2089.2064 0.0005 2.4970 0.4005 2.4761 6.1828 20 

21 1171.3556 0.0009 2925.8889 0.0003 2.4979 0.4003 2.4821 6.1998 21 
22 1639.8978 0.0006 4097.2445 0.0002 2.4985 0.4002 2.4866 6.2127 22 
23 2295.8569 0.0004 5737.1423 0.0002 2.4989 0.4002 2.4900 6.2222 23 
24 3214.1997 0.0003 8032.9993 0.0001 2.4992 0.4001 2.4925 6.2294 24 
25 4499.8796 0.0002 11247.1990 0.0001 2.4994 0.4001 2.4944 6.2347 25 

26 6299.8314 0.0002 15747.0785 0.0001 2.4996 0.4001 2.4959 6.2387 26 
27 8819.7640 0.0001 22046.9099 0.0000 2.4997 0.4000 2.4969 6.2416 27 
28 12347.6696 0.0001 30866.6739 0.0000 2.4998 0.4000 2.4977 6.2438 28 
29 17286.7374 0.0001 43214.3435 0.0000 2.4999 0.4000 2.4983 6.2454 29 
30 24201.4324 0.0000 60501.0809 0.0000 2.4999 0.4000 2.4988 6.2466 30 
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50.0% Slnale Payment F.11ual Puymoot Serie~ Gradient Serie• 

Compound Pre•ent Compound Sinking l'rcwnt Cupilal Gradient Grudl•mt 
Amount Worth Amount Fund Worth R cc0>CI')' llniform Prewnr 
F11t1or Filt1M f actor Factor F11ctur tilctor Serie~ Worth 

N <FIP,l,N) (P/f;l.NJ (/-"/ ,\ ,I.I\ ) (,\/F, i,N) WI A,l.NJ (,\/P, /,NJ (MG, i,llf) (PIG,1,N> N 

I 1.5000 0.6667 1.0000 1.0000 0.6667 15000 0.0000 0.0000 I 
2 2.2500 0.4444 2.5000 0.4000 1.1111 0.9000 0.4000 0.-144-1 2 
3 3.3750 0.2963 4.7500 0.2105 1.4074 fl.7105 0.7368 l.0370 3 
4 5.0625 0.1975 !1.1250 0.1231 l.@19 0.6231 1.0154 1.6296 ·I 

5 7.5938 0.1317 13.1875 0.0758 1.7366 0.5758 1.24 17 2.1564 5 

6 11.3906 0.0878 20.78 13 0.0481 1.8244 0.5481 1.4226 2.5953 6 
7 17.0859 0.0585 32.1719 0.031l 1.8829 0.531 I 1.5648 2.941\5 7 

8 25.6289 0.0390 49.2578 0.0203 1.9220 0.5203 1.6752 3.2196 8 
9 38.4434 0.0260 74.8867 0.0134 1.9480 0.5 134 1.7596 3.4277 9 

10 57.6650 0.0l73 I 13.3301 0.0088 J.9653 0.5088 1.8235 3.58JS IO 

II 86.4976 O.Oll6 170.9951 0.0058 1.9769 0.5058 1.8713 3.6994 II 
12 129.7463 0.0077 257..1927 0.0039 1.98-16 0.5039 1.9068 3.78J2 12 
13 19.\.6195 0.0051 387.2390 0.0026 J.9897 0.5026 l.9329 3.8459 13 
14 291.9293 0.0034 581.8585 0.0017 1.9931 0.5017 1.9519 3.89().1 14 

15 437.8939 0.002.3 873.7878 0.0011 l.9<J54 0.501 I 1.9657 3.9224 15 

16 656.8408 0.00 15 1311.6817 0.0008 l.9970 o.soos 1.9756 3.9452 16 
17 985.26 13 0.0010 1%8.5225 0.0005 J.9980 0.5005 1.9827 3.9614 17 
18 1477.8919 0.0007 2953.?RJ!\ Q.()()03 1.9986 0.5003 1.9878 3.9729 18 
19 2216.8378 0.0005 ·t43J.6756 0.0002 1.999 1 0.5002 l.9914 3.9811 19 
20 3325.2567 0.000'.l 6648.5135 0.0002 1.9994 0.5002 L9940 3.9868 20 



APPENDIX c 
How to Read the 
Cumulative Standardized 
Normal Distribution 
Function 

Note l:TilC standard normal distribution is the function of J(z) = ~e -:
1

• Its graph 
(]" 27T 

is a bell cu rve above a region of area I with inflection points at:: = - I and z = + 1. 

0..t .------....----~,------,-:_tl.,....is....,tri"""b-ut.,....io-n---, 

(normal probability curve) 03 ____ ___ ;_ . -
· ; inflection pts ~----.'i.. 

0.2 - - - - - - -, 

0 3 

Note 2: rr a normal variable Xis not standard, its value must be standardized: z = x - µ,. 
CT 

( 
x - µ,) 

To find the area P under the normal probability curve. P(X :5 x) = <IJ :: = -cr-

and <l>(-z) = 1- ct>(z). For example, to find probability that the NPW would be negative 
where the NPW distribution is normally distributed with mean of $20 and variance of 
400, we evaluate the following: 

P (NPW :5 0) = <l{ z = ~ = - 1) = 0.15866. 

Or if we want to find the probability that the NPW exceeds $50, we ca lcu late 

( 
50 - 20 ) P(NP\V ;:::: 50) = J - P (N PW :5 50) = I - <I> z = 'V-iOo = 1.5 

= 1 - 0.93319 = 0.0668. 

11 11 11 

679 
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Part A : The C un1ulati vc Standardized Normal 
Distribution Function 

z 0.00 0.01 0.02 0.03 0.0-' 0.05 0.06 

-3 0.00 135 0.00 131 0.00126 0.00122 0.001 18 0.001 14 0.00111 

- 2.9 0.00 187 (l.00 18 1 0.00 175 0.00 169 0.00 164 0.00159 0.00 L54 

- 2.8 0.00256 0.00248 0.00240 0.00233 0.00226 0.002 19 0.002 12 

- 2.7 0.00347 0.00336 0.00326 0.00317 0.00307 0.00298 0.00289 

-2.6 0.00466 0.00453 0.00440 0.00427 0.00415 0.00402 0.00391 

-2.5 0.00621 0.00604 0.00587 0.00570 0.00554 0.00539 0.00523 

- 2.-4 0.00820 0.00798 0.00776 0.00755 0.00734 0.0071 4 0.00695 

- 2.3 0.01072 0.0 1044 0.0 1017 0.00990 0.00964 0.00939 0.00914 

-2.2 0.01390 0.0 1355 0.0 1321 0.0 1287 0.0 1255 0.0 1222 0.0 11 9 1 

-2.1 0.0 1786 0.01743 0.0 1700 0.01659 0.0 1618 0.01578 0.0 1539 

-2 0.02275 0.02222 0.02169 0.02 118 0.02068 0.02018 0.0 1970 

-1.9 0.02872 0.02807 0.02743 0.02680 0.02619 0.02559 0.02500 

- 1.R 0.03593 0.035 15 0.03438 0.03362 0.03288 0.03216 0.03 144 

- 1.7 O.O+t57 0.04363 0.04272 0.04 182 0.04093 0.04006 0.03920 

- 1.6 0.05480 0.05370 0.05262 0.05155 0.05050 0.04947 0.04846 

- 1.5 0.06681 0.06552 0.06426 0.0630 1 0.06178 0.06057 0.05938 

- 1.4 0.08076 0.07927 0.07780 0.07636 0.07493 0.07353 0.07215 

- 1.3 0.09680 0.095 10 0.09342 0.09176 0.09012 0.08851 0.0869 1 

-1.2 0. 11507 0.1 13 14 0.1 1123 0.10935 0.10749 0.10565 0.10383 

- 1.l 0.13567 0.13350 0.1 3136 0.1292..J 0.12714 0.12507 0. 12302 

- l 0.15866 0. 15625 0. 15386 0.15 15 1 0.149 17 0. 14686 0. 14457 

-0.9 0.18406 0. 181 41 0. 17879 0. 176 19 0.17361 0.1 7106 0. 16853 

-0.8 0.21186 0.20897 0.206 11 0.20327 0.20045 0. 19766 0. 19489 

- 0.7 0.24 196 0.23885 0.23576 0.23270 0.22965 0.22663 0.22363 

- 0.6 0.27425 0.27093 0.26763 0.26435 0.26109 0.25785 0.25463 

- 0.5 0.30854 0.30503 0.30153 0.29806 0.29460 0.29 116 0.28774 

-OA 0.3.U58 0.34090 0.3372-t 0.33360 0.32997 0.32636 0.32276 

-0.3 0.38209 0.37828 0.37448 0.37070 0.36693 0.36317 0.359-t2 

- 0.2 O.-t2074 0.4 1683 0.41294 0.40905 0.405 17 0.40129 0.39743 

- 0.1 0.460 17 0.45620 0.45224 0.44828 0.4+133 0.44038 0.43644 

0 0.50000 0.50399 0.50798 0.5 11 97 0.5 1595 0.5 199J.! 0.52392 

0.07 0.08 0.09 

0.00 107 0.00 104 0.00 100 

0.00 149 0.00 144 0.001 39 

0.00205 0.00 199 0.00 193 

0.00280 0.00272 0.00264 

0.00379 0.00368 0.00357 

0.00508 0.00494 0.00480 

0.00676 0.00657 0.00639 

0.00889 0.00866 0.00842 

0.0 1160 0.0 11 30 0.011 0 1 

0.0 1500 0.0 1463 0.0 1426 

0.0 1923 0.0 1876 0.0 183 1 

0.02442 0.02385 0.02330 

0.03074 0.03005 0.02938 

0.03836 0.03754 0.03673 

0.04746 0.04648 0.04551 

0.05821 0.05705 0.05592 

0.07078 0.06944 0.068 11 

0.08534 0.08379 0.08226 

0.10204 0.10027 0.09853 

0. 12 100 0. 11 900 0. 11 702 

0. 1423 1 0.14007 0. 13786 

0.1 6602 0.16354 0. 16109 

0.1 9215 0. 18943 0. 18673 

0.22065 0.2 1770 0.2 1476 

0.25 143 0.24825 0.245 10 

0.28434 0.28096 0.27760 

0.31918 0.31561 0.3 1207 

0.35569 0.35 197 0.3-t827 

0.39358 0.38974 0.3859 L 

0.43251 0 .42858 0 42465 

0.52790 0.53 188 0 53586 
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Part B: The Cu1nulative Standardized Nonnal 
Distribution Function 

z 0.00 O.ot 0.02 0.03 0.04 0.05 0.06 

0 0.50000 0.50399 0.50798 0.5 1197 0.51595 0.5 1994 0.52392 

0.1 0.53983 0.54380 0.54776 0.55172 0.55567 0.55962 0.56356 

0.2 0.57926 0.58317 0.58706 0.59095 0.59483 0.59871 0.60257 

0.3 0.61791 0.62172 0.62552 0.62930 0.63307 0.63683 0.64058 

0.4 0.655-12 0.65910 0.66276 0.66640 0.67003 0.67364 0.67724 

o.s 0.69146 0.69497 0.69847 0.70194 0.70540 0.70884 0.71226 

0.6 0.72575 0.72907 0.73237 0.73565 0.73891 0.74215 0.74537 

0.7 0.75804 0.76115 0.76424 0.76730 0.77035 0.77337 0.77637 

0.8 0.788 14 0.79103 0.79389 0.79673 0.79955 0.80234 0.805 11 

0.9 0.81594 0.81859 0.82 121 0.8238 1 0.82639 0.82894 0.83 L47 

1 0.84134 0.84375 0.84614 0.84849 0.85083 0.85314 0.85543 

1.1 0.86433 0.86650 0.86864 0.87076 0.87286 0.87493 0.87698 

1.2 0.88493 0.88686 0.88877 0.89065 0.89251 0.89435 0.89617 

1.3 0.90320 0.90490 0.90658 0.90824 0.90988 0.91149 0.91309 

1.4 0.91924 0.92073 0.92220 0.92364 0.92507 0.92647 0.92785 

1.5 0.933 19 0.93448 0.93574 0.93699 0.93822 0.93943 0.94062 

1.6 0.94520 0.94630 0.94738 0.94845 0.94950 0.95053 0.95 154 

1.7 0.95543 0.95637 0.95728 0.95818 0.95907 0.95994 0.96080 

1.8 0.96407 0.96485 0.96562 0.96638 0.96712 0.96784 0.96856 

1.9 0.97128 0.97193 0.97257 0.97320 0.97381 0.97441 0.97500 

2 0.97725 0.97778 0.9783 l 0.97882 0.97932 0.97982 0.98030 

2.1 0.98214 0.98257 0.98300 0.98341 0.98382 0.98422 0.98461 

2.2 0.98610 0.98645 0.98679 0.98713 0.98745 0.98778 0.98809 

2.3 0.98928 0.98956 0.98983 0.990 10 0.99036 0.99061 0.99086 

2.4 0.99 180 0.99202 0.99224 0.99245 0.99266 0.99286 0.99305 

2.5 0.99379 0.99396 0.99413 0.99430 0.99446 0.99461 0.99477 

2.6 Q.99534 0.99547 0.99560 0.99573 0.99585 0.99598 0.99609 

2.7 0.99653 0.99664 0.99674 0.99683 0.99693 0.99702 0.99711 

2.8 0.99744 0.99752 0.99760 0.99767 0.99774 0.99781 0.99788 

2.9 Q.99813 0.99819 0.99825 0.99831 0.99836 0.9984 1 0.99846 

3 0.99865 0.99869 0.99874 0.99878 0.99882 0.99886 0.99889 

0.07 0.08 0.09 

0.52790 0.53188 0.53586 

0.56749 0.57142 0.57535 

0.60642 0.61026 0.61409 

0.64431 0.64803 0.65173 

0.68082 0.68439 0.68793 

0.71566 0.71904 0.72240 

0.74857 0.75175 0.75490 

0.77935 0.78230 0.78524 

0.80785 0.8 1057 0.81327 

0.83398 0.83646 0.83891 

0.85769 0.85993 0.86214 

0.87900 0.88100 0.88298 

0.89796 0.89973 0.90147 

0.91466 0.91621 0.91774 

0.92922 0.93056 0.93189 

0.94179 0.94295 0.94408 

0.95254 0.95352 0.95449 

0.96164 0.96246 0.96327 

0.96926 0.96995 0.97062 

0.97558 0.97615 0.97670 

0.98077 0.98124 0.98169 

0.98500 0.98537 0.98574 

0.98840 0.98870 0.98899 

0.99 111 0.99 134 0.99158 

0.99324 0.99343 0.99361 

0.99492 0.99506 0.99520 

0.99621 0.99632 0.99643 

0.99720 0.99728 0.99736 

0.99795 0.9980 I 0.99807 

0.99851 0.99856 0.99861 

0.99893 0.99896 0.99900 
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Abandonment decision, 210 
Absolute (dollar) measures of investment, 

313 
Accelerated cost recovery system (ACRS), 

397 
Accept-reject decision rule 

benchmark rate, 308 
for a single revenue projects, 250 

Accounting depreciation, 386 
asset depreciation ranges (AD Rs), 388-389 
book depreciation method, 388-396 
cost basis of an asset, 387 
depreciable property, 386-387 
salvage value, 388 
useful life, 388 

Accounting equation, 580 
Accounting information, use of, 577 
Accounting profit, 403 
Accrual-basis accounting, 591 
Acquisition of fixed assets, 583 
Actual dollars, 42 

analysis under inflation, 166, 168-169 
Administrative costs, 430 
Allan Company, 219-220 
Alternatives, evaluation of for decision 

making, 25-26 
Amortized loan, 131 
Analysis period, 213, 266, 366 
Annual basis, 359, 364 
Annual effective yield, 115-116 
Annual equivalent cost method, 254 
Annual-equivalent worth (AE) criterion, 

250-251 
benefits of, 254 

Annual percentage rate (APR), 114-115 
effective interest rates at various 

compounding intervals for 22%-30% 
APRs, 116 

under inflation, 174 
Annual percentage yield (APY), 115 
Annual-worth analysis techniques, 259, 271 
Annuity factor, 66-67 
Ansell, Inc., 215 
Asset depreciation ranges (AD Rs), 386, 

388-389 

Asset management analysis, 
596-597, 602 

Assets, 580-582 
Average collection period, 596 
Average inflation rate, 163 
Average tax rate, 40~ 

B 

Balance sheet statement, 579 
assets, 580-582 
of Lam Research Corporation, 580, 

583-584 
liabilities and stockholders' equity 

(owners' net worth), 582-583 
use,579 

Base case, 366 
Base-case analysis, 354-355 
Benchmark interest rate, 308 
Benefit-cost analysis, 350-351 

B/C-ratio, 355-357 
difference between profitability index 

and,363 
general framework for, 352 
goals, 352 
highway, 366-371 
incremental B/C-ratio, 358-359 
secondary effects, 353 
social discount rate, 354-355 
sponsor's costs, 353 
steps for a typical public project, 355 
users' benefits, 353 
valuation of, 353 

Beta (/3), 505 
Bonds, 55, 593 
Book depreciation method, 388-396 

units-of-production method, 396 
Book value per share, 600-601 
Break-even analysis, 491 
Break-even interest rate, 204 
Break-even point, 433-434 
Break-even sales volume, 433-434 
B&S Company, 264 
Buffett, Warren Edward, 574-575 
Buffettology, 515 
Bureau of Labor and Statistics (BLS), 

160-161 
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c 
Capacity costs, 432 
Capital costs, 254, 367 
Capital-expenditure decisions, 28, 403 
Capitalized asset. 386 
Capitalized cost, 212 
Capitalized-equivalent (CE) method, 

211-212 
Capital (ownership) costs, 254-255, 

539-540 
Capital-recovery cost, 255, 257 
Capital-recovery factor, 66, 297 
Cash-flow approach, 535 
Cash flows 

actual-dollar expression for, 167 
constant-dollar expression for, 167 
diagram, 43-44 
diagram of a strict gradient series, 76-77 
in economic analysis. 435-436 
equal-payment series, 70-75 
estimating risky, 500-503 
future worth, 50, 56 
incremental/differential, 439-443 
interest formulas for single, 51-60 
loan vs project, 194-195 
net,43 
present worth, 50, 53-56 
uneven stream of payments. 58 
vs net income, 436 

Cash-flow statement, 586 
after-tax, 443 
borrowing (financing) activities, 443 
Excel worksheet, 448-449, 452, 454 
financing activities, 590 
investing activities, 442, 590 
for Lam Research Corporation, 589-592 
operating activities, 588-590 
project, 443-447 
reporting format, 588-590 
sources (inflows) and uses (outflows) of 

cash,587 
in a typical manufacturing firm, 588 
working capital and its impact on, 590 

Challenger, 533 
annual equivalent costs, 547 
comparison of defender with, 535-537, 

548 
Chena Hot Springs Resort, 175 
Coca-Cola Company, 426-428 
Commercial loans, 131 

calculating installments over time, 131 
loan repayment schedule, 130, 133 

Common stock, 583, 593 
Company cost of capital, 508-509 
Composite series, 76 
Compound-amount factor. 51 

equal-payment-series, 60-62 
uniform-series, 62 

Compounding process, 51 
Compound growth, 82 
Compound interest, 45 
Constant dollar analysis 

under inflation, 166-167 
Constant-dollar benefit-cost analyses, 

354-355 
Consumer price index (CPI), 160 

between 2002 and 2011, 162 
original measure, 160 
revised measure, 160 

Contribution margin, 433 
Conventional-payback method, 195 
Corning Greater China, 192-193 
Corporate taxes 

average tax rate, 405-406 
book value calculation, 407-408 
determining accounting profit, 403-405 
determining ordinary gains and capital 

gains,409 
gain taxes on asset disposals, 407-409 
marginal tax rate, 405 
netincorne,403-404 
salvage value calculation, 408-409 
taxable gains (or losses), 408-409 
treatment of depreciation expenses, 403 
U.S. corporate-tax-rate structure, 

405-406 
Cost basis, 387 
Cost behavior, 432 
Cost-of-living index, 160 
Cost (s), 386 

administrative, 430 
of capital. 504 
capital (ownership), 539-540 
classification, for predicting cost 

behavior, 431-434 
of debt capital, 506-507 
direct labor, 428 
direct raw materials, 428 
of equity capital, 504-506 
fixcd,432 
flow in a manufacturing company. 

430-431 
of goods sold (or cost of revenue). 430. 

584 
inventory, 430 



manufacturing, 428-429 
manufacturing overhead, 429 
marketing. 430 
mixed,433 
ofmoney.40 
nonmanufacturing, 429-430 
operating. 535, 540 
overheads, 430 
period,430 
product, 430 
sunk,534-535 
unit contribution margin, 433 
variable. 432-433 

Cost-volume-profit graph, 435 
Coupon of bond, 55 
Credit cards, management of, 112-113, 128 
Current assets, 580, 582 
Current liabilities, 582 
Current market value, 533-534 
Current ratio, 595 

D 

Days-sales-outstanding (DSO) ratio, 
596-597 

Dealer's (bank's) interest rate, 135 
Debt,584 
Debt-equity ratio. 594 
Debt management 

analysis for firms, 592-595, 602 
borrowing with credit cards, 128 
commercial loans, 131 
dealer's (bank's) interest rate, 135 
debt-equity ratio, 594 
debt ratio, 594 
financing options. comparison of, 

134-135 
long-term debt financing, 593 
methods of calculating interests on 

credit cards, 128 
methods of debt financing, 592-593 
short-term debt financing, 593 
times-interest-earned ratio, 594-595 

Debt ratio, 447, 594 
Decision making 

alternatives, evaluation of, 25-26 
basis of, 576-577 
capital expenditure, 28 
economic decisions, 27-28 
engineering design problem, 

decision-making in, 25-27 
engineering economic decisions, 

28-36 

impact of engineering projects on 
financial statements, 30-31 

personal, 22-24 
Declining balance method, 392 
Declining-balance (DB) method, of 

calculating depreciation, 392-394 
Defender, 533 

annual equivalent costs, 547 
comparison of challenger with, 535-537, 

548 
Deflation, 159-160 
Dell®, 21 
Depreciable asset, 386 

and gain taxes, 407-409 
Depreciated value, 384 
Depreciation, 386, 433, 582 

and allowance under inflation, 449 
cost basis of an asset, 387 
declining-balance (DB) method, 

392-394 
depreciable property, 386-387 
salvage value, 388 
straight-line (SL) method, 390 
switching policy, from DB depreciation 

to SL depreciation, 393-394, 398-399 
tax methods, 397-401 
units-of-production method, 396 
useful life, 388 

Depreciation accounting, 386 
Depreciation allowance, 385 
Depreciation rate (19/ N), 392 
Differential/incremental, cash flows, 439 
Direct labor, 428 
Direct raw materials, 428 
Discounted cash flow techniques (DCFs), 

200 
Discounted-payback method, 195, 198 
Discounting factor, 54 
Discounting process, 53 
Discount rate, 47-48, 54, 355 
Discrete compounding, 118 

Interest factors for, 649-678 
Dividends, 586 
Diversification of investment, 603-609 
"Do-nothing alternative" approach, 214, 

315,366 

E 

Earning power, 41 
Earning power of money, 172 
Earnings before interest and income taxes 

(EBIT),594 
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Earnings per share (EPS), 584-586, 600 
E-commerce, 34 
Economic decisions, 27-28. See also 

engineering economic decisions 
Economic equivalence 

basis for comparison, 50 
calculations, 47-48 
definition, 47 
mixed-payment series at an interest rate 

of 33%, 86-90 
Economic Service Life, 539-544 
Education, investment point of view, 

294-295 
Effective annual interest rate, see annual 

effective yield 
Effective annual yield, 307 
Effective interest rates 

compounding at different rates from 
payments, 124 

compounding period equal to payment 
period, 121-122 

continuous compounding, 119-120 
discrete compounding, 118 
equivalence calculations with, 121-122, 

124 
relationship with nominal interest rates, 

115 
End-of-period convention, 44 
Engineering design problem, 

decision-making in 
benefit-rost analyses, 26-27 
environmental concerns, 27 
establishing goals or objectives, 25 
evaluating design alternatives, 25-26 
getting an idea, 25 
investment decisions, 27 

Engineering economic decisions, 28, 82 
fundamental principles, 35-36 
impact of engineering projects on 

financial statements, 30-31 
large-scale, 28-30 
strategic, 31-35 

Environmental reuse concerns, 34 
Equal-payment-series 

capital-recovery factor (annuity factor), 66 
compound-amount factor, 60-62 
present value of perpetuities, 74-75 
present-worth factor, 69 
sinking-fund factor, 64 

Equipment replacement, 530-559 
Equity,584 
Equivalence calculations 

with effective interest rates, 121-122, 124 

football tickets, price of, 158-159 
under inflation, 172-174, 178 

Equivalent annual operating costs, 
255-256 

Equivalent cash flow, see economic 
equivalence 

Excel worksheet 
break-even analysis, 492 
to calculate equivalent cash value, 81 
to calculate tax depreciation amounts by 

MACRS,401 
to calculate the annual equivalent worth, 

253 
to calculate the depreciation amounts by 

the declining-balance method, 394 
to calculate the depreciation amounts 

with DB switching to SL, 395 
calculation of break-even number of 

operating hours, 270 
Capstone's MicrCHP Project cash flows 

under best-case scenario, 495 
Capstone's MicrCHP Project cash Hows 

under worst-case scenario, 494 
cash-How statement, 447-448, 452, 454, 486 
to compare two mutually exclusive 

alternatives, 224 
to computation of present worth, 89 
constant-dollar analysis, 177 
creating loan repayment schedule, 

130,133 
to determine a loan's principal and 

interest payments between two 
payment periods, 134 

to determine the size of the gradient 
amount, 79 

economic service life calculation for 
defender, 550, 554 

economic service life calculation for 
electric fork lift truck, 544 

economics of owning and operating the 
challenger, 551, 556 

example of a total highway user benefit 
tallying spreadsheet, 369 

for finding the required quarterly 
deposits, 180 

finding unknown i by a linear 
interpolation, 71 

to find the break-even interest rate to 
make two options equivalent, 74 

to generate a depreciation schedule for 
a real property, 402 

to illustrate how cash balance changes 
over time, 54, 63, 66 



to illustrate how to determine the IRR, 
310 

to illustrate the process of accumulating 
the future worth, 126 

to illustrate the process of calculating 
the savings required for retirement, 
85 

to illustrate the process of computing 
the NPW,203 

to illustrate the process of deleting $122 
million initial cash balance over time, 
72 

rate-of-return analysis (ROR), 304 
Expected return, 496 
Expected return on risky asset, 505 
Expenses, 403 
External interest rate, 311 

F 

Facebook, 20-21 
Face value of bond, 55 
Ferguson Company, 257 
Financial leverage, 592 
Financial ratios, 592-601 
Financial statements 

accounting information, use of, 577 
asset management analysis, 596-597, 602 
balance sheet, 579-584 
basis of decision making, 576-577 
comparisons of key financial ratios for 

Lam Research Corporation with 
industry average, 601 

current ratio, 595 
debt management analysis, 592-595, 602 
and engineering economic decisions, 

30-31,576 
factors affecting stock price, 578 
financial status, 577-579 
income statement, 584-592 
Lam Research's 2010 Annual Report, 579 
limitations of financial ratios in business 

decisions, 601-603 
liquidity analysis. 595-596, 602 
market-value analysis, 599-602 
methods of debt financing, 592-593 
and principle of investing in financial 

assets, 603-605 
profitability analysis, 597-599, 602 
ratios for business decisions, 592-603 
trend analysis, 601-603 

Financing activities, 590 
Finished-goods inventory, 431 

Fixed assets, 582 
Fixed costs, 432 
Future amount of money, 42 
Future worth of cash flows, 50, 56 

G 

Gain taxes on asset disposal, 407-409 
General inflation rate, 164-165, 167 
Geometric-gradient-series present worth 

factor,83 
Globalization, 34 
Goal Seek function, Excel, 73, 78, 139, 179, 

348,491-492 
Google TM, 20-21 
Gradient series ( G) 

geometric series, 82-83 
linear as a composite series, 76 
present-worth factor of linear gradient, 

76-77 
Green engineering considerations, 27 
Gross domestic product (GDP), 34 
Gross profit, 584 
Gross revenues, 403 

H 

Half-year convention, 398-399 
Harrison Company, 259 
Highway benefit-cost analysis 

base case, 366 
benefits, 367 
capital costs, 367 
case example, 368-371 
proposed alternatives, 366 
rehabilitation costs, 367 
remaining capital value (RCV), 368 
routine annual maintenance costs, 368 
safety benefits, 367 
sponsors' costs, 367-368 
travel-time savings, 367 
vehicle operating cost savings, 367 

Income statement, 584 
dividends and retained earnings, 

585-586 
earnings per share (EPS), 584-585 
gross margin, operating margin, and net 

margin,587 
for Lam Research Corporation, 585-587 
net income. 584 
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Income taxes, 404 
Incremental analysis, 308, 314-315 
Incremental-investment analysis, 314-315 
Industrial-product price index, 161 
Inflation, 42, 159-160 

actual (current) dollars analysis, 166, 
168-169,174 

average inflation rate, 163 
BLS method of assessing, 160 
complexity of multiple inflation rates, 

453 
constant dollar analysis, 166-167.173 
consumer price index (CPI), 160 
conversion from actual to constant 

dollars, 168-169 
conversion from constant to actual 

dollars, 167 
depreciation allowance under, 449 
effect on project cash flows, 449, 453 
equivalence calculations under, 172-174, 

178 
general inflation rate, 164-165, 167 
inflation-free interest rate, 173 
market interest rate, 173 
mixed-dollar analysis, 178 
producer price index, 161-162 
specific inflation rate, 165 

Inflation-adjusted required rate of return, 
173 

Inflation-free interest rate, 173 
Interest, 40 

factor notation, 52 
methods of calculating, 44-45 
period,42 
rate,40,42 
tables, 51-52 
and time value,41 
transactions involving, 42-44 

Internal-rate-of-return criterion 
decision rule for nonsimple investments, 

311 
decision rule for simple investments, 

307-308 
and present-worth (PW), 307 

Internal rate of return (IRR), 204, 
296,298 

on incremental investment, 315 
for unequal-service-life problems, 320 

Inventory costs, 430 
Inventory-turnover ratio, 596 
Investing activities, 590 
Investment evaluation 

break-even analysis, 491 

company cost of capital, 508-509 
cost of debt capital, 506-507 
cost of equity capital, 504-505 
determining amount of risk in a 

particular investment opportunity, 
497-498 

diversifications, 603-605 
probabilistic approach, 495-501 
risk-adjusted discount rate approach, 

509-510 
scenario analysis, 492-493 
sensitivity analysis, 483-484, 487-488 
standard deviation (u) of returns. 

496-497 
trade-off between risk and 

reward,603 
Investment pool, 200, 206-208 
Investment project, 298 

K 

Key financial ratios, 602 

L 

Lambert Manufacturing Corporation, 248 
Liabilities, 582-583 
Life-cycle-cost analysis, 266 
Linear interpolation, 302 
Liquidity analysis, 595-596, 602 
Loan cash flow, 194 
Lowest common multiple, 221, 272 

M 

MACRS,397 
Make-or-buy (or outsourcing) decision, 

33-34,263 
Manufacturing overhead costs. 429 
Marginal analysis, 547 
Marginal cost of capital, 508 
Marginal efficiency of capital, 296 
Marginal tax rate, 405 
Market basket of goods and services, 160 
Marketing costs, 430 
Market interest rate, 42, 173-174 

annual effective yield, 115-116 
definition, 114 
nominal interest rates, 114-115 
relationship between nominal and 

effective interest rates, 115 
Market-value analysis, 599-602 
Matching principle, 430, 435 



Maturity of bond. 55 
Microsoft®, 21 
Midmonth convention. 401 
Minimum attractive rate of return 

(MARR),200 
decision rules, 308, 315 
guidelines for selecting, 205-206 
and IRR,308 

Mixed costs (or semivariable costs),433 
Mixed-dollar analysis, 178 
Mixed investment, 342 
Modified accelerated cost recovery system 

(MACRS), 397 
book value calculation, 407-408 
guidelines, 397-398 
half-year convention, 398-399 
midmonth convention, 401 
for personal property with half-year 

convention, 398-399 
property classifications (ADR =asset 

depreciation range), 398 
real property depreciation, 401 
recovery allowance percentage, 398 
recovery periods, 397-398 

Monroe Manufacturing, 217 
Musser, Eric, 192 
Mutually exclusive alternatives, 213-222 

analysis period and project lives, 266, 
271 

decision rules, 308 
"do-nothing alternative" approach, 214, 

315 
incremental-investment analysis, 

314-315 
profitability index ratio analysis for, 364 
rate-of-return (ROR) analysis,313-314 
revenue projects, 215 
sensitivity analysis for, 488 
service projects, 214 
unequal-service-life problems, IRR 

approach, 320 

N 

National Broadband Network (NBN) Co., 
350-351 

Net cash Hows, 43 
Net future worth,210-211 

discounted payback period, 210 
exposure to financial risk, 210 
profit potential. 210 
surplus. 211 

Net income, 403-404 

Net investment, 342 
Net-present-worth (NPW) method, 

200-205, 364. See also Present-worth 
(PW) analysis 

borrowed-fund concept, 208-209 
break-even interest rate, 204 
internal rate of return, 204 
investment pool, 200, 206-208 
of the loan transaction at rate of return 

(28%),297 
minimum attractive rate of return 

(MARR), 200, 205-206 
sensitivity analysis, 483-484, 487 

Net worth, 582-583 
Nippon Oil Corp., 481 
Nominal interest rates, 114-115, 173 

relationship with effective interest rates, 
115 

Nonsimple (or nonconventional) 
investment, 299 

NPW, see Net present worth 
Number of interest periods, 42 

0 

Obama, proposal permitting businesses to 
write off full costs of capital, 384-385 

Operating activities, 588-589 
Operating costs, 254, 535, 540 

equivalent annual, 255-256 
Operating expenses, 584 
Opportunity cost, 504, 537 
Opportunity-cost approach, 537 
Outstanding principal, 297 
Overheads, 430 
Ownership (capital) costs, 254, 539 

p 

Paid-in capital, 583 
Payback methods, 195 

benefits and flaws of, 197-198 
conventional, 195 
discounted, 195, 198 
screening, 195, 197-198 

Period,43 
Period costs, 430 
Perpetual service life, 211-212 
Personal decisions, making 

establishing goals or objectives, 22 
evaluation of feasible alternatives, 22-24 
knowing other opportunities, 24 
logical steps involved in. 24 
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Personal financial planning, 577 
Phoenix Manufacturing Company, 222 
Plan for receipts/disbursements, 42-43 
Planning horizon (study period), 545 
Preferred stock, 582-583, 593 
Present worth of cash flows, 50, 53-56 
Present-worth (PW) analysis, 271. 

See also net-present-worth 
(NPW) method 

analysis period differs from project lives, 
219-222 

analysis period equals project lives, 215 
capitalized-equivalent (CE) method, 

211-212 
decision rules, 307-308, 311 
and internal-rate-of-return criterion, 307 
minimum attractive rate of return 

(MARR), 200, 205-206 
mutually exclusive alternatives, 

213-222 
net future worth, 210-211 
net-present-worth (NPW) method, 

200-205 
trial-and-error method, 302 

Price/earnings (P/E) ratio, 600 
Primary benefit, 353 
Principal, 42 
Probabilistic Cash Flow Analysis, 495-503 
Producer price index, 161-162 
Product costs, 430 
Profitability analysis, 597-599, 602 
Profitability index 

definition, 362 
difference between the benefit-cost 

ratio and, 363 
ratio analysis for mutually exclusive 

alternatives, 364 
Profit margin on sales, 597-598 
Program Evaluation and Review 

Technique (PERT), for network 
planning and scheduling, 500-501 

Project balance, 209 
as a function of time, 211 
and internal rate of return, 298 
net future worth of the project and, 

210-211 
Project cash-flow analysis, 194,443-447 
Project cost of capital, 509 
Project risk, 482-483 

break-even analysis, 491 
company cost of capital, 508-509 
cost of debt capital, 506-507 
cost of equity capital, 504-505 

determining amount of risk in a 
particular investment opportunity, 
497-498 

and discount rate, 504-510 
expected return on risky asset, 505 
methods of describing, 483-484 
origins of, 483 
probabilistic approach, 495-501 
risk-adjusted discount rate approach, 

509-510 
scenario analysis, 492-493 
sensitivity analysis, 483-484, 487-488 
standard deviation (er) of returns, 

496-497 
Proposed alternatives, 366 
Purchasing power, 41, 172 
Pure borrowing, 342 
Pure investment, 342 

Q 

Quick (acid test) ratio, 595-596 

R 

Rate-of-return analysis (ROR), 295-296 
decision rules, 307-308, 311, 315 
direct-solution method, 300 
Excel calculations for, 304 
internal rate of return, 298 
internal-rate-of-return criterion, 307 
methods for finding, 298-300, 

302,304 
nonsimple investments, 298-299 
project selection rules under the IRR 

criterion, 308 
return on invested capital, 297-298 
return on investment, 296-297 
simple investments, 298-299 
trial-and-error method, 302 

Rational decision making 
capital expenditure, 28 
economic decisions, 27-28 
in engineering. 25-27 
engineering economic decisions, 28-30 
impact of engineering projects on 

financial statements, 30-31 
personal, 22-24 

Ratios, see Financial ratios 
Raw-materials inventory, 431 
Real interest rate, 173 
Recovery allowance percentage, 398 
Recovery periods. 397-398 



Relative (percentage) measure of 
investment. 313 

Relevant range, 432 
Replacement analysis 

capital (ownership) costs, 539-540 
cash-now consequences, 535 
challenger, 533 
comparison of defender and challenger, 

535-537. 548 
decision criterion, 545-546 
defender, 533 
determination of current market value, 

533 
economic service life, calculation, 

539-541 
fundamentals, 533-537 
management or unequal service life 

problems in, 546 
operating costs, 535, 540 
opportunity cost, 537 
planning horizon (study period), 545 
predictions of technological patterns, 

545 
required assumptions and decision 

frameworks, 545-548 
with tax considerations, 552-553 

Replacement chain approach, 271 
Replacement problem, 532 
Retained earnings, 583 
Return on common equity (ROE), 

598-599 
Return on invested capital (RIC), 

297-298,345 
Return on investment 

as break-even interest rate, 297 
definition, 296 
indication of negative balance, 296 

Return on total assets (ROA), 598 
Revenue projects, 215 

accept-reject decision rule for a single, 
250 

Risk-adjusted discount rate approach, 
509-510 

Risk analysis, 483 
Risk-free interest rate, 505 
Risk premium, 505 

s 

Salvage value, 219, 255, 388 
corporate taxes, 408-409 

Sanyo Electric Co., 481-482 
Scenario analysis, 492-493 

Secondary effects, 353 
Sensitivity analysis, 483-484, 487 

for mutually exclusive alternatives, 488 
Sensitivity graphs, 483-484 
Service life, see Economic service life 
Service projects, 214 

comparing of multiple alternatives, 
250-251 

Service sector of the U.S. economy, 34 
Share value, 584 
Showa Shell Sekiyu KK, 480-482 
Simple-borrowing, 300 
Simple interest, 45, 255 
Simple-investment, 299 
Simple (or conventional) investment, 299 
Single-payment compound-amount factor. 

52.54 
Single-payment present-worth factor, 82 
Sinking-fund factor, 64 
Social discount rate, 354 

Office or Management and Budget 
(OMB) from,354-355 

projects without private counterparts, 
354 

projects with private counterparts, 354 
Solar Frontier KK, 480-482 
Specific innation rate, 165 
Standard deviation, 496 
Standard deviation (u) orreturns,496-497 
Statement or financial position, 579 
Stockholders' equity (owners' net worth), 

582-583 
Stocks, 582-583 
Straight line method (SL), 390 
Strategic engineering economic decisions 

cost-reduction project, 33-34 
equipment and process selection, 32 
equipment replacement, 34 
news products/product expansion, 32 
service or quality improvement, 34-35 

Study period, see Analysis period 
Sunk costs, 534-535 
Survey of Current Business, 161 
Switching policy, 393 

T 

Tappan Zee Bridge, 530-532 
Taxable income, 404 
Tax depreciation method, 388 
Tax depreciation methods, 388, 397-401 
Taxes, on the investment's projected 

income, 436-437 
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Terminal project balance and terminal 
project balance, 210-211 

limes-interest-earned ratio, 594-595 
lime value of money, 40-42 
Total-assets-turnover ratio, 597 
Total revenue (or net sales),584 
Treasury stock, 583 
Trend analysis, 601 
Trial-and-error method, 302 
True IRR, 345 
True rate of return, 345 
Truth-in-lending laws, 116 

u 

Unequal service lives, alternatives 
investment projects for, 320, 359, 364 

mutually exclusive, 219-222, 266 
Uniform-series compound-amount 

factor, 62 
Uniform-series present-worth factor, 212 
Unit contribution margin, 433 
Unit profit (or unit cost) of operating an 

asset, 259 
Unit-profit/unit-cost calculation, 259 
Units-of-production method, of 

calculating depreciation, 396 
U.S. corporate-tax-rate structure, 405-406 

Useful life, 298, 388 
Users' benefits, 353 

v 

Variable costs, 432-433 
Volume index, 432 
Voyager Ethanol, 29-31 

w 

Weighted-average cost of capital, 508 
"what-if analysis," 484 
Working capital, 449, 589, 595 

impact on cash-Dow statement, 590 
Working-capital investment, 442 
Working capital requirement, 589 
Work-in-process inventory, 431 

Yahoo!®,21 
Yield, 296, 298 

y 

Yield to maturity (or return on 
investment), 305 

z 
Zuckerberg,l'v1ark,20-21 



Summary of Useful E:'(ccrs Fimmdal Funl1ions (Part A) 

Single- =FV(i%, N, 0, P) Fmd the future worth of $500 in = FV(8%,5,0,-500) 
Payment Given:P 5 years at 8%. =$734.66 
Cash 

Find:P =PV(i%, N, 0, F) Find the present worth of $1,300 = PV(16%,10,0,1300) 
Aows 

Given:F due in 10 years at 16% = ($294.69) 
interest rate. 

Find: F =FV(i%,N, A) Find the future worth of a payment = FV(6%,12.-200) 

Given: A series of $200 per =$3,373.99 
year for 12 years at 6% 

Find: P =PV(io/o, N, A) Find the present worth of a payment = PV(So/o,5,900) 

Equal-
Given: A series of $900 per year for 5 years = ($3,593,44) 

at So/o interest rate. 
Payment-

Find: A =PMT(i%,N, P) What equal-annual-payment series = PMT(9%,5,-25000) Series 
Given:P is required to repay $25,000 in =$6,427.31 

5 years at 9% interest rate? 

Find: A =PMT(i%, N, 0, F) What is the required annual = PMT(7%.3,0,50000) 

Given: F savings to accumulate $50,000 in 3 = ($15,552.58) 
years at 7% interest rate'? 

Find:NPW =NPV(i%, series) Consider a project with the = NPV(12%,B3:B5)+B2 

Given: Cash following cash flow series at 12 % =$351.03 
flow series (n = 0, -$200; 11 = t. $150, 

n = 2, $300, n = 3, 250). 
Measures Find: IRR =IRR( values, guess) =IRR(B2:B4.10%) 
of Given: Cash =89% 
Investment flow series 
Worth Find:AE =PMT(i%, N, NPW) = PMT(12%.3,-351.03) 

Given: Ca.4ih = $146.15 
flow series 

Note: When specifying the cash tlow input parameters in any Excd function. an outflow must he a negative number. 



\ 

Summary of Useful Excers Financial Fum .. 1ions (Pare B) 

Loan =PMT(i%,N, P) Suppose you borrow $10,000 at 9% = PMT(9%/12,48,10000) 
payment interest over 48 months. Find the = ($248.45) 
size amount of the equal monthly payment. 

Interest =IPMT(io/o, n, N, P) Find the portion of interest payment = IPMT(9%/l 2.10.48.10000) 
payment for the 10th payment. = ($62.91) 

Principal =PPMT(io/o, n, N, P) Find the portion of principal payment = PPMT(9%/12,10.48.IOOOO) 
payment for the 10th payment. = ($185.94) 

Cumulative =CUMIPMT((io/o, N, P, Find the total interest payment over = CUMIPMT(9%/12,48,10000,1,48,0) 
Loan interest start_period, end_period, 48 months. = ($1,944.82) 
Analysis payment type) (type "0 -+ payment at the end of period) 
Functions 

Interest rate =RATE(N. A, P, F) What nominal interest rate is being = RATE( 60,207.58,-10000) 
paid on the following financing =0.7499% 
arrangement? Loan amount: APR=0.7499% x 12=9% 
$10.000; loan period: 60 months; 
and monthly payment: $207.58. 

Number of =NPER(i%,A, P, F) Find the number of months required = NPER(12%/12,200,-10000) 
payments to pay off a loan of $10,000 with 12% =69.66 months 

APR where you can afford a monthly 
payment of $200. 

Straight- =SLN( cost. salvage, life) Cost= $100,000, S = $20,000, life= 5 = SLN(l00000,20000,5) 
line years =$16,000 

Declining =DB( cost, salvage, life, Find the depreciation amount in = DB(l00000,20000,5,3) 
balance period) period 3. =$14,455 

Depreciation Double =DD B( cost, salvage, life, Find the depreciation amount in = DDB(100000,20000,5,3,1.5) 

Functions declining period, factor) period 3 with a= 150%. =$14,700 
balance 

Declining =VDB(cost, salvage, life, Find the depreciation amount in = VDB(l00000,20000,5,3,4,1.5) 
balance with start_period, end_period, period 3 with a= 150% with =$10,290 
switching to factor) switching allowed. 
straight-line 
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